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ABSTRACT 


New bands belonging to the red CN band system are found in the infrared above 1.0u. It is shown 
that the v’ numbering of the band system must be raised by one unit. The 0-0 band is at 10,933 A. The 
revised constants of the upper II state according to this new numbering are listed in Table 3. 


Using the infrared spectrometer recently described by Kuiper, Wilson, and Cashman,? 
we have studied the infrared emission spectrum of a discharge through a mixture of 
argon, nitrogen, and benzene vapor. In the visible and near ultraviolet region this dis- 
charge shows the red and violet CN bands with great prominence. The spectrum from 
8000 to 16,000 A as obtained with the infrared spectrometer is shown in Figure 1. The 
spectrum from 16,000 to 25,000 A was also investigated, but no distinct features occur 
in this region. 

Apart from a number of sharp peaks due to argon lines, the most characteristic feature 
of the spectrum in Figure 1 is a very strong broad band at 10,950 A with several peaks. 
In addition, somewhat weaker bands occur at 14,100, 9150, and 7875 A. Table 1 gives 
the wave lengths and wave numbers of all those observed peaks that are believed to 
have a molecular origin and are not bands of the first positive group of N2. 

The bands below 10,000 A given in Table 1 are readily identified as belonging to the 
red CN bands. In fact they represent the 0-0 and 1-0 sequences in the numbering of 
Asundi and Ryde.” The question then arises concerning what transition the strongest 
band at 10,950 A represents. It is not the 0-1 band which would occur at 11,240 A, but it 
fits exactly the position obtained by extrapolating the v’ progression with v’’ = 0 to 
longer wave lengths. In other words the 10,950 A band rather than the 9140 A band is 
the 0-0 band of the red CN bands, and the v’ values of all bands of this system must be 
raised by one unit. 

Asundi and Ryde, who in 1929 extended the system into the red and shifted the 0-0 
band from 6928 A to 9141 A, did indeed leave open the possibility that further work 
might reveal additional bands in the infrared, making necessary a revision of the num- 
bering. One might ask whether further investigation might not shift the 0-0 band even 


14 p. J., 106, 243, 1947. 
2 Nature, 124, 57, 1929. 
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beyond the value of 10,950 A given here. However, this is definitely excluded since no 
band is found at the extrapolated position of 13,632 A, while the group of bands at 
14,100 A fits the 0-1 sequence in the numbering here suggested. 

It may be noted that the new bands at 10,950 A and 14,100 A, just like the other red 
CN bands, have each four heads (Ra, Re, Ri, and Q;) as indicated in Figure 1. The sub- 
sequent bands in the respective sequences do not show all these heads because of strong 
overlapping by the first bands. 

If, in the vibrational formula for the red CN bands, the numbering in the upper state 
is changed as indicated, one obtains (using the constants of Jenkins, Roots, and Mulli- 
ken*® for the upper state but those of Jenkins and Wooldridge‘ for the lower state) 


vo = 9241.66 + 1814.43 (0’ +3) — 12.883 (v’ +3)? 
— [2068.705 (v7 +3) —13.144 (v”44)2]. 


TABLE 1 
OBSERVED INFRARED CV BANDS 


| 











(A) | Intensity | v(Cm~!) Assignment Veale 
ne 3 | Ca.) 20 Bm i....:. 
Eee acl Fe + | 12696 | R» | 12697.34 
Ss meee R Sr ae Se 
IES Soe: ee OG See ry: 
NR er bike 7 ' 10931 | 1-0 Rp | = 10935.15 
Ce Sn en a R ee ks 
SEE e Ss, Rata | 40872 | a +t See 
a ae Jl 4 10647 | 2-1 Rs 10655. 48 
PES ee steer 10 | J fe ere 
EE RIS Me aie | 9147 | R; 9147.40 
TSAR a = aay eR serace 
SS ont ee Rieke | 9083 | op Sot era 
RE Soin 1 | 8891 1-1 Rs 8893.46 
PRE eee ) oe ee 7105 Ry 7105.98 
SE Ae LA ie 7075 gt pe eS 
Ae Rr or 7042 nae: Senet 
ee Ae Cg 2 6875 1-2 Rs 6878.28 
RRO ee Eee ae 6845 RIE BRIN He 
IN ad a oe | O84 6645 2-3 Rs 6651.13 











This formula applies to band origins. Adding half the doublet-splitting (26.10 cm™') 
and correcting for the separation between band head and subband origin, one obtains the 
values for R2 heads given in the last column of Table 1. These agree in a very satisfac- 
tory way with the observed wave numbers, whose accuracy is about +3 cm. This 
accuracy is not sufficient to derive an improved band formula. Table 2 gives a Des- 
landres table of the most intense bands of the red CN band system (up to v’ = 5). 
Further bands with higher v’ may be found in the paper by Jenkins, Roots, and Mul- 
liken.’ 

It should be emphasized that the intensity of the bands usually observed in the red 
part of the spectrum is quite small compared to the infrared bands 0-0, 1-1, ... , 0-1, 
1-2, ...and 1-0, 2-1, .. . (see Fig. 1). The small intensity ratio of the 2-0 red band to 
the 0-0 violet band found by King and Swings’ does not therefore mean that the ab- 


3 Phys. Rev., 39, 16, 1932. 
4 Phys. Rev., 53, 137, 1938. 5 Ap. J., 101, 6, 1945. 
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solute intensity (f value) of the red CN band system as a whole is very small compared 
to that of the violet CNV bands. They are both apparently of the same order. 

Table 3 summarizes the revised constants of the “II state of CN, obtained from the 
original data of Jenkins, Roots, and Mulliken but converting to the new numbering. 


TABLE 2 


DESLANDRES TABLE OF THE STRONGEST CN BANDS 
(Observed Wave Numbers of the R2 Heads) 











| 
er | 
t 


0 1 | 2 | 3 
0 9147 7105 I Feo ce ean, 
1 10931 8891 | 6875 | (4889) 
2 12696 US 5 A ee aaa | 6645 
3 | 14432 12393 Be Eee oT en go OE 
4 16145 14099 12086 PR tt ae 
5 17830 15787 13769 | 11782 


* The values in parentheses are calculated from the band formula. 


TABLE 3 
MOLECULAR CONSTANTS OF CN IN THE 21 STATE 
ve-=9241 .66 cm! B,=1.7165 cm— 
Vo = 9114.59 cm™ a,=0.01746 cm 
w@,.= 1814.43 cm (D.=6.145 X 10~* cm“) * 
WXe= 12.883 cm (B.=2.59X 10-8 cm™)* 
A=—52.2 cm”! re=1.2327 10-8 cm 


* These values are not observed but are calculated from the usual theoretical formulae. 


As is well known, the red CN bands form the dominant feature of the spectrum of 
carbon stars (type R as well as N) in the spectral range 6000-9000 A. From the intensity 
ratios in Figure 1 it is clear that, at 9200, 10,900 and 14,000 A, still much stronger ab- 
sorptions belonging to this band system will be found. It must also be expected that 
these bands in emission form strong features of cometary spectra. The absorption bands 
found by Kuiper! in this region in the spectra of late M-type stars (particularly R Leo- 
nis) are not CN bands. 


We are very much indebted to Dr. G. P. Kuiper for letting us use his infrared spec- 
trometer for this investigation. 
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ATMOSPHERIC OXYGEN BANDS* 


. Harotp D. BasBcock AND LUISE HERZBERG 
Mount Wilson and Yerkes Observatories 
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ABSTRACT 


Improved high-dispersion spectrograms of the red bands of atmospheric oxygen have been obtained, 
with air paths ranging from 30 meters to about 100 km. For unblended lines of medium intensity the 
wave lengths have been determined with an accuracy of about one part in seven million, and as a result 


the molecular constants of the molecules, O}°, O'.0!8, and O80" in the *Z> ground state and the !f 
excited state, have been evaluated much more precisely than previously. 

Careful analysis shows a variation in the triplet splitting of the *2> state which is dependent both 
on the vibrational quantum number and on the mass of the molecule, in addition to the variation due 
to the change of rotational energy. 


A. INTRODUCTION 


The most extensive and accurate measurements of the atmospheric oxygen bands pre- 
viously published are those by Dieke and Babcock,! which were based on wave lengths 
obtained with interferometers by H. D. Babcock.” Dieke and Babcock discussed the 0-0, 
1-0, 2-0, and 3-0 bands of O}° and also a new weak band, which was shown to belong to 
O2 but which seemed independent of the main system. They called this weak band “A” 
because it is intermingled with the 0-0 band, long designated ‘‘A”’ in the solar spectrum. 
Their paper served as a basis for R. S. Mulliken’s® interpretation of the band system as a 
1» — 8 transition of the oxygen molecule and also for the theoretical discussion of the 
triplet-splitting in the *> ground state by H. A. Kramers‘ and by R. Schlapp.° 

The new weak band, A’, which Dieke and Babcock! described, was shown by Giauque 
and Johnston® to arise from an isotopic molecule, O'*O!—a result which stimulated the 
search for other isotopes through spectroscopic observation. From additional data special- 
ly obtained by H. D. Babcock,’ Giauque and Johnston* also established the existence 
of the molecule O'*0"; and, following the later determination of the mass ratios of 
O'* ; O'8 ; O! and the relative abundance of these isotopes, a new system of physical 
atomic weights, based on O'* = 16, was distinguished from the familiar system of chemi- 
cal atomic weights in which O (natural mixture of isotopes) = 16. 

The work of Dieke and Babcock was also used by Giauque and Johnston? in their 
determination of the entropy of oxygen, from which we quote: 

It is suggested that entropy values deduced from reliable spectroscopic data are preferable 
as a basis for thermodynamic calculations to the less accurate values obtained from heat capacity 
measurements and the third law [of thermodynamics]. . . . The general agreement of the various 
physical facts concerning the oxygen molecule in relation to entropy and particularly the close 
agreement of the entropy as obtained by the two methods support our confidence that the third 
law of thermodynamics is an exact law. 


* Contributions from the Mount Wilson Observatory, Carnegie Institution of Washington, No. 750. 
1 Proc. Nat. Acad. Sci., 13, 670, 1927. 

2 Mt. W. Contr., No. 328; Ap. J., 65, 140, 1927. 

3 Phys. Rev., 32, 880, 1928. 


4 Zs. f. Phys., 53, 422, 1929. 7 Proc. Nat. Acad. Sci., 15, 471, 1929. 
5 Phys. Rev., 51, 342, 1937. 8 J. Amer. Chem. Soc., 51, 3528, 1929. 
5 J, Amer. Chem. Soc., 51, 1436, 1929. ® [bid., pp. 2319-2321. 
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The exact calculation of free energy and other properties of gases has been discussed 
by Giauque,!’ who took into account molecular rotation, vibration, nuclear spin, and 
electronic excitation. 

In the present paper further measurements of the red bands of oxygen, made with 
air paths up to a maximum of the order of 100 km, are combined with the earlier Mount 
Wilson data. The results are more precise and more complete than are those in preceding 
papers. Besides the bands described by Dieke and Babcock and the 1-1 band of 03°, which 
was first observed by Babcock" and later studied by Mecke and Baumann,” the weaker 
2-1 and 3-1 bands are now observed and also the 1-0 bands of both O'0"8 and O'%'0"",” 

Refinement of the observations and also of the theoretical treatment now permits a 
more critical analysis (by L. H.), from which improved values of the molecular constants 
are derived. The accuracy of the new constants for O2° in the ground state, =>, and in 
the electronically excited state, '2}, surpasses that for the constants of any other mole- 
cule. 


B. OBSERVATIONAL DATA 


Most of the later measurements have been obtained on Mount Wilson with the Snow 
telescope and a plane-grating spectrograph of 30-foot focus. A few plates were made 
with the 75-foot spectrograph of the 150-foot tower telescope and others in the labora- 
tory at Pasadena, where interferometers were used to observe the absorption in 30 meters 
of air. This short air path permitted precise measurements of the principal lines of the 
0-0 band of O}°, which are much too wide in the solar spectrum for satisfactory measure- 
ment, even with the midday summer sun on Mount Wilson. 

All wave lengths in the present compilation of data were referred ultimately to the 
secondary standards in the spectrum of neon.'® 

Three excellent gratings were available, two ruled by Michelson at the University of 
Chicago and one by Anderson at the Johns Hopkins University. Second-, third-, and 
fourth-order spectra were used, with dispersions ranging from 0.88 to 0.12 A per mil- 
limeter. 

Because of the range of intensity among the lines of O2 and the overlapping of the 
bands from different isotopic molecules, spectrograms were made with various air paths. 
The weakest lines, i.e., most of those due to O'80"’" part of those belonging to O'"0!8, and 
those with greatest K” in the other bands, are seen only when the sun is close to the 
horizon. Under this condition, however, the strongest lines become so wide that they 
obscure many weak lines. The best that can be done is to observe the sun at various 
altitudes and to hunt for the close faint companions of the stronger lines. 

At the lowest solar altitudes the weakening of the light, even in the deep red, is rapid 
and variable; at the same time the rate of change of the intensities of telluric lines with 
respect to length of air path varies rapidly. Since spectrographs having high dispersion 
usually do not provide high brightness, each exposure made with very low sun corre- 
sponds to an integration through the range of the variables. It will be apparent, therefore, 
that the labor of producing a consistent set of estimated line intensities throughout such 
a system of bands is very great. Photometric measures for numerous lines in the bands 
of O2 have been published by various observers, and H. C. van de Hulst"‘ has given a theo- 
retical discussion of the intensities of atmospheric lines. 

Readers interested in the obscuration of lines in spectra of celestial objects by telluric 
absorption will find a convenient arrangement of the wave lengths of oxygen band lines 
(A > 6600 A) in The Solar Spectrum,  6600-d 13495." The work cited contains also 


107, Amer. Chem. Soc., 52, 4808, 1930. 
1 Phys. Rev., 35, 125, 1930. 13 Trans. T.A.U., 1, 40, 1922. 
2 Zs. f. Phys., 72, 139, 1931. 14 Ann. d’ap., 8, 1-25, 1945. 


1 Babcock and Moore, Pub. Carnegie Inst. Washington, No. 579 (Washington, 1947). 
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the wave lengths of the O2 lines in the 'A — *2 system: 1, 0 AA 10584-10720, and 0,0 
AA 12493-12782. 

In Tables 1, 2, and 3 are given wave lengths, wave numbers, and rotational assign- 
ments, K’’, of lines observed in the bands 0-0, 1-0, 2-0, 3-0, 1-1, 2-1, and 3-1 of O38, 
and in the 0-0 and 1-0 bands of O%0'8 and of O'*O"". Visual estimates of intensity are 
included for the first two bands mentioned; but even within a single band these esti- 
mates are chiefly useful as an indication of the range and for showing some small but 
real differences between ”P and “Q lines or “Q and “P lines that have the same values 
of K”’. For each of the other bands a note shows the range of intensity, but the numbers 
stated usually have different meanings from band to band. Intensities indicated in 
Tables 1, 2, and 3 relate to high sun on Mount Wilson. Weak lines were measured at 
low sun. 

No data appear in Table 1 for two bands of O° reported by others: the 4-0 band 
(head = 5378), described by O. C. Lester,'® and the 0-1 band (near \ 8624), sug- 
gested by Mecke and Baumann," and observed in emission in the laboratory by J. 
Kaplan.'* 

From accurate predictions of the wave lengths of the lines in the 4-0 band, we con- 
clude that our spectrograms do not show this band and that it is absent from the exten- 
sive observations of L. Becker.!* Lester believed that his relative wave lengths were 
reliable to +0.05 A, and it is possible that, among some twenty lines which he assigned 
to this band, a few were due to O}°. But the evidence is too weak to permit further 
statements. 

Positions of lines in the 0-1 band of O}° are accurately predictable, but our spectro- 
grams do not show this band. On the other hand, some of the lines which Mecke and Bau- 
mann assigned to the 0-1 band are now found" to originate in the sun. Further observa- 
tion is required to establish the occurrence of this band in absorption. 

The wave numbers in the tables were computed to 0.0001 cm™, with the refractivity 
of air as given by Barrell and Sears,”° and were rounded off to 0.001 cm for tabulation. 
In order to avoid the accumulation of arithmetical errors, the computation of the band 
constants (secs. D and E) was based on the wave numbers as computed to 0.0001 cm™. 
These numbers are systematically smaller than those calculated from the refractivity 
of air as determined by Meggers and Peters! and used in Kayser’s Schwingungszahlen, 
by 0.0135 cm™ at » 5500 and by 0.0045 cm™ at A 8000. 

In Figure 1 are shown spectrograms illustrating the appearance of portions of various 
oxygen bands. 

Within the tabular range of K”’ in Tables 1, 2, and 3 every blank space is accounted 
for either as a forbidden line (e.g., K’” = 1 in “Q) or by masking attributable to another 
oxygen line, a solar line, or a telluric line presumably due to water vapor. 


C. BAND STRUCTURE 


The characteristic structure of the red atmospheric oxygen bands—two R-form 
branches forming a head and two P-form branches, separated from the former by a zero 
gap—has been interpreted by R. S. Mulliken” as a transition from the *2) ground 
state of the O2 molecule to a 'Z} excited state. As was pointed out by J. H. Van Vleck,” 
a Y,-, transition, though strictly forbidden as electric dipole radiation, is possible as 


16 Ap. J., 20, 81, 1904. 

17 Das ultrarote Sonnenspektrum (Leipzig, 1934). 

18 Phys. Rev., 71, 274, 1947. '9 Trans. R. Soc. Edinburgh, Vol. 36, Part I, 1900. 
20 Phil. Trans. R. Soc. London, A, 238, 1, 1939. 

21 Bull. Nat. Bureau Standards, 14, 697, 1917. 

2 Phys. Rev., 32, 880, 1928; and Rev. Mod. Phys., 4, 1, 1932. 23 Ap. J., 80, 161, 1934. 





TABLE 1 
LINES IN THE !2}<—*E> SYSTEM OF O}° 
0-0 BAND 
Ad 7593.695-7733.738 
































dd Asir | Vyac | INT. air Vyac | INT. 
| | | 
| PP Branch ?Q Branch 
i— ae 
, re 7620 .996 13118.034 a ays cere ead sea ae sat okie Te keke alate 
Bact 24.500 12.005 32a 7623.288 13114.089 30a 
eis 28.225 05.602 35a 27.054 07.614 32a 
ng 32.168 13098 . 831 38 a 31.016 00.809 35a 
9 36.328 91.695 38 a 35.192 13093 . 643 35a 
11 40.707 84.193 35a 39.585 86.114 32a 
133544 45.312 76.312 30a 44.200 78.214 30a 
Bias es 50.135 68.068 20 a 49.035 69.947 20a 
orcs et 55.182 59.452 18a 54.094 61.308 18a 
Ws ss aot 60.454 50.465 12a 59.370 52.311 15a 
<4 ares 65.944 41.118 10 64.872 42.942 12 
2 71.670 31.385 10 70.600 33.203 10 
Os 77.618 21.289 9 76.563 23.079 9 
) 83.800 10.813 8 82.756 12.581 8 
pes 90.217 12999 .956 6 89.177 01.715 6 
Stee 2... 96.868 88.723 4 95.836 12990. 465 4 
it ee 7703.759 77.105 3 7702.739 78.823 3 
“co eA 10.874 65.131 — 1 09.871 66.817 — 1 
_ ee 18.257 52.729 — 2 ¥7 zo 54.417 — 2 
ae 25.862 39.978 — 4 24.880 41.623 — 4 
Pere 7733.738 12926. 801 — 2t 7732.746 12928.459 | — 4 
RR Branch RO Branch 
| eA cK SeLeCmAE BT a: eee eee ee oe eres eee 
‘eee 7616. 146 13126.387 17a 7615.061 13128.257 20a 
Bits 23% 13.194 31.477 20a 12.060 33.433 25a 
ers: 10.455 36. 203 25a 09.302 38.193 50a 
: (ne 07.933 40.557 30a 06.767 42.572 30a 
RAN, 05.635 44.528 30a 04.453 46.571 40a 
ly nes 03.556 48.122 30a 02.363 50.185 30a 
to 01.697 51.337 25a 00.493 53.420 25a 
| 00.066 54.159 25a 7598 . 847 56.269 25a 
|) 7598 .650 56.611 25a 97.438 58.709 30 at 
ee 97.438 58.709 30 af 96.228 60. 806 20a 
‘< 96.503 60.329 12 95.235 62.526 14 f 
Oe acces 95.768 61.603 12 94.507 63.788 12a 
‘1 95.235 62.526 13 f 93.997 64.672 10a 
Le ote 94.974 62.979 6 Tt 93.695 65.195 10 f 
ey wien 7594.974 13162.979 G:F 93.695 65.195 10 f 
TIRE) ABR eS 2 ie RN ae tee: eer eeen te shew 7593.850 13164.927 Z 


























* Lines marked ‘‘a’’ were observed with artificial light and an air path of 30 meters. All lines not having this mark were ob- 
served in the solar spectrum. 

t Either unresolved blend with another oxygen line, with a solar line, or with a telluric line (probably due to water vapor) or 
so close to such a line that the wave length is probably affected by it. 
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TABLE 1—Continued 


1-0 BAND 


AA 6867. 187-6967.650 















































EE Nair Pune | INT. Mair Pune | INT 
PP Branch ”Q Branch 
|| See Ate 6883 . 833 14522.783 BEA. | Biawcccudomermebesee weeee dase onan eae: 
Sasa 86.743 16.646 15 6885. 754 14518. 733 13t 
S05 89.903 09.989 17 88.948 12.001 15 
Bes 93.309 02.821 19 92.369 04.798 17 
ee 96.965 14495. 133 20 96.037 14497 .083 18 
|) Sea 6900 . 868 86.935 19 99.954 88.853 17 
| ee 05.023 78.218 17 6904. 117 80.117 15 
ain 09.431 68.979 13 08. 534 70.860 12 
i nee 14.090 | 59.230 10 13.200 61.091 10 
| | 19.002 48 .966 8 18.122 50.803 8 
y.) ae 24.164 38.193 Of 23.286 40.026 6T 
ye 29.599 | 26.870 | 5 28.727 28.685 5 
ae 35.280 15.051 3 34.422 16.837 3 
7....| 4.38 | @mm | 8 40.375 04.470 0 
DD ers as Mone ORE ae Re rn CON cere Py. 46.590 14391. 582 — 2 
eee 53.912 | 14376.429 | — 4 53.072 78.167 —4 
. 60.647 | 62.520 | — 3? 59.812 64.243 — 3? 
ys 6967 . 650 14348 .085 | — 4f 6966 . 837 14349. 758 —4 
|———— _—$$ $$$ — — — —— -_ 
RR Branch ®O Branch 
i 6879 .928 14531.027 | 10 6879 .041 14532 .900 12 
ae 77.637 35.867 12 76.715 37.816 14 
Wes 75.590 40.195 14 74.653 42.177 16 
y oe 73.798 43.985 14 72.843 46.006 16 
ae 72.247 47.268 14 71.285 49.304 15 
1 | eee 70.946 50.022 13 70.007 52.011 12 
1S Ree 69.887 52.265 12 68.915 54.324 12t 
| 69.096 53.947 11 68.105 56.040 11 
17. 68.525 55.152 8t 67.547 57.226 8 
‘2! Ae 68.245 55.750 5 67.252 57.856 6 
Zi. 68 . 208 55.828 4 67.187 57.993 4 
3 eee 68.421 55.372 Zz 67.394 57.548 3 
25 68.915 54.324 12+ 67.856 56.575 2 
? See 69.627 52.816 2 68.577 55.042 2t 
29. 70.620 | 50.712 — | 69.567 52.945 — 3ft 
Sec cves 71.872 48 .062 — 3 6870 .819 14550. 291 — 3ft 
33... 6873 .392 14544. 844 — 4 BP Ree See | by ghee Bieittal weaigre Gea braccoe mtearee 
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TABLE 1—Continued 
2-0 BAND 


AA 6276.590-6353.099; Intensity —4 to 3 


"Sted Aair } Vyac Nair Vyac 
PP Branch PO Branch 
1 oe a | ee 
Baca nal 90.222 93.294 | 6289.397 |  15895.379 
ae 92.959 86.381 92.162 | 88.394 
7 | 95.962 78. 806 95.179 | 80.780 
De ition 99.230 | 70.567 98.457 | 72.515 
RE MES 6302.764 | 61.668 6302.000 | 63.591 
ae. fee 06.567 | 52. 104 05.810 | 54.006 
ae 10.636 41.883 | 09.886 43.766 
. BRE: | 14.977 30.993 | 14.235 32.854 
See 19.591 19.434 | 18.853 | 21.282 
eS 24.479 07.208 23.750 | 09.030 
A: 29. 636 15794.329 | 28.913 |  15796.134 
| 























OS Sc cl 35.072 80.777. | 34.358 82.555 
; dies 40.791 66.544 | 40.078 68.316 
Sees 46.796 51.626 46.086 53.388 
31........|  6353.099 15735.997 6352.379 15737.781 
| ) 
| RR Branch | RO Branch 
| | 

ee: 6284.536 | 15907.674 | 6283.795 |  15909.550 
3... | 82.726 12.257. | 81.956 | 14.207 
Be wee | 81.178 | 16.178 80. 393 18.168 
eae 79.896 | 19.427. | 79.101 21.443 
Bccnvastt 78.878 22.008 | 78.073 24.049 
aa | 78.126 23.916 | 77.312 25.982 
Be tous sal 77.638 25.153 | 76.818 27.234 
aR 77.419 25.709 | 76.590 27.813 
ei ae | 77.470 25.580 | 76.633 27.704 
ae: | 77.785 24.781 | 76.938 26.930 
Ry, | 78.374 23. 286t 77.525 25.440 
ee 79.233 21.108 78.374 23.286 
rs ity ccnt aaah Hs, ey ae 79.506 20.416 
eat: 81.781 | 14.650 80.910 16.856 
29........| 6283.468 | — 15910. 378 6282.588 |  15912.606 
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TABLE 1—Continued 


3-0 BAND 


AA 5788.102-5829.917; Intensity —4 to 0 


























| 
Ef Nair | Vyac Nair Vvac 
PP Branch ?O Branch 

Bs ecru Stawe | AO bcc eet are 

: ee 98.195 41.965+¢ 5797 . 530 17243.943 

eee 5800.640 | 34.698 99.963 36.710 

. Ape es 03.327. | 26.718 5802. 663 28. 689 

* ERT 06.289 | 17.930 05.631 19.882 
ae 09.523 | 08.345 08.878 10.256 
Pep iccs ont 13.041 |  17197.931 12.400 17199. 828 
| aes 16.833 | 86.720¢ 16.263 88.404 
 CeRorae 20.912 | 74.677 20.278 76.547 
ae B27 | 61.822 24.636 63. 696 
tet: 5829.917 |  17148.148 5829. 288 17149. 999 

Pee Mean ae - 
RR Branch RO Branch 

- 5793. 411 17256. 203 5792.769 17258.115 

2. 91.946 60. 568 91.293 62.514 

‘. 90.769 | 64.076 90.101 66.068 

7 | 89.865 | 66.771 | 89.189 68.788 

9. mn 89.234 68.653 88.549 70.697 
i, 88.877 | 69.718 | 88.187 71.777 
13. 88.801 | 69.945 | 88.102 72.031 
B.. 88.995 69.366 | 88 . 289 71.473 

eRe 89. 489 67.893¢ | 88.763 70.059 
re 90.227. | 65.692 | 89.489 67.893t 
a. | 5791.293 | 17262.514¢ |  5790.534 17264.777 

| 








| 


173 





TABLE 1—Continued 


1-1 BAND 
AA 7684.331-7768.513; Intensity —4 to —3 























me | sir Venue air | vac 

| a _ 

| PP Branch ”QO Branch 

ee eee _ 
= | 710.099 | = 12966.434 |... Leas é 
an 13.658 60.451 7712.416 |  12962.538 
5... 17.450 54.083 | 16.251 | 36.096 
2 | 21.482 47.319 | 20.304 | 49.294 
9. 25.746 40.173 | 24.586 | 42.116 
oy | 30.254 32.627. | 29.101 24.556 
> ieee, 34.995 24.700 | 33.854 | 26.607 
Tne 39.978 | 16.379 | 38. 848 | 18.265 
17. 45.202 | 07.667 | 44.080 09.537 
eS 50.670 | 12898.561 | 49.554 | 00.418 
2... 56.378 | 89.069 | 55.275 |  12890.902 
23. | 62.334 79.179 61.232 81.008 
25 | 768.513 | 12868.935 | 7767.458 | 12870.683 

| | | 

a .—. i Ce es Oo Rae - 

RR Branch | RO Branch 
x2; | 7705.207 | 12974.666 | 7704 .076 12976. 571 
es 02.240 | 79.664 | 01.078 81.622 
5 | 7699506 | 84.273. |  7698.322 86. 270 
“ot 96.996 | gia Ee Seer Mayr pet ay 
Rae 94.748 92.301 93.530 94.358 
et 92.722 95.723 91.487 97.810 
Eee 90.939 98.736 | 89.703 13000. 825 
eee 89.387 13001.360 | 88.127 03.491 
17 ; 88.127 03.491 | 86.830 05.684 
Lai Siustsuad 87.034 05.339 85.764 07.488 
21. eat 86.203 06.745 | 84.964 08.842 
23. 85.629 07.717 7684. 331 13009.914 
25.... ..| 7685. 281 GE, de kinsesttede: caveats 
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TABLE 1—Continued 


2-1 BAND 


AA 6954.014-6996.310; Intensity —4 to —3 
























































I Gi air Vyac Agir Vvac 
PP Branch PO Branch 
Reva excanondts 6970.055 POSES ESS lo lb apc be eae eee 
ys roe 73.207 SECORE be ws « Sis geaeonemnng oe Lee 
Bare vinta yi dae ee aanoe OR aites.<iaiec AAR: 6975 .239 14332.473 
y ime 79.705 23.303 78.740 25.283 
ae Pee 83.452 15.617 * 82.501 17.667 
‘ree? 87.482 CFSE Neds. vie renstas Oa ase OU eae 
Be Sai cd, Se ae ee gaa ee. yee | 90.839 00.491 
|S eae Sa 6996. 310 14289. 312 6995 .378 14291.212 
RR Branch OQ Branch 
Se ae Maven 2 6963.773 14356.072 6962 . 804 14358 .070 
A Pe 61.707 60.332 60.746 62.315 
ae 59.946 63.966 ASAE Saeed = 35 ON A Wet ice 7 ie 
 . 58.462 67.029 padres oe See ein ae 
4 57.204 69.627 56.214 71.672T 
BS, Sece. ce 56.214 71.672f ee PP em eee me A ee 
US ee 6955.621 14373. 104 54.494 75.226 
| | AEE) rete on rica Tae b sands wie et 6954.014 14376.219 
| 
| 
3-1 BAND 
AA 6360.045-6390.320; Intensity —4 
a ae —_ — l ane ~—— ; eel ene Se 
-* Asir Vyac Aair Vyac 
PP Branch PO Branch 
Pe: 6379. 270 15671.44 6378. 520 15673.29 
| ee 82.728 62.95 81.876 65.05 
| || ae ere 86. 268 54.27 85.597 55.92 
a 6390. 320 15644. 34 6389 . 599 15646. 11 
RR Branch RO Branch 
Caste bet 6363 . 135 Poet GG feiss kacnensed eas eee eee 
ee 62.122 13.68 aie w ware ed Pee ea ale 
|) eee 61.453 15.33 6360. 593 15717.46 
13... 6360.981 15716.50 bette cordig abet. grained nena 55 
BO shcte'w v.crett ae civiwerienie desc. | Rare cin stemalacs anc 6360 .045 15718.81 











wn 














TABLE 2 
LINES IN THE !3}—*Z7 SYSTEM OF O08 
0-0 BAND 


AA 7594.287-7684.964; Intensity —4 to 3 








mr Asir Vyac Asir | Vvyac KY air Vvac | Asir } Vyac 
’P Branch PO Branch RR Branch ®O Branch 
1 7019 GOS 193120: 2G8 he. cscs cccdedessle Oe Bite, he.ctebeot, oe ee ter. Je 7614.026 |13130.042 
2 21.323 17.471 7620.077 |13119.615 | 2....7613.705 13130. 595 12.578 32.539 
\ eee 23.012 14.564 21.801 16.648 | 3....) 12.314] 32.995 11.194 34.927 
” SARS Role: ben) Sw 232552 13.635 | 4.. 11.007 | 35.250 09.868 37.216 
5 26.524 | 08.525 25.353 10.538 | 5.. 09.746 | 37.427 08. 586 39.430 
i: .. RTS eet | ee Re) Maer ee cael PR mare res Pe 6 08. 530 | 39.526 07.366 41.537 
Pes 30.245 02.133 29.092 04.113 ipa 07.366 | 41.537 | 06.198 43.555 
TEE aR ee at Re Re Re PEER Teen aAUS RUM te Cee l- a 06.238 | 43.486 05.076 45.494 
9 34.170 13095.396 | 33.036 13097.342 9.. 05.186 45.304 | 04.013 47.331 
| TRIG, See TI Pen ee eS ear any aT LEM WATE fa 10.. Se race) Ree eee 02.996 49.090 
11 38. 308 88.302 37.183 90. 230 | if. 03.216 | 48.710 02.036 50.751 
12 40.457 84.621 39.339 ST (ES a eee af “ORA27 52.323 
13 42.651 80.865 41.535 82.775 | 13.. 01.470 DESEO 6 to AS late ess 
14 44.900 77.016 43.793 PN Tikes shes ws osecsdowcde ws 7599 .463 55.203 
15 47.204 73.076 46.098 74.967 | SNM RAIS Dre Bl My (oe Caan ee as el mera 
16 49.552 69.064 48.454 70.940 | 16 7599. 228 55.610 98 . 006 57.726 
Ly...;], S265 64.946 | 50.894 a EL” NERS Biren eae, Coma r aereee hohe eae Sh ares 
18....| 54.428 60.739 | 53.343 62.590 || 18....| 98.006 57.726 | 96.768 59.870 
19....| 56.940 56.454 | 55.847 Sey tee es Us x'sce aio shhs & eR AN Pee ae 
ee RCE Wear ae hes | 58.420 53.931 || 20. 96975 | 59.541 |. ........ 
Zt...) “2.422 47.623 | 61.05 49.449 | 7 ee age! eee Se eee Se 
PEE: Gil oes olecnlewacimaae th a oueD 44.893 | 22 Secunia, aise ale Mont Chucn aoclele 
ee ee oe ae ee ee eens ee 
24...) FO31 33.696 | 69.233 35.526 (ER ORs ork SU aes ae ha ee 
25...::1 tocaee 28.910 | 72.09 30.671 | 25....| 95.590 61.911 94.287 64.169 
26....| 76.026 23.990 | 74.962 25.795 | 26....) 95.590 61.911 94.287 64.169 
27....| 78.953 LL Se) a areas) [ECO NRe ae ae 27... .|7595.590 |13161.911 7594.287 13164. 169 
28 81.953 13.941 '7680.912 13015.705 | 


29... .|7684.964 |13008.842 |.........).....c.0e- | 
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TABLE 2—Continued 


1-0 BAND 


AA 6885.279-6938.548; Intensity —4 to —3 


























K”’ Aair Vyae | Aaie | ie 
PP Branch PO Branch 
pe = ey 
1 Co re a re ere Piece tlaishan Maratea 
2 02.620 | 83.257 | 6901 . 607 14485. 383 
ROTO Mee ORCL aay eee eee FLAS Bed | 03.040 82.376* 
eee 05.494 | 7.2 | 04.531 - 79.246 
| ae 07.023 74.025 | 06.059 76.045* 
1 3. werd con ea Be eee oe Et 07.655 72.700* 
age: 10.250 | 67.265 | 09.32 69. 218* 
a 11.952 | 63.703 | 11.015 65.664 
Se 13.713 60.019 | 12.786 61.958* 
eee 15.533 | 56.213 ee eee, (per or OF 
ee 17.409 | 52.293 | 16.475 54. 245* 
> . 19.327 | 48.287* | 18.429 50. 162 
ee 21.338 44.089 | 20.426 | 45.993 
oo ea 23.369 | 39.852* | 22.478 41.710 
EN 25.497 35.415* 24.597 37.290 
ts 435. 27.675 30.876 ee ae ents Palkevasehe eee 
| EEE PRE NURDN. . E Bree a Ce A: Taetents 2800 
Bei. 32.150 | SO Le wennes eee aby coe es. 
eee 34.531 | eg RECO ae eae Ss evaluates nk 
a 6936.962 | 14411.557 36.066 | 13.418 
yO Seek, bier ED ones 6938.548 | 14408.451 
®R Branch £O Branch 
he. 6897.562 | 14493.879 | 6896.664 |  14495.765 
Beco sitet 96.445 | 96.225 | 95.521 98 . 168 
RE 95.382 | 98.460 | 94.451 14500.418 
ee 94.397 14500.569* | 93.40 02.628* 
Bcd 93.40 02.628* | 92.57 04.375* 
RR 92.57 04.375* 91.593 06.431 
91.719 | 06.166 | 90.760 08.185 
Se | 90.948 | 07.789 90.10 09.574* 
ee 90.240 | 09.279 89.271 11.320 
RS 89.585 | 10.659 88.612 | 12.709 
eS to ee i) Seer eee 88.000 | 13.998* 
eS 88.457 13.035 | 87.476 15.102 
) eae 88. 000 13.998* 87.000 16.105* 
ee 87.564 | 14.917 86.579 16.993* 
Poe | 87.196 15.692 86. 209 17.774* 
ee 87.000 a eae Enea bine, | etree Ne 2 co 
| ae 86.579 TO oh voi atesceasesst eee 
Oh 235: 86.476 17.211 | 85.477 19.317 
| ey 86.372 17.430* | 85.349 19.587* 
Be iach us 86. 209 17.774* | 85.279 19.734* 
| aS | 86.303 17.575 | 85.279 19.734* 
Be x ncaa | 6886. 372 14517.430* |  6885.349 14519. 587* 
| | | 


* Either unresolved blend with another oxygen line, with a solar line, or with a telluric line (probably due 
to water vapor) or so close to such a line that the wave length is probably affected by it. 





TABLE 3 
LINES IN THE !3}<* 7 SYSTEM OF O80" 
0-0 BAND 


AA 7599.550-7675.240; Intensity —4 to —3 


























| 
ha | Anir Vyne | Mair | Vyac 
ee ee 
| PP Branch | PO Branch 
_— ee —— ae 
| 
fic 7620.322 | 13119.194 | oop pbsiteas ty | ee ew ees 
2. 21.988 | SEL AN chee cues Repel stig ta ke 
25, eh) a ae 7622.503 | 13115.440 
4 25.475 | 10.328 | ise tee tik eo re ae esac re Ea ce hes 
ae a gaat, eeeaine 2 Ait 26.157 | 09.156 
6.. 29.196 | 03.934 Petree ce et 5 
- as ee, » rane eimai a 29.988 | 02.574 
8 33.131 | Re a des eee | EIR Ail 
9... n,} a hy. Sy Aree eee 34.052 | 13095. 599 
eo 37.276} i (a cee ahi, xg eee: 
Sa Ee eae e ee eer ccchuk etees dai SD Ae Pa S| Fa ee RR ne A 
ay. 41.644 Sieg RIS, eR HINGE” 52) ai ten 
* ee aN cn a oly <3, wales 42.786 80.633 
a: 46. 209 74.777 is te Were han 
15... 48.580 70.725 47.460 | 72.639 
1G)... 3. ARN colt ed sik eames Met Moree 3) See det atthe « See. Pf! ntcisnere es 
\ 53.47 62.373 3.3. | 64.229 
See 56.00 Re, PGR, Mie born os eo eae 
I a 58.50 | 53.624 RIP: SARS eg) 
is g's gosh eccnuceatay scattts anoth whe aie Rees iS a ON IRE ea 
ee | 63.90 | 44.597 62.84 | 46.401 
22... 66.669 | a eee ree Pepe hee 
a 69.47 35.123 68.399 | 36.944 
m.... 72.32 | Me VEC eres ers eo eee 
a | 7675.240 | 13025 .324 7674.183 | 13027. 117 
| 
| RR Branch RO Branch 
1........) 7615.552 |  13127.412 idvskinte wasatiotctetteteanted lesneaken 
Bh Sead 14.15 RN ios gaan ttre a aOR ha argc nas 
Dee 12.745 32.251 7611.584 13134. 254 
as, kN 11.364 ey Se Reon + dia at ae rates 
| 10.06 | 36.885 08.91 38.870 
ee acu | 7608 . 82 SED & | Baccied ak ois woes wh aidecte ees 
14.... iia Ads cen ge 01.240 52.128 
Ay REE Re ERIN 11ers 7599. 550 13155.053 
| 














TABLE 3—Continued 
i-C BAND 
AA 6876.972-6920.149; Intersity —4 





























z* Nair | Vyac Nair | Vyac 
PP Branch PO Branch 
Bree ret 6897 .352 wiih {ook ds token eee 
Aes 98.918 | 91.029 6897 .946 14493.071* 
ae 6900. 543 87.616 99. 596 | 89. 605 
Ses 02.230 | 84.075 |  6901.271 86. 088* 
NE MERC ic CARED Sete Bey) ove | 03.040 | 82.376" 
05.786 | OO EE FPR DER BRIO ne. ee) 
ieee 07.655 72.700* | 06.728 | 74.643 
EERE (AES Ens TE Pre: cP RP eemnetiicet + lee eae ee ae 
: ae PRO ME Rae. 10.648 | 66.432 
: ee 13.615 60. 224 6912.73 |  14462.075* 
14.. BC ar eee ee ee sak cde elaies somata Oe een eens 
OE... See ea oa REPT: i RS Sai sis Ae eee 
16.. | 6920.149 | = 14444.484* |... BREE a 
RR Branch | RO Branch 
— 
Se ss ee eich) is | 6888.323 |  14513.317 
2 6888 . 000 14513.998* | 87.154 15.781 
3 87.000 16. 105* 86.048 18.112 
ERE egret Ae 0 BRP RY en ory 85.004 20.314* 
| Rape . 85.004 20.314* 84.041 22.345* 
6 oa 84.041 22.345* 83. 108 24.313* 
7. 83. 230 24.056 82.277 26.067 
eS 82.447 25.708* 81.463 27.785* 
SOS Seer Ae Peter h e 80.757 29.276 
a 81.054 28. 649* 80.08 30.705 
a 80.446 29.933 79.481 31.971* 
a... 2 Ia ern eneine Morr fe ON a 
eee 79.393 32.157* | 78.436 34.179 
RS Creer RN SPR ts re | 77.991 35.119* 
eae | 78.630 ; i” a et nemee amr Team TS” 
ore i 78.315 TE RS PT SPREE Ram REN oi pe 
| Riise 6877.991 14535.119* | 6876.972 14537.273 











* Either unresolved blend with another oxygen line, with a solar line, or with a telluric line (probably due 
to water vapor) or so close to such a line that the wave length is probably affected by it. 
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180 HAROLD D. BABCOCK AND LUISE HERZBERG 


magnetic dipole or electric quadrupole radiation. The observed four branches of the red 
atmospheric oxygen bands can be accounted for only by the selection rules for magnetic 
dipole radiation, 

AJ =0,+1 (J =0<4+—J = 0) + 4+, —-e > -,", -—« 4+ 4+ . (1) 


The corresponding transitions are indicated in Figure 2 by full lines. There is an “R 
branch (AJ = +1, AK = +1), a ’P branch (AJ = —1, AK = —1), an “Q branch 
(AJ = 0, AK = +1), and a ”Q branch (AJ = 0, AK = —1). In the O08 and O80" 
molecules the alternate rotational levels, with even values of K”’, are present on ac- 
count of the unequal masses of the atomic nuclei, but these even levels are absent in the 
symmetrical O}° molecule. 

The over-all intensity of the bands is even less than that expected for ordinary mag- 
netic dipole radiation. As Van Vleck” pointed out, this is due to the fact that, in addi- 
tion, they represent a singlet-triplet intercombination. 











| 
| } ' | 
F3 FoF; Fs\FoiF, 


F'1G. 2.—Combinations associated with branches of the red system of atmospheric oxygen bands of 
O}". Branches corresponding to the dashed lines have not been observed. Spectra of O'80!8 and ONO! 
contain additional combinations, homologous to the full lines in the figure, among the alternate levels. 


The selection rules for electric quadrupole radiation are: 
AJ =0,+1,+2; J =0<+—/ =0, J=1<-+-J=0; 
fet, TEKS dead’ Tike sine: enn uaa 


Accordingly, all the branches which are observed as magnetic dipole transitions are also 
possible as quadrupole radiation. In addition, branches with AJ = +2 should occur. The 
latter are indicated in Figure 2 by broken lines. Of these, the transitions with AJ = +2, 
AK = +1, almost coincide with the magnetic dipole “Q and “( lines, since the F and F3 
levels of the *Z> state lie very close together (see sec. F). These lines could hardly be 
observed even under the most favorable circumstances, since the intensity of the elec- 
tric quadrupole lines is only one-thousandth to one ten-thousandth”’ the intensity of the 
magnetic dipole lines. On the other hand, the electric quadrupole lines with AJ = +2, 
AK = +3, are about three times as widely spaced as are the magnetic dipole lines and 
are well separated from them. In fact, lines of the ”S branch (AJ = +2, AK = +3) 
should occur in the region beyond the band head, where no masking is possible by the 
much stronger magnetic dipole lines. However, they have not as yet been observed. 


D. DETERMINATION OF THE ROTATIONAL AND 
VIBRATIONAL CONSTANTS OF O}° 


As indicated in Figure 2, the three components of the *=7 ground state of oxygen are 
designated by Fi, F2, and F3, according as J = K + 1, J = K, and J = K — 1. The 
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ATMOSPHERIC OXYGEN BANDS 181 


”P and “R branches of the red atmospheric bands correspond to transitions from the F2 
component, the “Q and “Q branches to transitions from the F; and F; components, re- 
spectively. According to the theory developed by Kramers‘ and by Schlapp® (see 
sec. F), the Fz component follows the formula for the ordinary nonrigid rotator 


F.(K) =BK(K+1) —DK*?(K+1)?+..., (3) 


while F; and F; follow more complicated formulae containing F2 and additional terms. 
The rotational constants B and D can therefore be determined by an analysis of the ”P 
and “R branches only. The “Q and “Q branches have to be taken into consideration only 
for the discussion of the triplet-splitting in the ground state. 


TABLE 4 
SPACING OF ROTATIONAL LEVELS FOR O}°, °27 STATE, 0’ =0 
(Unit=1 Cm~) 





























AoFs’ (OpsERVED)* 
es eee ey ee ee. = Se Sere Ee AeF3’ . 
x | | (CompuTeED) a4 
0-0 | 1-0 | 2-0 Mean | 
Z. : 14.382 | 14.380 14.380 | 14.381 14.372 +0.009 
ae) 25.875 25.878 25.875 25.876 25.876 0 
Ges 37.371 37.374 37.372 37.372 37.371 + .001 
ea 48.862 48.853 48.861 48.859 48.860 — .001 
BOS rizcoks 60.335 60. 333 60. 340 60. 336 60. 340 — .004 
Bs. orbit 71.810 71.805 71.812 71.809 71.811 — 002 
ee evi 83.269 83. 286T 83.270 83.270 83.270 0 
| eee 94.707 94.710 94.717 94.711 94.716 — .005 
BA ik 5 106. 146 106. 186T 106. 146 106. 146 106. 146 0 
DOP ch lee, 5 117.591f 117.557f 117.573 117.565 117.558 + .007 
be 128.944 128.958 128.957 128.953 128.951 + .002 
’.. re 140.313 140.321 140.332 140.322 140.323 — .001 
Dias ees | 151.713t 151.603 Trier oerere ete te oe 151.671 St chine Reeds 
Ys er 1GSO22F fecidaes 7 eeardt 163.025 163.025 162.995 + .030 
i.) 174.2567 174.284 | 174. 381f 174.284 174.292 | — .008 
6 ae Ds St, Seok ere eae a? ae he. eeee a al 185.542 185.560 — .018 
| Se: bee e 7 [hei | i 196.760 196.797 —0.037 


” oan , 
* AoF, (K) = ®R(K — 1) —?P(K +1). 
t Omitted from the means or given low weight because one or both lines involved are blends. 


For the determination of the rotational constants of O}°, only the most accurately 
measured bands, namely, 0-0, 1-0, 2-0, 3-0, and 1-1 were used. Of these, the rather 
weak 3-0 band was disregarded in the determination of the constants of the lower state, 
since these could be determined more accurately from the 0-0, 1-0, and 2-0 bands alone. 

As is well known, the combination differences, 

AP (CK) = RE 1) — "PLEA-9), (4) 
should agree for bands with the same lower state. Table 4, which contains these differ- 
ences formed from the observed wave numbers of the 0-0, 1-0, and 2-0 bands, shows 
that this condition is very accurately fulfilled. With very few exceptions, the agreement 
is within 0.005 cm, an accuracy only rarely obtained in measurements of band spectra. 

From equation (3) it follows that 


AF (K) =F (K +1) — Fi (K-1) 
= (4B” — 6D") (K +4) —8D"(K+})3 


(5) 
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and 
AoFo (K) ‘ it isa 
oe ae (4B — 6D") —8D"(K+}3)?. (Sa) 


By plotting A,F;'(K)/(K + 4) against (K + })*, using the mean values of A,F3’(K) 
obtained from the 0-0, 1-0, and 2-0 bands, the rotational constants, 


BY = 1.43777, + 0.000015 cm 





and 
Di’ = (4.91, + 0.020) X 10-8 cm, 


were obtained.” 

In the two last columns of Table 4 the A,F;’(K) values, computed with these constants 
according to equation (5), and their deviations from the mean observed values are given. 
For all K values up to K = 24 these deviations are well below 0.01 cm™. 

The same method was less satisfactory when applied to the determination of the ro- 
tational constants B and D of the vibrational level v’’ = 1 of the lower electronic state 
and of the levels v’ = 0, 1, 2, and 3 of the upper electronic state, because many fewer 
accurately measured lines were available to form the combination differences. 

On the other hand, the differences between the rotational constants of the upper and 
lower states of a band, that is B’ — B” and D’ — D”, can be determined from the sums 
of the lines of the R and P branches according to the equation 


2 *R(K) + *P(K)] = (ot B’ — 2D’) + (B’—B" — 6D’) K(K +1) 
(6) 
— (D’— D"”) K?(K+1)?. 


By plotting the observed values of the left-hand side of this equation against 
K(K + 1), we obtain a curve whose intercept with the ordinate axis gives (vo + B’ — 
2D’), whose initial slope gives (B’ — B’’ — 6D’) and whose curvature gives (D’ — D”’). 

The values obtained in this way are only approximate. If, with their aid, again using 
the observed values [“R(K) + ”P(K)], the quantities 


+ [*R(K) + ?P(K)] — (% +B’ — 2D’) 
K(K+1) 





are calculated and plotted against K(K + 1), it is readily seen from equation (6) that 
a straight line is obtained whose slope is (D’ — D’’) and whose intercept with the ordi- 
nate axis is (B’ — BY” — 6D’). 

If the improved values for B’ and D’ thus derived are substituted in the right-hand 
side of equation (6) and the differences between these calculated and the observed 
values of 4["R(K) + 7 P(K)] are plotted against K(K + 1), final corrections to the 
values (vo + B’ — 2D’), (B’ — B” — 6D’), and (D’ — D”) are obtained. 

The accuracy of the (B’ — B’’) and (D’ — D”) values determined in this way is great- 
er than the accuracy of the individual rotational constants obtained from the combi- 
nation differences. It is therefore best to determine only one pair of rotational constants, 
B and D, from combination differences and all the others from the (B’ — B’’) and 
(D’ — D”’) values, especially if there is one state, as in the present case the one with 
v’’ = 0, for which the combination differences are known with particular accuracy. 

The final values of B’, B’’, D’, and D” obtained by this method are given in Table 5, 
those of vo in Table 6. The band origins of Table 6 refer to the nonexisting rotational F2 


24 For a more detailed discussion of the method see G. Herzberg, Molecular Spectra and Molecular 
Structure, Vol. I (New York: Prentice-Hall Inc., 1939). 
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level, K = 0, J = 0. As indicated by the number of significant figures given, the accu- 
racy of the values of B3, Dj, vo(2, 1), and vo(3, 1) is appreciably smaller than that of the 
other constants.” 

In order to check the accuracy of the calculations, the ’P and *R branches of all 
the bands measured were computed with the constants given in Tables 5 and 6. The de- 
viations from the observed values of well-measured lines (that is, all lines except blends 
and a few lines with high J values) are well within 0.01 cm™ for the 0-0 band and 
within 0.02 cm™ for the 1-0, 2-0, and 1-1 bands. For the weak 3-0, 2-1, and 3-1 bands 


TABLE 5 

INDIVIDUAL ROTATIONAL CONSTANTS OF THE 
8D7 AND !2} STATES OF O}° 

(Unit = 1 Cm") 


























3Xp State IDF State 

aR | 1.437770 1.39132s 
| ae 1.42197, 1.373054 
; ey y lccath aries 1.35473; 
j . See Seen] eee es ate een as 1.33620 
). ere 4.91; 10-6 5.405 1078 
|) Ne eee ee 4.82; 107° 5.453 X 1076 
Bh os nee Seis Coan Soe e ieee 5.567X 1076 
i ee | egies tiki tees 5.6:X10-8 

TABLE 6 

ZERO LINES vp OF THE !2$-*27 BAND SYSTEM OF O} 
(Unit = 1 Cm*) 

0 1 
| Pees PRP | i ees a ano 
Wie anra woken 14525 .6602 12969. 274, 
? See eee 15902.4156 14346.030 
5, Se eS 17251. 109% 15694. 7, 











the agreement is not so good but is still satisfactory. No systematic trend is noticeable 
in the deviations. It is therefore unnecessary to introduce a term HK*(K + 1)° in 


formula (3). 
If, in the usual way, the values B, and D, of Table 5 are represented by the formulae, 


B, =B,—a.(0+ 3) tre(v+ 9)?+..., (7) 
D, = D.+B(v+ 4) +---; (8) 


the rotational constants given in Table 7 are obtained. 

The constants Bo, B,, and By, of the ‘2 state are represented by formula (7) with 
the values for B., a,, and y,. as given in Table 7 within an accuracy of 0.00001 cm~, 
the less accurately determined constant B; within 0.0001 cm“. 


26 The last decimal is printed in full size when the accuracy is well within one unit of the next to the 
last decimal. If the accuracy is less, the last decimal is a subscript. 
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The vibrational constants given in Table 7 correspond to the usual representation 


of the zero lines by a 


y,(v' 0’) =v +0 (0’ 


Since in the red atmospheric band system no bands occur with v 


formula, 


+3) —wixi(v 


‘+ 3)? + aly 
— wl! (0 +3) +0"! 


a’ (9 4-4)2— 


ie 4+§)*. 
ay Ca" +S) e.. . 


(9) 


ae w,’ was deter- 


mined from AG}. with the aid of the constants w,’x)", w; ‘y,’, and w,’s, ” deriv ed by Curry 
and Herzberg from an analysis of the Schumann- aati bands. 


TABLE 


CONSTANTS OF THE “el MOLECULE* Tt 


26 The value AG/’, itself 











3D) State | 1y) State 
EN ee. Oe ee — eee | 13120.9080 cm=! 
Wests ts Gt teat a Syne, aisdkud BAtlas Bea eee nein Reeds ete is 13195.2221 cm™ 
AG, Bad sank hers acipeeseeten 1556. 3856 cm 1404.7521 cm™ 
Pigcds bcc o 4 dn abbiatwate 1580. 3613 cm7 | 1432.6874 cm 
7S SS Rh eee 12.0730 cmt 13.95008 cm7 
RII ost ob crveteien oak 0.0546 cm='f | —0.01075 cm 
Bo sna touid gcc —0.00143 cmt Do ritare ce ieee 2th oy a 3.4 be 
he. TT 11.7664. 10° dynes/em | 9.67017 10° dynes/cm 
Dy (diss. energy). . 5.081 e.v.§ 3.455 e.v. 
BE Sst ah ote 1.437779 cm™ 1.391329 cm™ 
an 1.445666 cm™ 1.40041, cm™ 
Qe....- 0.018175 cm"! 





| —0.00004; cm- 
5.39; 107° cm 
5.356 107§ cm 
0.077; 107* cm™ 


| 
| 
| 0.01579; cm™ 
eee eee ‘ tio wes ° 
Do (rot. const.)...... | 4. 915107 6 cm— 
Ds (tot eonst:) ....c..0:.2. | 4.95; 107§ cm7! 
| 


0.083 X 107-6 cm 


| eae ere eae: | 19.4652, X10-* gm cm? | 20. 11363; 10-*° gm cm? 
Maas, bi Staptteiraisata ee ae aoe 19. 35890 10-* gm cm? | 19.9844) 10-° gm cm? 
Se eee” wcaveel 200715 10-* cm 1.230759 10-§ cm 
Wad Stins <ans’s SA ares Se | 1.20740. 107% cm | 1.226756 10-8 cm 





* The last decimal is printed i in full size when the accuracy is well within one unit of the next to the last 
decimal. If the accuracy is less, the last decimal is a subscript. 

+R. T. Birge, Phys. Soc. London, Reports on Progress in Physics, 8, 90, 1941. 

t Curry and Herzberg, Ann. d. Phys., 19, 800, 1934. 

§ G. Herzberg, Molecular Spectra and Molecular Structure, Vol. 1. 


could be obtained from the zero lines ag considerable accuracy. The value obtained 
as difference between vo(1, 1) and vo(1, 0) and the value obtained as difference be- 
tween vo(2, 1) and vo(2, 0) agree within 0. (0002 em= . Even though this perfect agreement 
may be accidental, it is believed that the AG;/. value i is accurate within 0.001 cm”. 
Similar remarks hold for the vibrational quanta of the upper state. 

The definition of the quantities given in Table 7 and the notation used are in agree- 
ment with general usage (see, e.g., G. Herzberg”*). For example, quantities with sub- 
script 0 refer to the lowest vibrational level; quantities with subscript e to the nonexist- 
ing vibrationless level. The first two entries in Table 7 refer to the energy of electronic 
excitation; the next six concern the vibrational energy. The dissociation energy, D,’, 
for the ay state is the value given by G. Herzberg,‘ recalculated with the more recent 
values for the basic physical constants (see below). The dissociation energy, Dj, for the 
1y+ state was obtained by subtracting the electronic excitation energy vo9 from the dis- 


sociation energy of the *Z> state. 


26 Ann. d. Phys., 19, 800, 1934. 
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B, a, y, D (rotational constant), and 8 concern the energy of rotation, including the 
effect of centrifugal stretching of the molecule with increase of angular momentum. The 
moments of inertia, 7, and the internuclear distances, r, were determined from the rota- 
tional constants in the usual way. (Attention is called to the use of D in two different 
senses, a peculiarity of the notation which has become fixed in the literature.) 

Values of the basic physical constants used in deriving Table 7 are those adopted by 
R. T. Birge,?” such as wave length associated with one absolute volt = 12395.4 X 10-8 
cm; and h/82*c = 27.9865 K 10-#° gm. cm. 


TABLE 8 
CONSTANTS OF THE *27 AND THE !Z} STATES OF O'8018 
(Unit = 1 Cm™) 





















































37 STATE | 1Dt State 
| 1 — — =e — 
Observed | Computed | Observed Computed 
Ay=v0(0,0)...... SPNaarTeNw a ae 13123.0194 
i) )) nei he lecctl POR oe 14488 . 8, 14488 . 8741 
RR RCE ER Se fe 1365.85 1365 . 8547 
15 ge ie ee 1.3579; |} 1.357932 | 1.3141, 1.314100 
Be. cele leads erotik (eee wcau) BiQTae 1.297350 
Pace 4.4X10-° | 4.381X10- | 5.0sx10-° | 4.811X10-8 
| 
TABLE 9 
CONSTANTS OF THE *37 AND THE 'Z} STATES OF O'60Q17 
(Unit = 1 Cm™) 
320 STATE | 1D¢ STATE 
| iP a 
Observed Computed | Observed Computed 
AvwndOy Qs... |. .0s0c00- vesi[ecececeesceccce| 290000 | TaeReee 
PEPIN 6 ciclo cases bee ae eT ON. 14506. 2, | 14506.2820 
MN stiches he Hakendenage Sete 1384. 23 | 1384.2613 
| 2 lace ane ne | 1.3955 1.395417 | J.3525 | 1.350357 
i: eee ro tT! aR rrET) WM Dak Me «FF | =1.333; | 1.332906 











E. DETERMINATION OF THE ROTATIONAL AND VIBRATIONAL CONSTANTS OF 
THE ISOTOPIC MOLECULES O08 anp O80!" 


In the spectra of the isotopic molecules O'*O!* and O'O"”, only the 0-0 and 1-0 bands 
were measured (Tables 2 and 3). The rotational constants and zero lines given in Tables 8 
and 9 were determined by the methods used in the analysis of the O}° bands. Because of 
the low intensity of the isotopic bands and the very frequent occurrence of blends, the 
accuracy as a whole is much lower than that of the constants of O}°. 

In addition to the observed values of the molecular constants of O'%O!* and O'0", 


*7 Phys. Soc. London, Reports on Progress in Physics, 8, 90, 1941. 
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Tables 8 and 9 contain the values computed from the theoretical formulae for the isotope 
effect by means of the constants of O}°. The following relations were used: 


Beve,; eape,; Die PD; y=, (10) 
*=y + pw, (v' +3) — pola’ (v' +4)2+... 
9 9 (11) 
- pw!’ (v!’ +45) +e, «7 (9" +49)? -... ' 


where the superscript 7 refers to the heavier isotopic molecule and where 
NE 
p= ~ (u = reduced mass). 


Using the mass values O!* = 16.00000, O'8 = 18.00485,8 and O!” = 17.00450,?8 we ob- 
tained and used the following values for p: 


p (O'0'8) = 0.9717637 ; p (O'%O!'7) = 0.9851212. 


The agreement between the observed and the computed values of the molecular con- 
stants of the isotopic molecules (Tables 8 and 9) is very satisfactory. The very slight 
systematic deviations from the calculated values in the case of vo(0, 0) and vo(1, 0) are 
probably due to the fact that the value of wx?’ (Table 7), which had to be used in the 
determination of »,., is not exact. A more accurate value for w,’x;’ is not available, since 
no bands with v’’ between 2 and 12 have yet been measured. 

It should perhaps be emphasized that, with the exception of the values for vo(0, 0) 
and vo(1, 0), the computed values of the molecular constants of the isotopic molecules 
are of higher accuracy than are the observed ones. 

If the values of the constants in Table 8 are recomputed, using O'8 = 18.00369,”° the 
agreement with observation is not quite so close as that shown in the table. 


F. TRIPLET-SPLITTING OF THE "Zz, GROUND STATE OF THE O2 MOLECULE 


Schlapp® has given theoretical expressions for the energy of the three component 
levels of a *D state:5° 


Fy =Wo- (2K —1)B—+[(2K — 1) °B?+  — 20B] '2— 7K 


F,=W,, J= XK), aes 
Fi =Wot (2K +3)B-\- [(2K +3)°B? +? — 20B) 24 7(K+1) 
(J=K+1). 


Here Wo = Fz is given by formula (3); \ and y are two numerical parameters: \, in a 
first approximation, is a measure of the spin-spin interaction of the uncompensated 
electrons and ¥ of the interaction of the uncompensated electron spin with the magnetic 
field due to the rotation of the molecule. The symbol ¥ here is to be distinguished from 
y as used in Table 7. 

According to H. A. Kramers,*! the spin-spin interaction of the uncompensated elec- 


28 Fliigge and Mattauch, Phys. Zs., 43, 1, 1942. 

29 Livingston and Bethe, Rev. Mod. Phys., 9, 245, 1937. 

30 In Schlapp’s paper the energy levels F;, F2, and F'; are called “W x41,” “Wx,” and “Wx«-,,” respec- 
tively. 

31 Zs. f. Phys., 53, 422, 1929, 
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trons is mathematically equivalent to an interaction of the total spin with the axis of 
figure of the molecule. The presence of the parameter ) is therefore an indication of the 
fact that the molecule does not belong completely to Hund’s case b. 

In the case of the ground state of the O2 molecule, Schlapp obtained the values 


= 1.985 cm-! and y = — 0.008 cm-! 


from Dieke and Babcock’s! measurements of the red atmospheric band system. The 
new measurements presented here (Tables 1-3) make it possible to redetermine these 
constants with higher accuracy. This was done for the vibrational levels with v’’ = 0 


TABLE 10* 
TRIPLET-SPLITTING OF THE #27 GROUND STATE OF O}°: 0” = 0 
| 


F2—F3=?P(K) —?Q(K) F2:—F,="R(K) —®Q(K) 
| 











K" | 
aa Computed Computed , Computed Computed 
| —— y= —0.008 | y= —0.00837 | — o y= —0.008 | y= —0.00837 
vee A= 1.985 oto. | A= 1.985 h= 1.984 
ee ri reepetee ene 3.9620 3.9596 1.8732 1.8770 1.8766 
o>. PA 2.084s 2.0850 2.0830 1.9525 1.9485 1.9490 
eeate ere aa nen: 2.0123 2.0135 2.0107 1.987. 1.9856 1.9868 
/ ae | 1.9764 1.9764 1.9728 2.0143 2.0128 2.0148 
ie | 1.947, 1.9492 1.9449 2.0419 2.0357 2.0384 
i... 1.9215 1.9263 1.9212 2.064; 2.0564 2.0598 
TS: 1.901; 1.9056 1.8998 2.0815 2.0758 2.0799 
| 5s eae RR ae 1.880, 1.8862 1.8797 2.104, 2.0944 2.0993 
17 1.859; 1.8676 1.8604 2.1244 2.1124 2.1180 
19. 1.844, 1.8496 1.8416 2.1280 2.1300 2.1364 
1 ee PE 1.8235 1.8320 1.8232 2.165¢ 2.1473 2.1545 
y+ eer 1.816; 1.8147 1.8052 2.1803 2.1645 2.1723 
25: 1.784, 1.7975 i 3 a eee eae 2.1814 2.1900 
° ] RN Rot hes | 1.7704 1.7806 1.7696 2.2055 2.1982 2.2076 
29... 1.760; 1.7638 1.7521 2.228 2.2149 2.2250 
H.. | 1.7405 1.7471 i SR Meennomene Trmefintyar ey, Fee ey 
Seen oe Ae | 1.720; 1.7305 BCPPRR Pic cusiecusws ohn tame con eer eee ae 
2 SA Os 1 1. 686; 1.7140 BSR Wossiaké dct nanthewai natn ee 
ae htt 1. 6884 1.6974 1.6827 Siding dks ie Bien ef CS aac oud eee el aan areca ee arene eee 
ca = 1.6450 1.6810 BtGGee be koa coe coos ec ee ee ee 
| 

















| 
| 
| 
| 





* Unit = 1cm™. 


and 1 of the electronic ground state of O}°, as well as for the levels with v’’ = 0 of the 
ground states of O'®O0!8 and O'%0", 
The separations of the triplet components are given by the term differences, 


PP(K) —?’Q(K) =F.—F;, 
RR(K) —®0(K) =F.—F,. 


(13) 


These term differences are given for the v’’ = 0 and v” = 1 levels of O} in Tables 10 
and 11. The values given for v’’ = 0 are mean values obtained from the 0-0, 1-0, and 
2-0 bands; the values given for v’’ = 1 are those obtained from the 1-1 band. Only un- 
blended lines were used to form the term differences. 

The third and sixth columns of Table 10 contain the triplet-splittings computed with 
the aid of equation (12) with the values of the parameters \ and y given by Schlapp 
and the new B,’ value from Table 7. It can be seen that there is a slight, but systematic, 
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difference between observed and computed values. This systematic difference can be 
made to disappear by choosing for the parameters the values 


= 1.984 cm™', y= —0.00837 cm-. 


The splittings calculated according to equation (12) with these parameters are given in 
the fourth and seventh columns of Table 10. 

The agreement between the observed and the computed values is very satisfactory 
indeed and gives confidence that the extrapolation of Schlapp’s formula (12) to the Fs 
state with K = 1, J = 0, is reliable. The position of this state cannot be obtained from 
the atmospheric oxygen bands but could be found from the ultraviolet bands, if lines 
with AK = 1 were completely resolved. 


TABLE 11* 


TRIPLET-SPLITTING OF THE *Z7 GROUND STATE OF O}*: v/’ = 1 





F2—F3="P(K)—?Q(K) | F2—F,="R(K)—®Q(K) 
. Computed | Computed 
Observed | y=—0.00837 | Observed y= —0.00837 
| A= 1.993 A= 1.993 
.. x i ee ae 3.9776 | 1.904; 1.8895 
DD ice 2 eh niece Ms oo vw RES 2.1882 1.958; 1.9601 
Bids. 2.0125 2.0176 1.997, 1.9973 
"ie 1.975; | 1.9803 Pee 2.0249 
- 1.943. | 1.9528 | 2.057 2.0483 
11 1.929, 1.9293 bs cea ee Se 2.0696 
13. 1.906; 1.9075 2.0893 2.0897 
15. ae) a apeeee ee 2.1089 
h7.. 1.870, 1.8687 Esp ahs 4 2.1276 
ie a rr. 1.857; 1.8500 2.149, 2.1459 
a ee 1.833, 1.8317 winwak 2.1639 
| 5 Tee | 1.828, 1.8137 2.1965 2.1818 
LAS | 1.745 1.7959 RS as ons SPN o ME ks 


* Unit = 1 cm". 


The separations of the F; and F; levels from the F: levels have recently taken on new 
interest, since they give directly the wave lengths of the magnetic dipole spectrum of 
oxygen in the micro-wave region. This spectrum has been investigated experimentally 
by R. Beringer* and theoretically by J. H. Van Vleck.** Beringer found an absorption 
maximum of O» in the region \ = 0.5 cm (vy = 2 cm™), and Van Vleck, using the data 
of Table 10, interpreted this absorption as an unresolved band consisting of the transi- 
tions F2(K) — F\(K) for K = 1, 3,5,..., and Fo(K) — F3(K) for K = 3,5,7,....: A 
secondary maximum, so far not investigated experimentally, ought to occur in the re- 
gion A = 0.25 cm (v = 3.960 cm™), corresponding to the transition F2(AK) — F3(K) 
for K = 1. 

If the triplet-splittings in the v’’ = 1 level are calculated with the same parameters 
d and y¥ as for v”’ = 0, but, of course, with By’ instead of Bj’, a slight systematic dif- 
ference from the observed values of Table 11 is found. This can be corrected by changing 


the parameter \ to 
=1.993 cm. 


32 Phys. Rev., 70, 53, 1946. 33 Phys. Rev., 71, 413, 1947. 





we /_ ww 
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The splittings computed with this changed value of \ and the same value of y as before 
are given in the third and fifth columns of Table 11. The slight increase of \ in going 
from v’’ = 0 to v’’ = 1 corresponds to a strengthening of the coupling of the spin to the 
internuclear axis, that is, a greater deviation from Hund’s case 6. 

In Table 12 the observed and computed triplet-splittings in the v’’ = 0 level of the 
isotopic molecule O'80'8 are given. The computed values were obtained by substituting 
\ = 1.984 cm7, y = —0.00740 cm, and B = B;’ = 1.35793 cm in equation (12). 


TABLE 12* 
TRIPLET-SPLITTING OF THE *27 GROUND STATE OF O80}; 9’’ = 0 

















F,—F3="P(K) —"Q(K) F,—F, ="R(K) —"Q(K) 
K | | Computed | Computed 
Observed | y=—0.00740 | Observed | y= —0.00740 

| A=1.984 | | A= 1.984 

1 ee 3.9606 1.886; 1.8910 

> y Re he | 2.1353 2.1515 1.943; 1.9295 

3 hateatcoel 2.083; 2.0696 1.945. 1.9541 

4 | 2.017 2.0311 1.966 1.9723 

Rn oe caer .| 2.0136 2.0066 2.0025 1.9872 

6 Seer eae 1.9883 nae 3a 2.0001 

RRS 1.980, 1.9734 2.0185 2.0117 

8 1.961; 1.9605 2.0082 2.0225 

Meyda | 1.942, 1.9489 2.0345 2.0325 

es. f eee 1.9382 2.0495 2.0422 

a: 1.928 1.9281 2.040, 2.0514 

EZ. 1.915, 1.9185 2.0675 2.0604 
ee | 1.907 1.9092 Bi ace ‘ipa oe ce RSs ek 
| SP rc 1.893, 1.9002 eer OS eae ree 
iS... | 1.891, Se CPC Sein ter Re 
Cero 1.8762 1.8829 ~ Se eer oe ere 
Ee | 1.8255 Ree “les. 5 inte ah shea beacamanens 
aE 1.8516 aa ree 5 as cd ea a My eae 
19. 1.864; 1.8579 Wee ee ry tC 
20 1.861; 1.8497 re err ere ae soe 
BS. 3... ene ene fol eomereaee ee 1.8416 RR re PRG oe ee 
ea hos hs vd Ay Se eae eA ee 1.8336 Pee TT oh ye, fe 
RP ree | 1.8214 Mn EE ee mer ee corer 
a8. .... 1.830 BA Ls Sacvdv ccs adobe apewens 
as... 1.7610 1.8099 5 hsidgipacy de Eo sian 
\ ET 1. 8052 a rr ee ee 
Bes iis oe555- oe eto bageees 1.7943 Jigs oe bakls laeedsaceeewen 
POY en cikemnil 1.763» | ee ere ere rere 





* Unit = 1cm™', —— - 
The agreement between the observed and the computed values is within the accuracy 
of the measurements (which is lower than for O}*). If, instead of the above value for y, 
the one used for O}° (y = —0.00837 cm™') is substituted, a systematic deviation is found. 
It is significant that the value of is unchanged, while y changes in going from O}° to 
O'O!8, This is in agreement with theoretical expectation. Since, in a first approximation, 
the electronic structure of a molecule and the nuclear separation are not affected by a 
small change in the masses of the nuclei, the interaction of the electron spin with the 
internuclear axis in the nonrotating and nonvibrating molecule and, consequently, the 
parameter \ should be the same for different isotopic molecules.** The influence of the 


_ 4 The effect expected because of the change in the zero-point vibration is too small to be detected 
with the present accuracy. 
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nuclear masses on the rotational decoupling of the spin from the axis is accounted for 
by the changed value of B, substituted in formula (12). 

On the other hand, the constant 7, representing the magnetic coupling between the 
electron spin and the axis of rotation, will be different for different isotopic molecules, 
since the magnetic moment produced by the rotation varies with the nuclear masses 
because of the change in angular velocity. N. F. Ramsey* found experimentally that 
the magnetic moments of the hydrogen isotopes, H2, HD, and Dz, vary in proportion 
to the inverse reduced mass, that is, simply in proportion to the angular velocity of the 
molecule as a whole. 

In the case of a molecule like O2 with more than two electrons, one cannot expect 
such a simple relation to hold. As G. C. Wick** has shown, the electrons do not rotate 
rigidly with the molecule but “‘slip back.”’ Therefore, the influence of the inner shells 
on the magnetic moments of isotopic molecules may be rather complicated. 


TABLE 13* 
TRIPLET-SPLITTING OF THE *2>7 GROUND STATE OF O80" 


iF: —F;=?P(K)—?Q(K) \Fe—Fi =?R(K)—"Q(K) 











* | Observed | Observed 

3.. | 2.0852 | 2.003» 

ee re bc, cacao Ree Stun dete | 1.985, 

6... | 1. 988, 1s sateen tenets tek) 

Diets cade MascSes ees, 5 ee 2.0110 
ee eee 1.897, ee eee 
‘Ya 1.855, Bh oe Ree ats ated souks 
"SRE SEI ae te 1.7705 A 
23 1.8204 | RN ee 

*y = 0; unit = 1 cm™!. 


If one assumes that y depends solely on the inverse reduced mass of the molecule, 
the constant y for O'80'’, calculated from the above value of y for O}°, would be 


Ycomp- (O'6O0'8) = 0.00790 , 


while the observed value is 
Yobs: (O'%O'8) = 0.0074 . 


The accuracy of the determination of the observed value for O'O'%is insufficient 
to decide whether the deviation from the computed value is significant. 

In Table 13 the observed triplet-splitting of O'°O" is given. These data are not suffi- 
ciently accurate to warrant a separate determination of y and X. 


We wish to thank Mr. G. Herzberg for his many helpful suggestions as to the methods 
of evaluation of the measurements and the interpretation of the results. 


Note ADDED IN PRooF.—The measurements in this paper strongly support the conclusion 
of St. John and Babcock (Mt. W. Contr., No. 223; Ap.J., 55, 36, 1922) that the measured wave 
lengths of atmospheric oxygen lines are remarkably constant. 


3 Phys. Rev., 58, 226, 1940. 36 Zs. f. Phys., 85, 25, 1933. 
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ABSTRACT 


The present status of the observational work on stellar magnetic fields determined through analysis 
of the Zeeman effect is briefly summarized. The strongest fields have been found in the peculiar stars of 
types A and early F, particularly in the spectrum variables. Some of the magnetic fields are variable. In 
y Equulei, however, there is no conclusive evidence that the field varies; measures of forty-seven lines 
on each of four or five plates of dispersion 2.9 A/mm give H, = 1900 + 250 (p.e.) gauss. The magnetic 
polarity observed is positive in y Equ, negative in 78 Virginis. Magnetic moment and rotation in y Equ 
are probably antiparallel, as in the earth. 

Lines of medium and strong intensity yield a somewhat smaller H, than do weak lines. This result is 
interpreted as the effect of the curve of growth on the Zeeman components of the stronger lines. 

The proportionality between magnetic moment and angular momentum is briefly discussed, with 
consideration of variable fields. 


INTRODUCTION 


The initial measurement of the magnetic field of a star was reported in an earlier pa- 
per! (referred to later as “‘Paper I’’), in which were presented observations of 78 Virginis, 
showing that its polar field intensity was about 1500 gauss. The occurrence in axially 
rotating stars of general magnetic fields of such strength, which seems generally to have 
been unexpected, has implications not only for astrophysics and cosmogony, but for the 
study of cosmic rays! and for the theory of magnetism as well. For this reason, the scope 
of the observing program has been expanded, with the aim of establishing the essential 
facts of stellar magnetism as far as they are accessible to available instruments. 

The possibility of detecting stellar magnetic fields was anticipated at least as early as 
1915 by Hale,? who held it not improbable, as Schuster had suggested,’ that every star 
(and perhaps every rotating body of whatever nature) becomes a magnet through the 
fact of its rotation. Indeed, it is evident that one of Hale’s hopes in planning the 100-inch 
reflector with its coudé spectrograph was that tests for stellar magnetism could be ap- 
plied. In 1937, Minnaert foresaw the possibility of detecting the Zeeman effect in the 
spectrum of the integrated light of a rotating star,‘ but his suggestion was unknown to 
me until A. D. Thackeray’ referred to it after my paper on 78 Vir had been published. 

To advance the observational work, a preliminary series of spectrograms is being 
made of sharp-line stars, mostly of early type and brighter than about the sixth magni- 
tude. These plates are made with a double analyzer in front of the slit of the coudé 
spectrograph of the 100-inch telescope, in such a way that two parallel spectra of the 
star, analyzed, respectively, for right-handed and left-handed circular polarization, are 
photographed simultaneously. Detection and measurement of stellar magnetic fields, if 
stronger than a few hundred gauss, are then possible, as the Zeeman effect in the spectral 
lines causes differential shifts proportional to the magnetic field strength of the star. 


* Contributions from the Mount Wilson Observatory, Carnegie Institution of Washington, No. 748. 
1H. W. Babcock, Mt. W. Contr., No. 727; Ap. J., 105, 105, 1947. 
‘8H. W. Babcock, Phys. Rev., 74, 489, 1948. 
2 Ten Years’ Work of a Mountain Observatory (Carnegie Institution of Washington, 1915), p. 45. 
3 Proc. R. Inst., 13, 273, 1891; Report B.A.A.S. for 1892, p. 634; Proc. Phys. Soc. London, 24, 121, 1912. 
4 Observatory, 60, 292, 1937. ® Observatory, 67, 105, 1947. 
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When, in the course of this survey, stars showing good evidence of a strong magnetic field 
are found, they are observed repeatedly with the highest feasible dispersion, in order to 
provide for each such object a series of spectrograms from which a reliable average value 
of the magnetic field intensity may be determined or which may serve as a basis for the 
study of variations in field strength or in line intensity. 

Up to the present, fields stronger than 1000 gauss have been found in 78 Vir, 
HD 125248 (BD—18°3789), y Equ, 8 Coronae Borealis, HD 188041, and HD 15144 
(HR 710).° In addition, strong fields are suspected in about twenty other stars, but their 
spectra are not all equally suitable for measurement, usually because of rotational broad- 
ening of the lines. In contrast to the foregoing, many sharp-line stars have been observed 
in which evidence of a magnetic field is lacking or very small; this group includes some 
normal A-type main-sequence stars, supergiants, and stars of spectral type later than 
G. These objects showing no Zeeman effect may be regarded as “controls,” adding 
assurance that the positive results obtained for certain stars are real. 

A great many more observations are required before it will be possible to attempt a 
comprehensive discussion of stellar magnetism in relation to spectral type, rotational 
velocity, anomalous line intensities, spectrum variability, and related topics. This is 
particularly evident from the fact that the magnetic field of the spectrum variable 
HD 125248 has been found to vary periodically over a wide range and even to reverse 
its polarity ;’ similar variations are suspected for some of the other stars possessing strong 
fields. There seems to be a marked tendency for strong magnetic fields to occur in the 
spectrum variables of type A; in fact, HD 125248, 78 Vir, and y Equ are included in 
A. J. Deutsch’s list of spectrum variables.’ The fact that some of the fields vary in- 
dicates that the observational work connected with recording and describing the phe- 
nomena will be extensive. 

Of the stars already mentioned as showing evidence of a strong field, y Equ has been 
selected for discussion for the following three reasons: 

1. Since an examination of the spectrograms with a hand magnifier showed no gross 
differences in field intensity, the star seemed to present a simpler problem than would 
a magnetic variable. 

2. The lines in the spectrum (Draper type FOp) are numerous, and most metallic 
lines of moderate or weak intensity are exceedingly sharp; measurement of the differen- 
tial shift between right-handed and left-handed spectra is therefore comparatively easy. 
The sharpness further indicates that the axis of stellar rotation is very nearly parallel to 
the line of sight. 

3. y Equ has an eleventh-magnitude companion for which the direction of orbital 
revolution is known from the work of double-star observers. Upon the reasonable as- 
sumption that the axial rotation of the star is in the same direction, it is possible to de- 
termine the sign of the relationship between magnetic moment and rotation or angular 


momentum. 


OBSERVATIONAL MATERIAL AND MEASUREMENTS 


Seven plates of y Equ (R.A. 21"7™55%, Dec. +9°56’, 1950; m, 4.76; Sp. FOp), listed 
in Table 1, have been obtained with the analyzer and coudé grating spectrograph. Only 
the five plates of highest dispersion, taken with the 114-inch camera, are discussed in this 
section, the spectral region covered with good density being roughly from \ 3900 to 
d 4800. 

6 T am indebted to Dr. W. P. Bidelman for directing my attention to HR 710, which was discovered 
by Miss Nancy Roman at the Yerkes Observatory to be a ‘‘peculiar”’ star. 

7H. W. Babcock, Pub. A.S.P., 59, 260, 1947. 

8 Ap. J., 105, 283, 1947. 





ld 


ue 
he 


ir, 


oir 


3S 


d 


Ic 


O 


| 


- 


we 





GAMMA EQUULEI 193 


The double analyzer for circularly polarized light used in taking these spectrograms 
was described in Paper I. It has been improved by the addition of a “‘window” in front 
of the mica quarter-wave plate and calcite crystal. The width of the window is such that 
its two images, seen from the back of the calcite, are contiguous; thus purity of polariza- 
tion in the two spectra is assured even under conditions of poor seeing. 

The plates were measured on a comparator having a vertical wire that could be ac- 
curately adjusted parallel to the long lines of the comparison spectrum. The difference 
in scale reading was noted in microns for each line. Emphasis was placed upon obtaining 
a reliable average value of the field intensity without making an exhaustive series of 
measurements of all the hundreds of lines on each plate. For this reason very weak or 
very strong lines were usually avoided, and attention was given largely to lines of 
moderate intensity which could be measured most accurately. Although most of the 
measurements were confined to the region AX 4000-4385, on Ce 4438 they were continued 


to 4919, 

















TABLE 1 
MAGNETIC OBSERVATIONS OF y EQUULEI 

ee Number 

Plate No. Date Dispersion Deis of Lines 

(A/Mm) (Gauss) Sisieoanal 

Ce 4433. ...... sss it Sa 1946 Oct. 6 MS Pak eee eee 

re ete eee Oct: 7 2.9 1400 124 
BOI at eis 1947 May 11 4.5 2480 40 
SUD ie Coin cars June 27 2.9 1960 57 
ri ee Beran Aug. 1 2.9 2240 61 
7? TT ee Sept. 2 2.9 2170 63 
vt Se Re nee | Sept. 30 2.9 1810 30 





Mean H,=1900 +250 (p.e.) 


In the first two columns of Table 2 are listed the laboratory wave lengths and identifi- 
cations of the lines, followed in the third column by the theoretical Zeeman effect, aver- 
aged for anomalous patterns according to Russell’s rule. For most of these lines the pre- 
dicted effects were computed from the term designations given in Miss C. E. Moore’s 
Revised Multiplet Table,® with the aid of ‘‘Tables of Theoretical Zeeman Effects” by 
Kiess and Meggers.!° Where possible, the predicted effects for Fe 1 have been checked 
against the laboratory measurements of the Zeeman effect given by Miss Weeks;" in a 
few instances where there was disagreement, the laboratory values have been used, with 
the symbol ‘‘W” affixed. The next five columns list the differential measurements in 
microns for lines on the 114-inch camera plates. The last column gives mean values for 
the individual lines, which have been corrected to \ 4500; such a correction is necessary 
because the Zeeman effect varies as the square of the wave length. 

For forty-seven of the lines listed, measurements were obtained on either four or five 
of the plates; and for these lines of greatest weight a correlation plot of measured shift 
against theoretical Zeeman effect is given in Figure 1. The correlation is obviously better 
than that for 78 Vir in Paper I; the reason for this is believed to lie largely in the sharp- 
ness and measurability of the lines in the spectrum of y Equ, as well as in the larger 


*4A Multiplet Table of Astrophysical Interest, Revised Edition (Princeton University, 1945). 
10 Bureau Standards J. Research, 1, 641, 1928. 
1D. W. Weeks, ‘‘The Arc Spectrum of Iron (Fe 1),” Trans. Amer. Phil. Soc., Vol. 34, Part III, 1944. 











DIFFERENTIAL MEASUREMENT 








TABLE 2 


S IN MICRONS IN THE SPECTRUM OF y EQUULEI 



































IDENTIFICATION PLATE NUMBER | MEAN 
| REDUCED 
| | | | To 
r | EL. Z | Ce 4438 | Ce 4724 | Ce 4776 | Ce 4842 Ce 4887 » 4500 
3977.743........ a a ee SR ae ee eS eee | 6} 
tas re BS 0.67 | GoM Geen eee ee behead wate me dae Wes ware L 2 
3992.845........| Cri ol 2, ce are oe aes See | 6} wk 
3995.306........ Cor Tiley SORES: Se ieaee edge ee ai eet | 72 str 
ee Fe1 2 ee & ewe ER, SORE ier 
4002.549........| Fen Se a Se eens iemeges ee | 4 wk 
4005.246........ | Fer 1.72W 4s 4 | @ a Sees | 44s med 
4005.712......... Var a ee 7 ie Th aay | 44 
4009.714........| Fer 1.50 31 1 3 5 | | 4 
414.534.0000.) Fer a eee 4 | § 6 | | 6} 
4020.8 98 . + cor 133 4} 5 9 6 | 7$n 
4021869. | Fer ae a oe 3 | 3 
4023399, | Cot 1.87 | 53 7 | 5 6 7is 
4028. 332. Ti ae ge: sie Rei BP NRK ey | 24 
4029640... Pex VE... SP 6 | | 81 wk 
4034.490. . .| Mnt | 1.80 4 5 7 ei | 7s, str 
4039. 100. A WCE |} 1.14 a ae 4: Cea, Fe .| Swk 
4041361. | Mnt | ie) Bi eh ee! | 6str 
4045815. | Fer | 1.26 | 3 | i Se: eee. bn cackace) See 
4051.923... en AR Se ee ola a | § 
4057 .505.. Mgt | 1.00 hse ie ae | 3n, str 
4063. 597 Fe 1.09 le cle il | 44 str 
4067 984. Fer | 1.62 Pipe. ee Be csc ee | 6 
4071.740.. Fer | 0.69 } 1 2° | 3 | 2str 
4073.760.. a oe aes 3 5 | 7 en 
4077.714... | Sem | 1.17 1 2 | § | 7 | 44 str 
4085. 312. | Fer | 1.71 ES, Sa Biss ele co AN cnr ect &. | S wk 
4118549. . Fe 1.07W i | 8 “oe Be ae eee 
4121.318.. | Cor 1.06 “a ig 5 | 4 | 4 | 458,str 
4128053... | Sim | 0.90 oe SP Be oe | 3$n 
4132.060........ | Fet 1.75W ai 7 ON hex ald re | 6 
4134.681. ee PRR Aeveceee 3 Ry, Pee a ae ak a 
BIST 002 2. osc: | Fe1 | 1.00 2 ye nl Cee eae Ase | 2an 
4143 418. | Bex | 1.00 2s i Sal agate a ae 53 
Seeeeen........) wee | Daw 1° = | 4 | 7 6 6 6 str 
ese oer ae eee a RR on Cee pera: te 23 wk 
4153.067. | Crt “Ee earn Peer event eens | 7 
56002.0.;.... | Fer | 1.50 Te) RPS rele Syke ‘Sete | 34 
4154812. | Fer | 1.48W 1} 7 a ee ee 
4163.644........ ie ) sae Oo a | wn aaa a oS 
Gime, -.:| Fert | O88 |. 2 bec. NG iss ae Core ee 
4175.640........ Se 2 ae a te eee” Pas tee 4 
4178.855........| Fem | 0.80 i oe ee ee oe 4 | 3 33 
4181.758..... | Fer | 1.27w | 4 |........ soyert. | Foreigrds: ROO 54 wk 
| (Fer 1.55W yh: leet? : 
4184.895........1 sort | 4"59 } 23 | a ae 7 | 8 6} 
4187.044........ | “Fer | vaiw | 4 | 6] 7 oo. be 
487:802........ | Fer 1.42 | 24 4 | 6 1 -.o: Pe 
4191.436........ | Fer | \ 2 oe oe ee 5 
Oee.as)........| Bee | SW |........ ae 3 ay rns 5 
es gn ie ae fi ee AES ER 8 ae eee 7n 
4199.098........ , ee (a 1s Pe 5 ae BER: 54 
4200.930........| Fer | 1.87 | a 10 Ry pes 10} n wk 
Seesl......... eet | 12w | 2 | 2 7 . ; 6S 4 
4203.987........| Fer | 1.45W 1 5 6 Et PRS 53 
0.352... | Fer | 3.05W | Lab Bade: 5 10 14 | 10 | 113 
a. a Sr It i We 4 4: CA eet ars: 43 nstr 
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IDENTIFICATION PLATE NUMBER MEAN 
eT eey.. aoe . ees i ES a Re REDUCED 
| To 
»N | El. a Ce 4438 Ce 4724 | Ce 4776 | Ce 4842 | Ce 4887 » 4500 
4217.551........ Fet 0.50 ES Swe Es ot 4} 
4219. 364........ Fet 1.08 3 | 1 a 4 3 
4222.219........ Fet 1.80W RR pe ey «Reis STRESS: MP ber 7 
io) Se Cat 1.00 ae GS See RR, 1 nstr 
oe a Feu 1.22 0 | 4 a ° 1° © 2 34 str 
4233.608........ Fet i ” 2 eae | 9 a1) @ 5 8} 
5 aes 
4238.027........ Fet es ey Se eee See 53 wk 
JV) 
ok Cri 1.17 2 | 4 5 | 4 8 5s 
4015.20........: Fet 1.91W) _ 
4245.358....... Fet cai Pee 6 2 | 6n 
4907 432. ......- Fet 1.39W . i eS Pere St 33 
4250.495........ Fet 1.30W St £23 -@oae 3 5} 
4250.790........] Fe1 2 hae Sore | et & eR G 4 4 
4254.346....... Cri 1.38 My . -2 i 8 bl? 
4260.479....... Fet 1.62W 4 5 | i 7 6 str 
4267 830 Fet 1.57W 7 UB eaeagha xtc bray Reece a eel eee 83 wk 
4271.159........] Fer 1.43W S| £2) @ ES 3 51 
4271.764... | Fer 1.26W ee eo 3 4 
4273.317........| Fem 2.17 53 | 9 12 | 12 12: | 11 wk 
4274.803........] Cri 1.96 3 | 7 | 6 | 8 5 63 str 
4282.406........] Fer 1.22W a hi (oe , Th 
4283000. ......: | Cat 1.50 a 5 ei rf 8 | 6 6} 
4287.893........| Tim 1.50 Sy Se ere ee rere Bes nag 7 wk 
4204.128........) Fer 1.20 a 5 1 | 4str 
4798: 986........| Car 1.50 ae & 6 7 Ae ¢°s 
oe. eee ae 1.03 ES A pee eee. 2 eis 2 
4300.052........ | Tin 1.50 1} 2 8 1 3: 34 
ae S77... | Car 1.50 | 5 5 | 7 4 5 52 str 
4318.652........] Cat 1.50 | 1} 6 | 4 ee ee 4} 
4325.765........| Fei 0.99W 1} 4: | 4: Oe To, 33 n 
Ce: oe | Cri 1.37 rE eee 2 ar Pie. Serene Lee 5 wk 
4375.932..... ~ | Fet 1.52W Mk eon | 'g ph EE 5 
4383.547. ...... Fe1 1.16W at ees | 4 ee omens: 3} str 
CE 4438 
i es ae - 
IDENTIFICATION MEAN IDENTIFICATION | MEAN 
an ey ae: — = | REDUCED || er ear ee | REDUCED 
| | TO | | TO 
IN El. Z | 4500 N EI. Z |} 4500 
4394.057.....| Tin 1.34 64.wk || 4494.568..... Fet 1.05W | 4 
4395.031.....| Tim 1.07 24 4508.283.....) Fem 0.50 14 str 
4404.752..... Fet 1.17 3 4515.337..... | Fem | 1.03 4 
4451.586.....| Mnt 1.43 3 4520.225.....| Fem | 1.50 34 
4455.887.....| Car | 1.50 33n 4541.523.....1| Fem | 0.80 1} 
4458.538..... | Crt | 1.20 4twk || 4547.850.....| Tir | 1.00) | k 
4459.121.....| Fer | 1.60W | 3}wk || 4547.851.....| Fer | 1.00f | 2” 
4462.022.....| Mnr | 1.28 , 4554.033..... | Bam | 1.17 1 str 
4466.554...... Fet | 1.17W | 3 4555.890.....| Fem | 1.24 24 wk 
4468.493..... Tin | 1.05 4} 4563.761.....| Tin | 0.83 2 
4470.864...... Tit 1.27 7 wk 4571.971.....| Tin | 0.93 1} 
4489.185..... Fem | 1.50 53 || 4576.331..... Fem | 1.20 2 
4491.401..... Fem | 0.40 0 | 4582.835.... | Feu 1.50 54 wk 
| i | 
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TABLE 2—Continued 








IDENTIFICATION MEAN IDENTIFICATION MEAN 
REDUCED REDUCED 
To TO 
r El. Z dA 4500 r El Z A 4500 
4585.871 Cal We ) 4718.429..... Cri 125 3} 
4585 .923 Cal 1.20 ‘cigs 4728 .468.... Gd 1.70) k 
4588. 217 Cri 1.07 4 str 4728.555.....|  Fet 200, | ** 
4592.09 Cri 1.20 4 4748.12......) Secu 175 | Sin 
4000.752..... OR 1.58 83 wk 4754.042..... Mni | 1.65 | 63 
4002 .944.....! Fel 1.93W 63 wk £796: 113....;:.1 Cri 1.10 | 33 wk 
4616.64......| Cri 0.80 2 4762.376..... | Mnti 1.17 | 43 
4618.83..... Cri 0.90 13 4783 .420..... Mnt 1.97 | 7% 
4626.188.... Cri 2.00 9 wk oe ee a ee | 1.50 | 53 
4654.11. ...... Cru 0.50 2} 4876-43. 6.3 L  i6ra 1.33 | 6str 
4646.174.....| Cri 1.25 5 4836.22......) Crm | 1.50 7 
4052.158..... Crt Li7 1 4848 .24......| Cru | 1.24 5 
4606.750.... Fe tl 150 33 4883.69......) Vu 12 4: 
4707.281.....|  Fet 0.91 2 wk 4918.999.....| Fer | 1.62 6} str 


| 
| 
| 


number of plates measured. The value of YAs/XZ for the forty-seven lines of high 
weight is 3.85. From Paper I, equation (12), it is known that the shift in wave length for 
the integrated Zeeman effect is related to H,, the polar field strength, by the relationship 


AX = 1.45 x 10-¢ WH, ’ 


where A) is the shift for a normal triplet (Z = 1.00). By means of the ratio As/Z = 3.85, 
which represents the double shift (since the measures are differential), and the disper- 
sion 2.89 A/mm, it is found that 


eH, = 1900 + 250 gauss . 


The probable error of 250 gauss has been estimated from the mean of the errors for the 
individual lines. The parameter e, a polarization factor for the oblique reflection from 
the coudé flat mirror, is a little less than 1.00; as it is a function of the angle of incidence 
and of the optical constants of the aluminum surface of the mirror, it is constant for a 
given star (provided that aging of the mirror surface can be neglected). It has not yet 
been feasible to make an accurate determination of ¢ as a function of declination, but 
this is relatively unimportant; when it is finally determined, the figure obtained for the 
polar field intensity may be expected to be increased by several per cent. Other unknown 
parameters, such as the degree of distortion of the assumed dipole field of the star by 
space charge and oblateness of the figure or systematic errors depending upon line in- 
tensity, may well be of greater importance. 

Although the measures are largely on stellar absorption lines of ‘‘medium”’ intensity, 
a number of lines classified as ‘‘weak” and ‘‘strong” were also measured, particularly on 
Ce 4438. As Hale found in the sun evidence of systematic differences between weak and 
strong lines,!* it is of interest to compare the observed Zeeman effects for these intensity 
groups. This effect has sometimes been interpreted as an indication that the magnetic 
field falls off more rapidly than the inverse-cube law with increasing altitude in the solar 
atmosphere and that the form of the field external to the photosphere must therefore 
differ radically from a dipole field.'* 


2G, E. Hale, Mt. W. Contr., No. 71; Ap. J., 38, 27, 1913. 
13. Rosseland, Theoretical Astrophysics (Oxford, 1936), p. 218; Ap. J., 62, 387, 1925. 
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On one plate of y Equ, measures of seventy-seven medium lines and twenty-two 
strong lines are in agreement as to indicated field strength, but twenty-six weak lines 
yield a value for H, about 45 per cent greater. This effect is probably real, but I doubt 
that it should be attributed primarily to a rapid decrease of field strength with height in 
the stellar atmosphere. A more plausible explanation seems to lie in the effect of the 
curve of growth on the intensities of the components of the pattern of the inverse Zeeman 
effect, as seen through a circular analyzer. In Paper I, an integration over a hemisphere 
was carried out to determine the shift in the center of light of the blended components 
of a Zeeman triplet as seen through a circular analyzer, with due account of the variation 
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F 1G. 1.—Plot of As (measured shift in microns between right-handed and left-handed analyzed spec- 
tra) against Z, the predicted Zeeman effect. Each point, representing a spectrum line, is a mean from 
measurements on 4 or 5 plates. 


in the intensity and direction of the field with stellar latitude. It was pointed out that the 
result was valid only for emission lines or for very weak absorption lines. The reason is 
that the formulae for Jy, J, and Jz (eq. [3], Paper I) really specify the relative numbers 
of atoms acting to produce the three components of the line, so that, in the inverse Zee- 
man effect, the formulae give true intensities only for very weak absorption lines on the 
first part of the curve of growth, where the equivalent width is proportional to the number 
of atoms acting. For stronger absorption lines that fall on the nearly horizontal portion 
of the curve of growth, a rather large change in the number of effective atoms may pro- 
duce only a very small change in the equivalent width. The components of the blended 
pattern of such an absorption line (Fig. 3, Paper I) may thus differ only a little among 
themselves in intensity, although the number of atoms effective in the various com- 
ponents may be quite disproportionate. In consequence, for a moderately strong line the 
center of gravity of the unresolved pattern may be considerably less displaced than for a 
weak line similarly affected by the field. This reasoning, together with the evidence that 
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the weak lines yield a larger value for H, than do the medium and strong lines, suggests 
that the weak lines do indeed give the most realistic results in connection with the derived 
formula, provided that the practical difficulties of measuring the weak lines are not too 
serious. Indications are that a value of H, for y Equ based on weak lines would be in the 
neighborhood of 2500 gauss, in contrast to the 1900 gauss obtained from all lines meas- 
ured. This numerical value should, however, be taken with some reserve, as it is based 
on only twenty-six lines measured on one plate. 

It now appears possible to extend the foregoing considerations, in which the Zeeman 
pattern of a magnetically affected absorption line in the integrated light of a star is in- 
terpreted with the aid of the curve of growth, to the problem of the anomalous line in- 
tensities and their variations in the peculiar stars of type A. A paper is in preparation 
dealing with this subject more fully. ; 

As an incidental result, the radial velocity of y Equ has been computed from the meas- 
urements on two plates, Ce 4438 and Ce 4842, which give —17.7 + 0.5and —15.9 + 0.5 
km/sec, respectively. The precision might have been somewhat increased had settings 
been recorded on more comparison lines. The value published by J. H. Moore is —17.1 + 
0.4 km/sec (variable?).!4 


EVIDENCE FOR VARIABILITY 


It was reported by W. W. Morgan” that in y Equ the line ‘‘Cr 11 \ 4558 varies from 
an intensity equal to that of the well-marked line \ 4549 until it is among the weakest 
in the spectrum.” Three plates by Deutsch® revealed no changes; but, as he remarks, 
“the number of plates is far too small to establish non-variability.” He lists the star as a 
probable spectrum variable, requiring further verification. 

An examination of my coudé plates fails to reveal any certain variations in line in- 
tensity, but it is of interest to examine the data at hand for indications of variation in 
field strength. 

For the five plates of highest dispersion I have reduced the measurements separately, 
using all the lines measured on each plate. The resulting values for 7, range from 1400 to 
2240 gauss, as indicated in Table 1, with estimated probable errors of 350-400 gauss. As 
these plates give some suggestion of variability, I have also measured the one plate of 
intermediate dispersion (Ce 4695), although its photographic density is a little less than 
the optimum. The polar field obtained from the average of forty lines on this plate is 2480 
gauss, with an estimated probable error of 780. In view of the size of the probable errors, 
the evidence from the six plates is certainly not sufficient to establish y Equ as a mag- 
netic variable, but there is at least a suggestion of variation that remains to be confirmed 
or refuted by further observations. 


MAGNETIC POLARITY 


If a star rotates about an axis nearly parallel to the line of sight and if it possesses a 
dipole magnetic field having an axis coincident with the axis of rotation, as has been as- 
sumed, then the pole that we observe may be of either positive (north-seeking) or nega- 
tive (south-seeking) magnetic polarity; and if a number of such stars are selected at 
random, we should expect to observe about equal numbers of each polarity. This is, in 
fact, found to be true among those stars in which the integrated Zeeman effect has been 
detected. 

For the determination of magnetic polarity, plates taken with the analyzer in the nor- 
mal position are used as standards. (It has occasionally been used in the inverted position 
as a check against systematic errors; this reverses the sign of the shifts.) To standardize 
the analyzer for polarity, test plates were taken of a spark source in the field of an electro- 
magnet set up in front of the spectrograph. The magnet was capable of producing a field 


M4 Pub. Lick Obs., Vol. 18, 1932. 6 Ap. J., 76, 315, 1932. 
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of a few thousand gauss and had a bored-out pole-piece, permitting observation of the 
longitudinal Zeeman effect.'® Its polarity was checked by means of a compass. Account 
was taken of the fact that starlight entering the 100-inch telescope undergoes three re- 
flections before reaching the analyzer; an odd number of reflections changes the sign of 
circular polarization because of the phase reversal at each reflection. The fact that the 
spark source produced emission lines, while absorption lines are generally studied in 
stars, does not alter the sign of the line shifts, since displacements observed in the nor- 
mal and inverse Zeeman effects with a given analyzer are of the same sign.!” 

A comparison of stellar spectrograms with the results of this standardization experi- 
ment showed that the magnetic polarity observed is positive in y Equ and negative in 
78 Vir. 

Knott’s eleventh-magnitude companion of y Equ is, to judge from its color, of con- 
siderably later spectral type than is the primary. The available observations by double- 
star observers of the position angle and separation of the companion are listed in the 
accompanying tabulation. The first two observations are from Aitken’s New General 











Date P.A. Separation 
1867.50....... cusstesce.|. 2"13 
BU Oe 2 dic daca rere 273.4 2.43 
1933.60..... Ore a 269.7 2.07 
BE BS 80055, Sk ea eT 270.3 2.24 





Catalogue of Double Stars,;'* the others were very kindly communicated to me by Dr. H. 
M. Jeffers from the card catalogue of recent observations maintained at the Lick Observa- 
tory. The data indicate that the position angle is decreasing, the relative orbital motion 
as seen in the sky being clockwise; in all probability the axial rotation of the primary is 
in the same direction. Since positive magnetic polarity is observed, it follows that the 
rotation and magnetization in y Equ are antiparallel as in the earth and as reported 
for the sun in 1913 by Hale; in other words, the magnetic polarity is such as would be 
produced by a negative electric charge on the rotating star. 


DISCUSSION 


A guiding proposition in the initial work on stellar magnetic fields was that among 
stars roughly similar in mass and radius great differences in the rate of axial rotation are 
known and that the most intense fields are likely to be found in the stars that are rotating 
most rapidly. This association of magnetization with rotation is, I believe, physically 
plausible, regardless of the exact nature of the source of the magnetization. In a later 
paper,'* taking into account the first results for the magnetic field of 78 Vir, I pointed 
out the somewhat more precise relationship that, when the earth, the sun, and 78 Vir 
are compared, the magnetic moment of each body is at least roughly proportional to its 
angular momentum and that the constant of proportionality (in cgs units) is about 
1 X 10~". It was remarked that this result, embracing a wide range in radius, mass, and 
angular velocity, appears to support those theories (springing from the suggestion of 
Schuster)* that endeavor to interpret geomagnetism and solar magnetism as a funda- 


16T am indebted to Dr. R. B. Leighton, of the California Institute of Technology, for placing this 
magnet at my disposal. 


17 A statement on this point in Paper I (p. 426) appears to be in error. 
'8 Pub. Carnegie Inst. Washington, No. 417, 1932. 
19 Pub. A.S.P., 59, 112, 1947. 
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mental manifestation of matter in rotation. Dr. P. M. S. Blackett, using essentially the 
same data, has independently emphasized this proportionality relationship.?° 

The polar field H, = 1900 gauss observed in y Equ differs only a little in magnitude 
from the value of 1500 gauss found in 78 Vir in 1946, although it is opposite in sign. If 
one uses for y Equ the values of radius, mass, and equatorial velocity appropriate to the 
average star of type FO (namely, 9.7 & 10!° cm, 3.0 X 10% gm, and 75: km/sec), one 
obtains for the magnetic dipole moment D = 4H,R*® = 8.7 X 10*° gauss cm’, and for the 
spin (angular momentum) the value S = 2M R*w = 8.7 X 10°° gm cm? sec!. As be- 
fore, the spin is computed on the simplifying assumptions of uniform density and solid- 
body rotation.” For y Equ the ratio D/S = —1.0 X 10-", in agreement with the 
ratio previously derived for the earth, the sun, and 78 Vir. (The negative sign indicates 
antiparallelism.) 

The discovery that the magnetic field of the sharp-line peculiar star HD 125248 not 
only varies but reverses its polarity in a regular cycle with a period of about 9 days, 
in synchronism with variations in the spectrum, has raised serious doubts regarding the 
suggested fundamental nature of the empirical proportionality between magnetic mo- 
ment and angular momentum.’ Additional negative evidence is the fact that a single 
plate of 78 Vir obtained in 1947 yielded a value of H, about twice as great as did the 
plates of 1946. It appears not impossible that future observations will show that all spec- 
trum variables of type A have variable fields and, indeed, that the spectrum variability 
results from the magnetic variations. 

While a moderate variation in the measured H, of a star can reasonably be accounted 
for on the assumption of changes in the form of the external field (as, for example, by 
space-charge effects), the magnetic moment remaining constant, the reversal of the field 
of HD 125248 is apparently a more deep-seated phenomenon. Data at present available 
suggest that this reversing field arises in a single star and that some alternating electro- 
magnetic process is therefore active on an immense scale. The possibility of the existence 
of a constant component of magnetic moment is not ruled out, however. 

The spectra of some normal main-sequence stars of early type, such as Sirius (AO) 
and y Geminorum (A3), show little or no evidence of the Zeeman effect on plates taken 
with the analyzer. As there is a great range in equatorial velocity among the A-type 
stars, from practically zero up to about 250 km/sec, it is possible that Sirius and y Gem 
have a low rate of axial rotation; and as a working hypothesis we may retain the modified 
proposition that the most intense magnetic activity occurs in the stars that are rotating 
most rapidly. 


20 Nature, 159, 658, 1947. 

*1 The spin of the typical FO star corrected approximately for nonuniform density but not for nonsolid 
rotation is about 1.5 X 10®° gm cm? sec”; and it is noteworthy that this is of the same order as the total 
angular momentum, J, of the solar system. For the planets the orbital angular momentum L = 3.1 X 
10°°. The contribution of the sun with its low rate of rotation (and weak field) is only about So = 0.02 L, 
so that J = L+ So = 3.2 XK 10°°. 
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ABSTRACT 


Eighteen stellar absorption lines and three wide emission lines were measured on an excellent spectro- 
gram of the nucleus of NGC 2392. Seven nebular lines also were measured. The two nebular lines of 
[Ne v], \ 3346 and A 3426, are single and nearly monochromatic. Other nebular lines are double, with a 
separation of about 100 km/sec between the components. Radial velocities of the system given by the 
single [Ne v] lines, by means of the components of the double nebular lines, and by the stellar emission 
lines are, respectively, + 70.8, +71.1, and +70.9 km/sec. 

When the stellar absorption lines are grouped according to total excitation requirements, it is found 
that those of highest excitation (N Iv) give approximately the velocity of the system. Lines of lower ex- 
citation show progressively larger displacements toward the violet. The lines of lowest excitation (H) 
yield a velocity of +45 km/sec. These results indicate a variation of outward velocity with depth in the 
atmosphere of the nuclear star such that the N rv lines are formed at the greatest depth, those of H at 
the least depth. 

The single nebular lines of [Ne v] are unexplained. A slitless spectrogram indicates that these lines, as 
well as the double lines of [Ne 11], [O 11], etc., are all formed in the inner nebular ring. Some of the obvious 
problems raised by these observations are mentioned. 


The planetary nebula NGC 2392 was described by H. D. Curtis! as follows: “‘Central 
star of magnitude 9, surrounded by an irregular elliptical ring 19’ X 15’; 7” to 8” 
outside of this ring are found broken patches of an outer ring. Fainter matter forms an 
oval disk 47”” X 43’ in p.a! about 18°.” The object is of moderate brightness, having been 
assigned a “‘relative exposure” of 5 by Curtis. 

Chiefly because of the brightness of the nucleus, this nebula was included in a spec- 
troscopic survey of the brighter planetary nebulae being made with the coudé spectro- 
graph of the 100-inch telescope. Some unusual features of the spectrum are described in 
the present Contribution. 

In February, 1948, a 6-hour exposure, made under good observing conditions with the 
32-inch Schmidt camera of the coudé spectrograph, produced an excellent spectrogram, 
dispersion 10.4 A/mm, extending from about 3300 A to somewhat beyond 5000 A. 
The nuclear spectrum is well exposed over this entire range, a number of well-defined 
absorption lines being present. Several of the stronger nebular lines also were visible and, 
with two exceptions, consisted of two components with separation corresponding to a 
velocity of about 100 km/sec, somewhat as shown in the illustration of the N; line given 
by Campbell and Moore.? The exceptions were the [Ne v] lines \ 3346 and A 3426, 
which were essentially monochromatic except for a slight broadening of their outer ex- 
tremities. The anomalous appearance of the [Ve v] lines was strikingly apparent with 
even the most casual inspection. 

Measured wave lengths and corresponding radial velocities are given in Tables 1 
and 2. The adopted wave lengths and the multiplet numbers have been taken from 
Miss Moore’s Revised Multiplet Tables.’ Wave lengths of nebular lines in these tables 
were derived from measures of nebular spectra and, in some instances, are probably not 


* Contributions from the Mount Wilson Observatory, Carnegie Institution of Washington, No. 749. 

1 Pub. Lick Obs., Vol. 13, Pl. XI, 1918. 

2 Pub. Lick Obs., Vol. 13, Pl. XX XT, 1918. 3 Contr. Princeton U. Obs., No. 20, 1945. 
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of high accuracy. This is apparently true of the two [Ne v] lines whose wave lengths are 
given only to the nearest tenth of an angstrom, and it probably accounts for the fact 
that, although these two lines are accurately measurable on my spectrogram, the result- 
ing velocities differ by 16 km/sec. Among the wave lengths of the absorption lines, only 
one adjustment has been made: for the lines of He1 the adopted wave length is the 
weighted mean of the components given in Miss Moore’s Table. The adopted wave 
length of the stellar emission band at \ 4640 is that of the NV 11 line 4640.64. Another 
somewhat weaker line of the same multiplet falls at 4641.90; the measures indicate that 
this line contributes inappreciably to the band. 

In Table 3 are collected the mean radial velocities from the single and double nebular 
lines and from the nuclear emission bands. The excellent agreement among the three 
values can leave small doubt that their mean, + 71.0 km/sec, must closely represent the 
velocity of the system. 


TABLE 1 


NEBULAR LINES IN NGC 2392 


ee nia 





Meas. Neb. \ Adopted \ | Ident Mult. No. | a see | Remarks 
3346:60,.......) 45:9 | (Mev) | 1F | + 62.7. | Monochromatic 
3426.67.. a 25.8 [Nev] | 1F | + 7.8 Monochromatic 
3726.24 26.16 {O 1] iF | + 6.4 Violet component 
SI2).05.- ih 26.16 {O 11] | 1F | +128.0 Red component 
= 1 2 ey + rr 28.91 {O 11] | iF + 29.8 Violet component 
UE. | 28.91 [Om] | iF | +120.1 Red component 
3868 .96 68.74 [Nem] | 1F | + 16.7 Violet component 
3870.43... i 68.74 Rito tienen eee ...) +130.6 Red component 
OS OE | 58.91 (On | 1F | + 2t.1 Violet component 
4900.88........ 58.91 Ese OG Siehs léteeea cat. Spebivel Red component 
5007 06... 66s. 06.84 {O 11} 1F | + 13.4 | Violet component 
5008.94........| 06.84 SR ay | .oes-| 4126.0 Red component 

| 
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Table 2 shows a very considerable scatter among the radial velocities derived from 
the nuclear absorption lines. While none of these lines is of the best quality for accurate 
measurement and some, notably the two lines of Het, are very poor, the scatter is 
nevertheless much too great to be attributed to errors of measurement. This situation 
is clarified when the lines are grouped according to their total excitation requirements, 
as in Table 4, where the numbers of lines in the groups and the mean deviations have 
been included to give a rough idea of the order of accuracy. 

From Tables 1 and 2 the mean separation of the components of the double nebular 
lines is 107.3 km/sec and the mean width of the three nuclear emission bands is 122.2 
km/sec. Except for [Ne v], the nebular lines cannot be measured with the highest accu- 
racy; the red components are fairly strong, but they are not sharp and show some indica- 
tion of structure. Even worse, the violet components are much weaker and almost im- 
possible to see where they cross the spectrum of the central star. These facts doubtless 
account for most of the scatter in the velocities from the double nebular lines. 

Finally, although neither \ 4686 of He 1 nor any of the hydrogen lines were strong 
enough for measurement in the nebula, enough can be seen by examination with low 
magnifying power to show that they have essentially the same double character as do all 
the other nebular lines except those of [Ve v]. 
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83.76 Tiu 1 + 15.1 Interstellar 
78.69 Niv 1 + 76.7 
82.98 Niv 1 + 72.4 
84.90 Niv 1 + 72.4 
05.04 Het 25 + 50.2 
70.63 H 2 + 39.7 
97.90 H 2 + 44.3 
19.64 Het 22 + 52.5 
35.39 H 2 + 61.8 
89.05 H ; | 43 
33.66 Cal 1 | — 20.6 | Interstellar; weak 

comp. 
33.66 | Can 1 | + 12.2 | Interstellar; strong 

| comp. 
70.07 H | 1 | + 40.8 
26.22 Het 18 | + 38.3 
97.31 Nir | 1 | + 66.6 
01.74 | H | 1 | + 41.0 
03.37 Nin 1 + 67.2 
99.83 He 3 + 78.0 | Very poor line 
40.47 H | 1 + 49.9 | 
71.51 | Her 14 + 73.1 
41.59 Hen | 2 + 48.6 | Very poor line 
Emission Lines 

34.16) (+ 18.1 | Violet edge 
34.16; Nu 2 4+ 72.0 | Center 
34.16) .+123.0 | Red edge 
40. 64) (+ 10.3 | Violet edge 
40.64} Nin 2 4+ 71.2 | Center 
40.64) \+121.0 | Red edge 
85.68} | (— 2.6 | Violet edge 
85.68; | Hen | 1 | {+ 76.9 | Center 
85.68) | | | (+148.6 | Red edge 

| 





TABLE 3 


MEAN RADIAL VELOCITIES FROM VARIOUS 
LINES IN NGC 2392 


Lines Vel. (Km/Sec) 
| eee eee +70.8 
Other nebular lines*. avd +71.1 
Stellar em. bandsf... nee +70.9 

Mean. . Bath sake +71.0 


* Means of both components 
tT Means of center and edge measures. 
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DISCUSSION 
I. SPECTRUM OF THE NUCLEUS 


All measured radial velocities are shown graphically in Figure 1, which clearly illus- 
trates the considerable dependence of displacement of the absorption lines upon their 
excitation requirements. In view of the existence of the nebula, it can scarcely be 
doubted that the several groups of absorption lines are being formed at various depths 
in a highly stratified atmosphere, through which the outward expansion velocity is a 
function of depth. The first question to be considered is that of assigning correct rela- 
tive depths to the various groups of lines, and here two possibilities present themselves: 


TABLE 4 
RADIAL VELOCITIES FROM NUCLEAR ABSORPTION LINES 
ARRANGED ACCORDING TO TOTAL EXCITATION 














| | ; | 
Jk Sietal . es Total | - 
El. Powe Exc. Bae | El. 7 Exc. | Prise ) 

| Lines (Volts) m/sec | 2ines (Volts) m/sec 
a, | 7 | 10.2| 444.94 6.2(md.) | Hem......) 2 | 75.3 | +63.3414.7 (m.d.) 
Het | 4 |} 20.9} +57.3+ 8.8 | N tv &: 137.8 | +73.8+ 1.9 
N ur 2 | 71.3 | +66.9+ 0.3 | | 





| STELLAR Em BANDS 
| DOUBLE NEB. LINES 


| SINGLE NeW NEB. LINES 














| NIV 137.8v 
| Hell 75.3v 
| NO 
71.3Vie— ADOPTED VEL. 
| Hel 20.9v eee 
H10.2v 
- pr 760 +70 +80 KM/SEC 


Fic. 1.—Excitation potentials and radial velocities of various lines in the nucleus and nebula of 
NGC 2392. 


a) The N tv lines are formed at the least depth, the hydrogen lines at the greatest. 
Since the radial velocities from N Iv agree within limits of error with the velocity of the 
system, the region of their formation is one of little or no outward velocity. This hy- 
pothesis, then, would be equivalent to the supposition that at some depth the atmos- 
pheric material is given a rather violent outward motion and subsequently decelerated 
to approximately zero velocity. Taken by itself, such a situation is perhaps not impos- 
sible. It is necessary, however, to consider the nuclear emission bands, which must defi- 
nitely be formed well outside the body of the star in an external shell, for no trace of oc- 
cultation effect‘ occurs, inasmuch as the radial velocities from the bands agree accurately 
with those of the nebular lines. Moreover, the band widths agree within limits of error 
with the separations of the nebular line components. Hence in the region of band forma- 
tion the outgoing matter has attained its final constant velocity. Thus possibility @ 
would require, first, an acceleration, then a deceleration, and, finally, a second accelera- 


4S. Chandrasekhar, M.N., 94, 522, 1934. 




















Fic. 2.—a, Enlarged slitless and slit images of \ 3426 [Ne v]. b, Same for \ 3868 [Ne 11]. c, Slitless 
spectrogram approximately { original size. 4 4959, 5007 [Oi] at right end; A 3346, » 3426 [Ne v] 
at left end. 
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tion to the nebular velocity. Such a sequence of events appears somewhat artificial. 
The other possibility in the assignment of relative depths is as follows: 

b) The N tv lines are formed at the greatest depth, the hydrogen lines at the least. 
The matter would start with very small outward velocities in the region of N Iv line 
formation, would undergo continuous outward acceleration through the region of hydro- 
gen-line formation, by which time something like half the final velocity would be at- 
tained, and would then accelerate still further into the region of emission-band formation. 
From the latter position it would move out into the nebula with constant velocity. Of 
the two possibilities, b appears the more reasonable and attractive. 

If 5 is indeed correct, certain qualitative conclusions are possible. Consider a spherical 
surface in the atmosphere, concentric with the star. Let p be the total density at radius 7, 
and let v be the outward velocity (assumed the same for all atoms and ions). Then, if 
we are dealing with steady flow, 

pvr? =const. , 
or 
arth 

Hence even if the change in r throughout the region of acceleration is small, the varia- 
tion in v from negligibly small to considerable values can result in a very rapid density 
gradient. In fact, the density in the region of N Iv line formation could be very much 
greater than the density where the hydrogen lines are formed. The region of N Iv line 
formation must, however, be of much greater excitation, and a very rapid temperature 
gradient would thus be expected also. Such a temperature gradient, much steeper than 
that to be expected on the supposition of constancy of radiative flux, would probably 
be physically reasonable. Presumably, the energy required for the outward material 
acceleration is supplied by the radiation, which is thus gradually depleted in passing 
through the atmosphere. The usual condition of constancy of radiative flux should be 
replaced here by the condition that the total energy flux, radiative plus kinetic, is con- 
stant. In this fashion a very steep temperature gradient might well result. 


II. NEBULAR SPECTRUM 


The single lines of [Ne v] are very puzzling. Their radial velocities demonstrate clearly 
that the atoms responsible for them must have originated in the nuclear star, i.e., the 
lines cannot possibly be due to matter which merely happened to be in the vicinity. 
Neither can they be produced by an incomplete nebular shell, since their velocities agree 
with neither the red nor the violet components of the other nebular lines. 

In an effort to solve the problem of the sources of the [Ne v] and other lines, a slitless 
spectrogram of the nebula was taken with the same spectrograph previously employed. 
The slit was replaced by a hinged mirror which could be lowered and raised at will. 
When the mirror was down, the central star could be centered with respect to a reticle 
in front of the guiding eyepiece. Raising the mirror allowed the light to enter the spec- 
trograph. The exposure was therefore intermittent, with perhaps 20 per cent of the total 
exposure time consumed by guiding. There was no image rotator, and, since fine detail 
would be lost in any case, this crude procedure proved reasonably effective. 

The result is illustrated by Figure 2, in which the slitless and slit images of \ 3426 
[Ne v] are compared with those of \ 3868 [Ne m1]. The latter line was chosen for the 
comparison both because it is due to a different stage of ionization of the same element 
and because it yields the strongest nebular image in the spectrum and should give the 
best reproduction. In all slitless images, except for [Nev], the outer ring is clearly 
visible and has approximately the same broken structure as is shown for [Ne 11]. For 
\ 3726 and \ 3728 [O m1], the maximum intensity in the outer ring is about equal to that 
in the inner ring. For [Ne 1] and [O 111] the maximum intensity in the outer ring is per- 
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haps half that of the inner ring or less. The hydrogen images give somewhat similar re- 
sults. In \ 4686 the outer ring is even fainter with respect to the inner, though still 
clearly visible. 

The preceding statements, together with Figure 2, leave practically no doubt that the 
single [Ne v] lines are formed in the inner ring. Likewise, the relative intensities of the 
two rings and the appearance of [Ne 111] in Figure 2 very strongly suggest that the double 
nebular lines of {Ne 11] are also formed in the inner ring. If the latter statement is true, 
there is little reason to doubt that all the other observed double lines also originate in 
the inner ring. 

The only alternative would be to ascribe the double lines to the outer ring. That this 
is almost certainly incorrect can be demonstrated by comparison of the images of 
d 3868 [Ne 111] and \ 3726 [O 11]. On the slitless spectrogram the inner ring of \ 3868 is 
considerably stronger than the inner ring of \ 3726, while the opposite is true of the 
outer rings. The intensity ratio of the two lines on the slit spectrogram agrees at least 
roughly with the ratio of the two inner rings. 

We are thus led to the conclusion that all the observed nebular lines, both single and 
double, originate in the inner ring. In order to see whether any differences in size are 


TABLE 5 
NEBULAR IMAGE DIMENSIONS IN DIRECTION OF 
DISPERSION IN SECONDS OF ARC 

















WiptH | DIAMETER 
LINE | — 
Violet Side Red Side Inner | Outer 
ce  , e be 5.0 | 10.8 
RO | re 3.0 | 2.9 6.2 12.1 
EEO. ioe ae Rp wate yah | 3.0 3.6 rH .2 





detectable between the inner-ring images of [Ne v] and those of other lines on the slitless 
spectrogram, the images of \ 3426 [Ne v], \ 3868 [Ne 111], and H6 were measured in the 
direction of dispersion,’ which happens to coincide approximately with the minor axis 
of the nebula. The line #6 was included because its nebular image is of roughly the same 
intensity as that of \ 3426, while \ 3868 is considerably stronger. The results of these 
measures in seconds of arc are given in Table 5. 

In view of the nature of the nebular images, I do not believe that the small differences 
between the three lines in Table 5 are anything but errors of measurement. This opinion 
is supported by a measure of the width of the star spectrum on the slitless spectrogram, 
which turns out to be 373. Apparently, therefore, the ring widths in Table 5 represent 
nothing but seeing and guiding errors; any fine structure or substratification has been 
completely lost. 

The dilemma created by these observations is obvious. First, if most of the nebular 
material arrived at its present position in the inner ring by moving out from the star with 
a velocity of 50 km/sec, how did the atoms responsible for the [Ne v] lines attain the 
same distribution in space with zero outward velocity? Conversely, if these atoms pre- 
viously had an outward velocity of 50 km/sec in order to arrive at their present distance 
from the star, how was the velocity subsequently reduced to zero? Finally, how can a 
group of particles with zero velocity be apparently coextensive in space with another 
(probably vastly more numerous) group whose velocities are 50 km/sec.? While there 
must be reasonable answers to these questions, none has so far occurred to me. 


5 Guiding errors should be least in this orientation. 
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ABSTRACT 


On twenty spectra of 7 Aquilae, taken with the coudé spectrograph of the 100-inch telescope with a 
dispersion of 2.9 A/mm and covering the entire pulsation cycle, forty-three lines of iron were selected 
for measurement. The radial-velocity variations of these lines were found to indicate that the selected 
lines of Fe 1 and Fe 11 arise essentially from the same atmospheric layers. From the depth measurements 
of these lines the variations of the excitation temperature and of the electron pressure were determined. 

The equivalent widths, determined for a few iron lines at mid-descending branch, showed that the 
hydrogen-metal ratio in » Aquilae can differ from that in the sun by only a small factor. The curve of 
growth at the same phase gave turbulent velocities much smaller than the velocities determined from 
line profiles, which may possibly indicate the existence of a fast turbulence with very large elements. 

From the above data the density variation was computed. The comparison of this variation with 
that of the velocity suggests that possibly in the atmosphere of » Aquilae the kinetic temperature in- 
creases greatly with height and that in the highest layers the pulsation has the character of a simple pro- 


gressive wave. 
I. INTRODUCTION 


The character of a wave in a compressible gas is not determined completely if only 
the variation of the displacement is given. In addition to the displacement, the measure- 
ment of a second variable, such as the density, is needed. In the case of the pulsation 
in the atmosphere of a cepheid, the radial velocity-curve gives the displacement varia- 
tion, while the density variation may be deduced from the light-curve.! The latter de- 
duction, however, appears at present none too reliable, since the dependence of the 
light-flux on the density in a pulsating giant atmosphere is not yet known with cer- 
tainty. It would seem preferable to determine the density variation from temperatures 
and electron pressures derived from line-intensity measurements made on high-disper- 
sion spectra. 

In 1939-1942 twenty spectra of » Aquilae were taken with the coudé spectrograph of 
the 100-inch telescope at Mount Wilson. In the present paper are described, first, the 
measurements for a selected number of iron lines made on these spectra; second, the 
derivation of the density variation based on the line measurements; and, third, the dis- 
cussion of the character of the atmospheric pulsation as indicated by the density varia- 
tion. 

The details of the investigations are given in the following sequence: In Sections II 
and III the basic data for 7 Aquilae are assembled, as far as they are needed for the sub- 
sequent discussions. The measurements of line depths made on the coudé spectrograms 
are given in Section IV. The assumption that all the lines used arise essentially from the 
same atmospheric level is tested with the help of radial-velocity measurements for the 
same lines on the same spectra, as described in Section V. Section VI gives the tem- 
peratures and electron pressures derived from the measurements of line depths. Before 
these temperatures and electron pressures can be used to determine the density varia- 
tion, an estimate of the hydrogen abundance is needed. How this estimate was obtained 
is shown in Section VII, and the final density variation is given in Section VIII. Before 
the density variation can be used for a discussion of the dynamics of atmospheric pulsa- 
tions, the degree of turbulence in the atmosphere has to be determined. This was done 
both with the help of the curve of growth and from measurements of line profiles, as 


* This investigation was made possible by a co-operative arrangement between the Princeton Uni- 
versity Observatory and the Mount Wilson Observatory. 
1M. Schwarzschild, Harvard Circ., Nos. 429 and 431, 1938. 
207 








208 M. SCHWARZSCHILD, B. SCHWARZSCHILD, AND W. S. ADAMS 


described in Section LX. The equilibrium state which corresponds to this turbulence and 
which underlies the pulsations is discussed in Section X. Finally, in Sections XI and XII 
the character of the atmospheric pulsation, as indicated by the density variation, is 
discussed. 
II. THE RADIAL VELOCITY-CURVE 
The displacement variation for the atmospheric pulsation of 7 Aquilae can be de- 
rived directly from the radial velocity-curve. The radial-velocity measurements used are 
those of Jacobsen? (1923-1925) and those obtained from the Mount Wilson spectra 
(1939-1942). The latter are given in the last line of Table 4. For all observations the 
phases were computed with Gliese’s ephemeris:3 
JD — 2414827.30 


Phase = 5776678 ” 
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Fic. 1.—Radial velocity-curve of » Aquilae 


Perfect agreement in phase was found for the two sets of measurements, which insures 
the adequacy of Gliese’s period. The systematic difference in velocity between the two 
sets of observations (Lick — Mt. Wilson = +0.2 km/sec) was negligible. All these ra- 
dial-velocity measurements were plotted in one graph, as shown in Figure 1. A smooth 
curve was drawn through the points, and this curve was read at 31 phases. These veloci- 
ties had to be reduced, first, to account for the radial velocity of the star as a whole and, 
second, to account for the fact that the observations correspond to an integration over a 
hemisphere of the star’s surface.‘ If an intermediate value is used for the limb-darkening 
coefficient, the two reductions can be performed by the following equation: 


dr 


a7 it (Va— Va). (2) 


From the surface velocities thus obtained, the displacements were found by numeri- 
cal integration. The integration constant was chosen such that the time average of the 
displacements, r — R, is zero, corresponding to a definition of R as the mean radius. 
The velocity-curve was further used to derive the accelerations by numerical differentia- 
tion. The displacement, the surface velocity, and the acceleration—all as functions of 
the phase—are listed in Table 1 and shown on the left-hand side of Figure 2. 


2 Lick Obs. Bull., 12, 138, 1926. 
3A.N., 273, 94, 1942. 4]. A. Getting, W.N., 95, 141, 1934. 
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For the sake of comparison, Wylie’s photoelectric light-curve® of » Aquilae (1920) is 
also shown in Figure 2. The phases for this light-curve were again computed with Gliese’s 
ephemeris. The accuracy of this ephemeris could once more be checked with the help of 
a set of six-color photoelectric observations of 7 Aquilae made by Stebbins and Whitford 
in 1946 at Mount Wilson and kindly made available to the authors. Again, perfect agree- 
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ment in phase was found between the old and the new observations when reduced with 
Gliese’s period. It appears, therefore, that the reduction to one epoch of all observa- 
tional data used is accurately determined. 


III. MEAN RADIUS AND MASS 


For the subsequent discussion of the dynamics of the motions in the atmosphere of 
n Aquilae, the mean radius and the mass are needed. The derivation of the mean radius 
with the help of the effective temperature and of the mass with the help of the mass- 
luminosity law is given in this section. 

Since the spectrum at minimum phase seems somewhat more normal as regards type 


5 Ap. J., 86, 217, 1922. 
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than at other phases, it seems best to use color measurements at minimum as a measure 
for the effective temperature. Two good color measurements are available for » Aquilae. 
First, Pettit and Nicholson’ have measured the water-cell absorption and found at 
minimum a water-cell absorption temperature of 4400° K. With the correction de- 
termined by Kuiper,’ this leads to an effective temperature of 4820° K. Second, the re- 
cent six-color photoelectric measurements of Stebbins and Whitford give at minimum 
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Fic. 2.—Variations in the atmosphere of 7 Aquilae 


a color (v — i) corresponding to that of spectral type cG4. According to Kuiper,’ this 
spectral type has an effective temperature of 4750° K. The average of these two deter- 
minations gives 
T, = 4800° K at minimum . 
Shapley’s period-luminosity relation® gives for the period of » Aquilae a median visual 
absolute magnitude of —2.4. Using a visual amplitude of 0.8, we find 


M,i, = — 2.0 at minimum . 


6 Ap. J., 78, 347, 1933. TAD. J., 88, 464, 1938. 
8 Stur Clusters (New York: McGraw-Hill Book Co., 1930), p. 130. 
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From the above data the radius may be computed with the help of Hertzsprung’s 


formula? 


4300\0-93 _ all 
My, = 2.3 “) — Slog r+53.71. (3) 


e 


if the constant of equation (3) is used, the bolometric correction implicitly contained in 
this formula is found to agree sufficiently well with the values for the bolometric cor- 
rection derived by Kuiper’ for the range of spectral types here considered. Using this 
equation, we find 

r= 2.58 X10" at minimum . 


Since at minimum (phase = 0.68), 7 — R = 0.03 X 10”, we obtain for the mean radius 
R=2.55 X10". 


For later comparison with the excitation temperature it is useful to compute the 
effective temperature at maximum in the following way: at maximum (phase = 0.00), 
r— R= —0.16 X 10", and hence r = 2.39 & 10”. Further, the visual absolute mag- 
nitude at maximum is — 2.8. These data give, with Hertzsprung’s formula, 


T. = 5760° K at maximum . 


Finally, the mass of 7 Aquilae is to be estimated. With a median bolometric correction 
of —0.3, the median bolometric absolute magnitude is —2.7. From this absolute mag- 
nitude one finds for the mass, under the assumption that Kuiper’s mass-luminosity rela- 


tion’? is applicable, 
M =1.35X10*. 


IV. MEASUREMENTS OF LINE DEPTHS 


The twenty spectra of 4 Aquilae taken with the coudé spectrograph of the 100-inch 
telescope at Mount Wilson are listed in Table 2. The dispersion of these spectra is 
2.9 A/mm. The slit width used was approximately 0.03 mm except for plates Nos. 2592, 
2594, and 2607, for which a slit width of approximately 0.05 mm was employed. (The 
focal lengths of the collimator and the spectrograph camera used are nearly equal.) 
Cramer High Speed Special plates were used for all spectrograms except the last one, 
which was taken on an Eastman 103a-O plate. 

To the red of \ 4650 these spectra show a steady decrease of density. Since it was 
feared that this strong variation of photographic density might introduce differential 
errors into the line measurements, no measurements were made in this range of wave 
length. To the violet of \ 4370 the lines were so crowded that hardly any reasonably 
unblended lines could be found. In the remaining wave-length range, 280 A wide, 
forty-three lines of neutral and ionized iron were selected for measurement. They are 
listed in Table 3. Though many of these lines have blended wings, the centers of all 
seemed reasonably free of blending. 

For the wave-length range in question, the spectra were registered with the Mount 
Wilson recording microphotometer. Forty-fold enlargement was used for the recording. 
The calibration spectra were registered at each end of the wave-length range used, at 
one end before the registration of the stellar spectrum and at the other end afterward. 
Particular attention was paid to the consistency of focus and sensitivity of the photom- 
eter during all registrations on one plate. The spectra taken near maximum of 7 Aquilae 
were so strongly exposed that it was necessary to use a scale giving large deflections 


9 A.S. Eddington, Internal Constitution of the Stars (Cambridge: At the University Press, 1930), p. 139, 
10 Op. cit., p. 472. 
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in such cases, in order to obtain a reasonable difference of the deflection for the con- 
tinuum and the line centers. With this scale the recording on the clear plate beside the 
spectrum would normally not fall on the recording paper. To bring the clear reading 
back to the paper, the photometric wedge (in the scanning beam of the photometer) was 
used at a denser setting for the clear readings than for the registration of the stellar 
spectrum and the comparison spectra. 

The calibration-curves obtained from the registrations at the two ends of the wave- 
length range in question proved to be so nearly equal that only one mean calibration- 
curve was used for each spectrum. Since most measurements corresponded to fairly high 
photographic densities, it was found that rather straight calibration-curves were ob- 


TABLE 2 








7 Exposure | 

Plate No. | Date Min.) JD | Phase 
eS >. | June 16,1940 | 125 | 2429797.946 | 0.013 
2394... ..| Aug. 20,1940 | 220 | 2429862.708 | 037 
2335...........| June 17,1940 | = 125 2429798.800 | 145 
2425... ....| Oct. 11,1940 | 340 | 2420014.684 | .280 
2070...........| Aug. 1, 1939 | 212 | 2429477.756 | .398 
2428...........| Oct. 12,1940 | 335 | 2429015.680 |  .418 
2431...........| Oct. 13,1940 | 315 | 2429016.669 | .556 
24 aa ee | July 12,1940 | 222 | 2429823.915 632 
ae | Sept. 22, 1940 390 | 2429895.729 | —.638 
2802...........| June 1,1942 | 122 |  2430512.958 643 
ae July 6,1941 | 260 | 2430182.889 | 651 
2054...... | June 28,1939 | 300 | 2429443.833 671 
ae | Aug. 4,1941 | 204 | 2430211.846 686 
Ray ee | July 13,1940 | 250 |  2420824.799 755 
2594...........| Aug. 5,1941 | 230 |  2430212.809 820 
Aare | Sept. 9,1940 | 260 | 2420882.705 824 
2391...........| Aug. 19,1940 | 230 | 2429861.711 898 
2035...........| June 1,1939 | 186 |  2429416.935 923 
2401...........| Sept. 10,1940 | 215 2429883 . 689 961 
ae | Sept. 4, 1941 | 240 | 2430242. 700 0.985 











tained when the logarithm of the relative deflection was plotted against the logarithm 
of the intensity. As a measure of the intensity at the center of a line, not the lowest de- 
flection in the line was used but rather that deflection below which the registration- 
curve (unsmoothed) runs for 0.03 A. This way of measuring line centers may have in- 
troduced slight systematic errors but appears to have resulted in good consistency from 
line to line, which was the main requirement for the purposes of this investigation. The 
continuum was measured in the following way. The entire wave-length range covered 
was divided into seventeen intervals, each approximately 16 A long. At each interval one 
measurement of the continuum was obtained by using the mean of all the line-free 
parts of the continuum in the interval. The seventeen measurements thus obtained were 
then plotted against wave length, and a smooth curve was drawn through them. From 
this curve were taken the final readings for the continuum. 

Table 3 gives the resulting measurements of line depth in terms of D, which is de- 


fined as 
intensity of continuum 


intensity of line center 
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TABLE 3 


Line Deptu, D, ror Eacu Coupé PLATE 









































| | 
| } 
r Fe | Xe LOG x0 | LOG xp o e iis Vinita Sie Via a 

| | 2333 | 2394 2335 | 2425 2070 2428 2431 2373 
4375.93...) 1| 0.00 | +2.19 | +2.12 | 0.33 | 0.38 | 0.39 | 0.32 | 0.45 | 0.37 | 0.49 | 0.51 
4383.55 1] 1.48] +4.00]..... | SB) 68) 66) .59) 27k) 368) Re oe 
4387.90 t| 3.06 | +1.04) +1.39| .20} .24| .24| .26| 30] .24] ..34] .37 
4388.41. 1| 3.59 | +1.44| 41.44] .24] .27 | 27) .26] 30) .24] 34) 35 
4389. 24. 1} 0.05 | +1.04} +1.00) .09} .18] .17| .20] .26] .21} .32] .34 
4404.75...| 1] 1.55 | +3.68]....... | .53| .62] .59] .54] .69] .53| .65] .72 
4413.60 |} 2.66} —0.12| —O.11 | .22] .28] .24] .24] .29] .22] .28] .32 
4415.12 1} 1.60 | et oe | .52] .60] .57] .50] .63] .51] 62] .68 
4416.82...) | 2.77 | +0.90| +0.95| 45] .50| .46| .40] .46] .37] .43] 47 
4427.31 : I | 0.05 | +2.50 | +2.69| .38| .45| .46] .43] .54] .45] .57] .67 
4430.62...| 1 | 2.21 | +1.87 | +2.00| .30] .35/ 36] .35] .43] .35] .44] .48 
4433.22. 1| 3.64| +1.44/ 41.38] .22] .25| .26] .24] .30] .25] .33] .38 
4439.88...| 1] 2.27 | +0.29]........ | .OS| i 12] .421 .171 321 22 ue 
4442.34...) 1] 2.19} 42.27] +2.24| .34] .40] .39] .38] .45] .39] .49] 53 
4447.72...) 1 | 2.21) +2.21 | +2.04| .32] 37] .38| .36] .42] 35] .44] 50 
4466.55...| 1 | 2.82 | +2.27| +2.28| .34] .39| .37] .36] .45] .39] .49] 54 
4485.68...| 1} 3.67 | +1.04! 41.06] .18] .20| .19] .21] .27] .20] .28] .31 
4489.18...| am} 2.82 | +0.57/ +0.77| .38] .45] .42] .36] .43| .35] .41] 44 
4489.74...] 1 |0.12 | +1.78 | 41.74] .20] .25] .25] .27] .38]| .31] .41] .51 
4491.40...) m | 2.84} 40.72) 40.75} .39] .45| .40| .34] .43] 136] .40| .44 
4494.57... 1] 2.19] +2.37 | +2.39) .37] .42] .43}| .39] .50] .42] .48] .57 
4508.28...) m | 2.84} +1.19| 40.99] .44] .52| .48] .39]) .48] .39] 142] .46 
4515.34...) m| 2.83 | +0.99| 41.03} .44| .49] .48) .41| .47]| .39| .45] .48 
4517.53...| 1} 3.06| +0.64| +0.73| .11] .16] .13| .17]| .24] .18| .25] .27 
4520.22.../ | 2.79 | +0.99 | +0.91) 41 | al .46| .38| .47| .39| .42] .47 
4547.85...) 1 | 3.53} +1.09/ 41.08} .19] .17] .24] .20] .27] .21] .28] .30 
4576.33...| m | 2.83 | +0.41 | 40.42; .34] .34] .35]| .31] .38] .31] .35] .38 
4582.84...) m | 2.83 | +0.25 | +0.35} .32] .34] .34| .30] .36] .29] 34] .36 
4583.83...) | 2.79) 42.55 |........1....... 62). .S6) .Si> SO) 461 Soe 
4587.13...| 1| 3.56 | +0.31]...... 10) .11] .10] .14] .16] 116] .19] .20 

| | 
4602.00...| 1 | 1.60 | +0.81 | +0.76; .12} .14| .15| .17] .24] .21] .26] .31 
4602.94...) 1] 1.48 | +1.78 | +1.78| .26} .30} .31] .29] .38| .34] .40] .46 
4611.28.../ 1 | 3.64} +1.50| 41.46] .21] .25] .24] .26] .33] .29| .36] .39 
4619.29...| 1} 3.59 | +1.04} +1.04} .17] .19] .21] .18] .26]°.21] .27] .30 
4620.51...) m | 2.82 | +0.23 | +0:06/ .29| .31| .29] .26 | 31} .26 | 29 | .32 

| | | 

4625.05...) 1 | 3.23 | +1.23| +1.30| .19] .23| .23] .24] .31] .26] .33] .37 
4630.12...) 1) 2.27] +0.76 | +0.77| .11| .16 | 26) .281 28) 40) ee ee 
4632.92...] 1] 1.60| +1.19| +1.34| 18] .18]| .23| .26| 30] .27 | 135} [40 
4635.33...| m | 5.93 | —0.42]........ | .13 | .16 | AQ] 11] 13] 10] 11] .15 
4637.51...] 1] 3.27] +1.14| 41.05} .13] .17] .18] 18] .24] .22] .28] .32 
4638.02...) 1 | 3.59 | +1.04| +0.97 | .14 | 18 | .17{ .19] .24] .20] .26] .30 
4643.47... 1| 3.64] +0.76| $0.74} .11] .12/ 14] 16} .19] 118) 24] 27 
4047.44.... 1 | 2.94 | 41.40 | +1.46 | 0.20 | 0.23 | 0.26 | 0.25 | 0.32 | 0.28 | 0.35 | 0.40 
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Line Deptu, D, ror Eacn Coupé PLATE 
































r = iene’ j 
2422 | 2802 | 2587 | 2054 | 2592 | 2375 | 2594 | 2397 | 2391 | 2035 | 2401 | 2607 
4375.93.....| 0.43 | 0.54 | 0.47 | 0.42 | 0.41 | 0.31 | 0.34 | 0.33 | 0.35 | 0.28 | 0.26 | 0.34 
O065.55.....1 42) 291.941 421 481 361 Si Sl ot Ss LS 
4967.90...:.] .31] 41] .35| .33| .W] .30} .24] .23) .22] .16] .35 | .18 
4388.41.....| .30] .38] .34] .29] .28] .26] .26 | i 27] | et 
4389.24... .. ; ie for toe ee ee oe, ee ee ee ae 
O6.75.:...1 | 446] 701] 263 | 681 S53 S| Se | 59 | .49] .51] .52 
4413.60..... a6) .34) 301 1 TT | et as a oe 
4415.12.....) .57] .69| .63] 60] .61] .54] .58) .54] .58|] .48} .50| .51 
4416.82.....] .37| 48] .41| .36] .38] .36] .41]| .40] .48] .39/ .40| .45 
4427.31... 54] .67] .55] .55| .53] .44] .45] .43] .42] .34] .30] .39 
4430.62.....{ .38| .50] .43| .41] .37] .32] .36| .34] .32| .25| .24] .32 
4433.22..... 28] .36] .34] .31] .30] .24] .26] .25 | ‘ia a tae 
Oe.08.....) 216] 120) 201 607) AT] Att a] a ee et 
4442.34..... 41] .53] .46] .43] .43] .36] .40} 39] .35| .30| .28] .36 
4047.72..... .37| .47| 43| .37] 38] 132] [96] :35| [34] 30! 27] [33 
| | 
66:55.....] 421) 553] 48] 566] 42] 287 1 8 a) ae] 
4485.68... .25| .29] .29|] .24] .25] .19] .21] .20 | 18} 14) 615] 17 
4489.18.....) .35] .41] .41] .37] .34] .32] .41] .39] .41] .38! .40| .42 
4489.74.....| .38| .45| .42] .39] 40) .33| .35] .33| .24] .21) .19] .23 
4491.40... 33 | .42] .39] .35] .35] .31] .40] .39] .42] .41] .40] .42 
4494.57.....] .43] .52] .47] .44] .42] .36] .42] .40] .42! .38!] .36] .38 
4508.28.....| .37] .43] .40] .40] .36] .34] .42] .43| .47| .47] .44] .46 
4515.34.....| .38| .47] .43] .40] .40] .35] .41| .40|] .47] .47| .43] .46 
ar-53.....1° AO] B61 SIS) 228i ea a | 12} .10 | 12 
4520.22.....) .37] .45| .41] .38] .37] .34] 39] 39) .45] .44] 41] .44 
4547.85..... | -22| 30] 28] 22) 24} 19} .21 | 20) 21 | 16] .18] .19 
$576.33.....| .2| 328] 28] 31] :32) BO] 35) .| 35] Sh] | Le 
4582.84...../ .28} .36} .34] 30] 30] 30] .33| .30} 34] 34] .35 36 
4583.83... 44} 238] [50] [50] [49] [45] [52] [49] [53 ]......] 58] 55 
4587.13... 44) .22) 2] 16] 6] i st Bt ee | 09} .09 |} 10 
MGae:..:.) M9) 2h sav) ae) ed ee) ae | 06.12 
4602.94... .. Pie ta ee ee ae oe oe eee ee ae Cee 
metss.....1. 20) Abt 3381 1a) OT i ae) ae ae ae a 
4619.29... . aoe cee so ce ae ee a ee see ee 2 ee 
4620.51... oe ae ae ee ee ee Ce ee ee oe 
| 
4625.05.....| .26] .36| .32| .28| .27| .24] .23| .21] .23] .20) .16| .21 
See ee ee a a or ee ee ae eo ee ee 
4632.92..... apy | (35) 43) 221 el | a} 20] 18), 
O65S.33..:..| 08) 313] 43] 11] 90] 8] 2) 43] ee 
4637.51.....| .24] .31] .28] .25] .27| .24| .23| .21] .19] .16] .12] 19 
} | 
Mee02.....| 22) 29) 261 261 wl it | 21 | ow 2 a) 
4643.47... 20] .26} 24) 20) .22]) 18) 19) 17) 115] 12) 12] 14 
4647.44..... 0.29 | 0.36 | 0.33 | 0.30 | 0.32 | 0.27 | 0.28 | 0.25 | 0.25 | 0.22 | 0.20 | 0.22 
| | | | 
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V. MEASUREMENTS OF RADIAL VELOCITIES 


In the subsequent discussion of the measurements of line depths the assumption is 
made that all lines used arise essentially from the same atmospheric level. To check this 
assumption, the radial velocities were measured for the same set of lines on the same 
spectra in which the measurements of line depth were obtained. 

On two of the twenty available spectrograms, Nos. 2375 and 2422, the definition of 
the comparison lines proved to be somewhat unsatisfactory for measurements of radial 
velocity, and these plates were omitted. Two other spectrograms have comparison lines 
too faint for measurement to the red of \ 4525, and the results which are given include 
only the violet portion of these spectra. 

A preliminary examination of the original list of forty-three iron lines showed that a 
few of them could not yield values of the precision required. The lines AX 4383.6, 4404.8, 
and 4415.1 were too strong and broad; \ 4439.9 and » 4587.1 were too faint; \ 4427.3 
was blended with a prominent 771 line; and \ 4583.8 was affected seriously by a close 
Fe 11 line. After omission of these seven lines, thirty-six were available for measurement. 
The individual results for these lines on the eighteen spectrograms which were meas- 
ured are given in Table 4. The letter ‘‘p”’ indicates a poor line and a somewhat uncertain 
result. 

Some individual lines, such as those at \ 4413.6 and A 4632.9, consistently show de- 
viations from the mean from plate to plate. In general, these deviations appear to be 
larger at minimum than at maximum. It appears possible that some of these deviations 
are caused by blends. Such blends might affect the measurements strongly at minimum, 
since at this phase the spectra are less strongly exposed, so that the appearance of the 
line wings may more easily affect the setting on the line center. 

The spectrum of 7 Aquilae shows some marked differences at maximum and at mini- 
mum of light on these high-dispersion photographs. In the region under consideration 
the most striking change is the great weakening of \ 4481 of Mg i at minimum. In 
general, most lines become wider and shallower at minimum, with occasional lack of 
symmetry and apparent wings. Lines of Fel are usually somewhat weakened and 
widened and are less deep than at maximum. Lines of Fe1, for the most part, show 
little change of intensity but are more diffuse at minimum. These changes resemble 
those observed between the spectrum of the disk of the sun and that of sun spots. The 
character of the spectrum of 7 Aquilae at minimum makes accurate measurement of 
radial velocity much more difficult than at maximum and occasionally introduces un- 
certainties due to apparent structure and lack of symmetry in several of the lines. 

Since the principal change in the spectrum of Aquilae at minimum of light consists 
in a widening of many of the lines on the violet side, thus producing a lack of symmetry, 
a systematic difference in radial velocity is found between lines in which the whole 
width is measured and those in which the maximum of intensity is measured. The maxi- 
mum is normally the correct portion to measure, as is shown by the agreement of the 
values when it is measured with those from lines which are little affected at minimum 
of light. It is occasionally possible, as in the case of some of the strong Fe 11 lines, to 
measure both the entire width and the maximum; but usually only one or the other can 
be observed satisfactorily. 

The short supplementary Table 5 gives the radial velocities derived from measure- 
ments of the whole widths of certain lines on four spectrograms taken near minimum 
of light. These values have not been included in Table 4 or used in the derivation of the 
mean radial velocity for each spectrogram. A comparison of the results with the mean 
values shows an average systematic difference of about —3.5 km/sec, the centers of 
these wide and often unsymmetrical lines being displaced toward the violet with refer- 
ence to the maximum of intensity in the lines. 

If the lines of neutral iron and of ionized iron should arise at different atmospheric 
levels, the two sets of lines would give two separate radial velocity-curves which would 
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A Fe 
i: @ga3 | 2394 2335 | 2425 | 2070 | 2428 | 2431 | 2373 2802 
4375.946....| 1 | ~36:03) ~33.71| ~26.32] —21,44| ~15.00) ~16.25| —10.76) =2.08| 41.24 
4387.901....| 1 | —31.64) —32.43) —26.50| —19.96| —13.49, —14.91! — 6.64) +1.31) +2.86 
4388 .416....} 1 | —32.73) —32.08 —29.02, —20.64, —14.51| —17.10) — 7.94) +0.84 +2.18 
4389.256....| 1 | —32.45) —33.38 —29.70, —20.57; —15.81) —17.24, — 9.58) —0.26, +2.11 
4413.601....) 1 iain! —33.33' —28.09 — 18.03) —12.35} —13.36) — 6.22) +5.34| +4.46 
| | | | | | 
4416.829. .. .| mu | —32.90) —31.82) —27.24 — 21.36 —14.18} —16.42) — 8.27) —0.09) +1.14 
4430.624....| 1 | —31.40) —32.98) —28.80} —21.25) —15.30) —17.07| — 9.48} —1.85) +2.15 
4433.232....| 1 | —33.67) —33.20| —29.39) — 20.64) —14.41; —16.80) — 8.48} —0.01) +1.35 
4442 351... | I | —31.81} —31.75| —26.46| —20.19) — 14.87, —15.41) — 8.72) —0.75| +1.39 
4447 .730... | rt} —32.50| —32.98} —27.15| —19.66) —15.06; —16.03) — 8.95) —0.94! +1.95 
4466.564... .| 1| —32.78| —34.37| —28.66 ~21.70) —15.75) ~17.38| 10:70) —2.40} +0.01 
4485.685....| 1 | —34.23) —33.41) —28.87| —22.86, —17.97| —19.13| —10.31| —2.37) +0.17 
4489.189....] 1m | —32.86) —34.13| —28.70) —21.73) —15.43] —17.27| —11.66) —1.23)..... 
4489.750....| 1 — 33.92) —32.72) —29. 23] —19.93) — 14.96} —16.00; — 8.92} +1.17) +1.92 
4491.410....] 0 —33. 10} —32.51) —27.01| —20.00) —14.82) —15.88} — 9.26) —0.23) +0.53 
| | | | | 
aaa I | 34.14) —33.17| ~—29.39) —20.04, —16.15, ~17.35) — 10.96 —3.6))...-. 
4508.293....) m | —32.29) —32.81| —27.78| —21.29} —15.11] —15.79| —10.73} —2.37| +0.57 
4515.345....| a | —33.31| —32.68| —27.72] —22.56] —17.09| —16.87| —10.69| —4. 18)... 
4517.537..... 1} —33.55) —31.27| —37 70) —19.91) —15.62| —14.95| ~ 8.11 +0.46| +1.78 
4520.231....) m | —33.06; —31.73} —28.60) — 21.84) —15.88} —16.21| —11.77) —5.43]....... 
| | 
4547.856....| 1 | —32.11| —33.46] ~29. 26 —20.22) —15.81] —16.35} — 8.90) —0.44) +0.91 
4576:342.... | 0 | —32.28| —30.85| —27.16) —19.29 —15.09) —14.45} — 8.36) +0.24) +1.29 
4582.835....| m | —32.79| —31.87| —27.09| —20.28| —14.42) —14.87; — 7.60) +1.05] +2.30 
4602.011....} 1 | —32.01) — 30.30} — 28.09 —20.77| —15.10| —15.31|) — 8.99| —(0.66) +1.80 
4002.951.......| 1 | ~ 31.63} —31.41) —28.15) —20.90} —15.68) —15.12}) — oe —1.18} +0.50 
4617 5295... ... 1 | — 34.13] ~33.38| — 29.83} —22.54| —18.65) —18.65) —11.24 _1.89| RU oe 
4619.299....} 1 | —32.19| —30.65) —27.74)| —21.44) —15.19) —15.81) — 7.37) +0.05; +1.58 
4620.522....) mu | —32.15) —30.88} —28.24) —20.73| —15.77| —16.14| — 9.06} +0.08} +0.50 
4625.054....| 1 | —34.37 — 33.42 — 30.73) —23.65| —17.18| —18.61 — 10.63) 8) | rn 
4630.130....} 1} —33.28 — 34.47) —29.65| —20.74| —16.46| —16.03) — 7.87 Stas +2.07 
| | 
4632.927....| § | —32.99| —35.75| —30.12) —23.53) —18.13| —18.37 —10.41) —3.76)....... 
4635.346... 411 | —31,45|.—22.95| ~27.651 —21.85) ~14.05| —16.05| ~ 8.4) ~1.07)....... 
4637 .512....| 1 | —31.71| —31.97| —30.15| —20.24 —15.21) —15.92] — 7.22) —0.03| +2.64 
4638.019....| 1} —32.35) —30.94| —29.11} —20.95} —17.21 —17.28| —10.56 +0.06| +0.57 
4643 .472....| 1 —32.17) —32.59} —27.13)} —21.54) —15.39) —15.55} — 8.32} —0.75) +1.69 
4047 .445....] 1 | —33.67) —32.25) —29.80} —22.77| —17.38 -17.43 ~ 9.69) si eee se 
Av. neutral]...} —32.86 —32.72} —28.78| —21.16| —15.88 ~ 16.64! — 9.19) —0.98, +1.54 
Av. ionized}...| —32.48| —32.13] —27.77| —20.81} —15.01 —15.94) — 9.28} —0.72) +1.54 
Neut.—ion.]...| — 0.38 — 0.59) — 1.01) — 0.35) — 0.87} — 0.70) + 0.09) —().26| 0.00 
Average .|...| —32.74, —32.60| —28.47| —21.05} —15.61) —16.43) — 7 —0.90| +1.54 
| | 
| 2. _ : ‘Bese 
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TABLE 4—Continued 
— , = l reece aon aameonanen a — on 
| RADIAL VELociITy For EAacu Coupf PLATE 
~ N Fe * —_—_—_——__—— 
) 2587 2054 2592 2594 2397 2391 2035 2401 2607 
4 4375 .946.....) 1| +0.53 +3.76 | +5.94 +3.38 | +0.55  —22.89 -—27.75 | —32.81 —34.45 
86 4387.901.....) 1) +3.82 +6.10 | +8.91 +4.17p +5.35p —22.38p —24.34p —31.14 —31.81 
18 4388 .416..... I) +1.23) +5.49 | +7.68 +4.64p +3.70p —21.22p —26.24p —32.57 —33.24 
11 4389 .256.....) 1) +0.55) +5.90 | +6.38 +3.75p +1.99p —21.56p —27.33p —32.23) —33.51 
16 4413.601....... | +3.09 +8.58p +6.85 +4.85p +5.47 —19.88p —24.75p —30.67 —32.01 
14 4416.829..... II +2. 22) +5.05 | +5.82) +4.43 | +3.27 | —21.30 | —27.30 | —31.75| —32.74 
15 4430.624..... I 0.00 +5.27p) +5.99 +2.30 | +2.39 | —21.82 | —25.12 | —31.48| —33.24 
35 4433.232.....| 1) +1.49 +4.53 | +7.47, +2.57p +0.96p —21.61p —26.75p —31.34 —32.69 
39 4442.351.....) 1| +0.42) +4.14 | +5.35) +4.57 | +2.73 | —21.19 | —25.94 | —31.92) —32.06 
5 4447 .730..... I} +0.23) +4.08 | +4.12) +3.01 +2.10 | —20.77 | —25.68 | —33.16 —33.05 
1 4466.564.....) 1/.......| #4.17 | +3.61) +2.63 | +1.47 | —22.82 | —26.49 | —31.90) —34.27 
¥ 4485.685..... Oy Satake +2.80p +3.63 +3.39p +1.44p —21.51p —25.56p) — 32.52) — 33.80 
oS) a 2 nr) ree ..++...| #2.45p) —0.72 | —22.03 | —28.60 | —32.31) —34.66 
)? 4489.750..... 1) +2.49 +5.41  +7.09 +7.06p +5.49p| —20.63p) —28.26p —33.04, —34.05 
3 4491.410......m | +1.49 +4.54 | +5.08 +4.91 | +3.48 | —21.16 | —27.03 —31.04 — 33.11 
4494575 a Core +3.48  +4.34 +1.91p +1.59 | —22.62 | —28.20 | —31.90| —34.64 
7 4505:293:........| Beles is sleseeeeeeleceeeee) $3.08 | +2.99 | —21.66 | —27.05 | —31.63) —33.36 
ASTS SOS. 25 VE ac cc a) Salish HE hoe. +3.13  +0.69 | —22.58 | —27.11 | —31.11} —32.90 
8 4517. 537 1) +2.32 +6.11 | +5.55 +4.25p +1.15p —22.37p| —26.96 | —28.78 —32.10 
4520. 231 17 Ot Eee | eee ee: wee.) $1.72 | +1.60 | —22.17 | —26.53 | —31.70| —33.42 
1 4547.856.....| 1 | +0.17]........| +4.02) +2.92 | +2.78 | —22.31 |......... —32.10| —32.34 
Q 4576.342...../m | +0.80..... .. +6.31 +3.65 | +2.44 | —20.88 |......... —31.12; —33.71 
) 4582-835... ....1 EE pb dohe ss os ..| $8.25) +2.59p) +2.14p) —21.78 |......... — 31.23) —33.88 
0) 4602.011..... a.) | +5.07| +5.09 | +0.62 | —21.35p......... —31.97, —33.11 
0 4602.951..... I| +0.63)........ +5.59 +3.78 +1.14 ) —21.68 wee... .| 731.19) —32.58 
‘ BEY 29S ¢ x5 PMB oid che daa +3.55) —0.46 | —0.34p) —21.79 |......... —31.75| —33.21 
4 4619.299..... 1} +0.40........ +6.35) +5.30p +3.52p —21.58p........., —30.34 —34.19 
) BO TAPO EE ois cis PLE dare sccheee onion +5.02, +2.84p +2.67 | —21.90 |...... ... —30.63) —32.53 
REPS OSs occ ed Bile o:s kcsevehes ees nce chore cig oie el I et ee eee —30.75, —34.72 
] 4630.130......| 1 ceeveleseessss| $7.64 43.92 | +1.91p) —23.18p....... —30.80 —34.18 
BSD Re of Bilin Rahs ok ve heed +3.88 +0.29p +0.02 | —24.72p......... —31.89 —34.17 
| 4635.316.....)I }.......)....4...) £4.59 4+3.84p +4.79p —19.22p.........! —32.73| —32.93 
q 4637 .512.....| 1 | +1.92........| 43.74 +3.58p +2.26p| —21.6ip)....... —32.33 —33.96 
4638.019.....| 1 | +0.37)........) 46.39 +3.25p +1.94 | —22.06p. ae —30.39 —33.12 
) 4643.472.....; 1| +0.69)...... +5.47 +3.37p +2.69 | —20.89p.......... —30.13) —31.11 
CCS oy. ER a ere Or eee | +2.13 +1.83 | —22.62 . as —31.61 —32.00 
Av. neutral.|...) +1 ea ae +5.55, +3.29 42.01 | —22.02 ......... —31.60' —33.26 
Av. ionized.'..., +1.98)........) +5.99 +3.41 | +2.62 | —21.32..........| —31.45) —33.39 
Neut.—ion..).... —0.92)....... —0.44 —0.12 -—0.61 | — 0.70 ........ — 0.15 + 0.13 
Average . +1.27) +4.96 +5.66 +3.33 +2.20  —21.81 —26.65  —31.55) —33.30 
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show a slight shift in phase with reference to each other. In this case the two sets of lines 
would show a marked difference on the steep descending branch of the radial velocity- 
curve, while a small opposite difference might be expected during the long ascending 
branch. The observed differences given in the next to the last line of Table 4 do not show 
this effect. The average observed difference (neutr. — ion.) is —0.43 km/sec, and the 
maximum deviation from this mean for an individual plate is only +0.6 km/sec. 

It may be concluded that the radial-velocity measurements do not show any definite 
indication of a difference in effective atmospheric level for the lines of neutral and ion- 
ized iron used in this investigation. 

TABLE 5 
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| RADIAL VELOCITY 
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nN Fe id = ee a ee ee 
| 2802 | 2587 | 2054 2592 

4375.946........... a ea Sg eee asa 
4406. 564. . ie veel ‘iS Sadexences —0.08 | 
i esayuskth AES Mache ented ; efi Ce Cece = 
4489189... ne | m | —1.15 a ee —0.78 
ae | r | —0.92 RE) My cs. sara oo = 
4508.293..... 06.0... eo. ~1.05 41.91 | 42.95 
4515.345............) m | 2.21 —3.52 +0. 20 +1.78 
S0.781.......1....1 a | ees —3.64 +1.00 1.70 
| i Me ee os, ee Ee 
4620.522............) | —0.37 

| | | 
4625.054....... | 3 | —1.49 “EME fivsiwcsicccap SRE 
eee | “a mere 7 ae eee sere | = -++3.18 
| are r | 1.45 —3.07 re ae 
| ree mame meee 0) AR U2 62 es ea cia sad 3 ere ler 
4638.019... \ ak es Pade) s i +2.90 

| 
4647 .445 = | —0.55 a are a 

| | 








VI. VARIATION OF TEMPERATURE AND ELECTRON PRESSURE 


From the measurements of line depth discussed in Section IV temperatures and elec- 
tron pressures were derived under the following two assumptions: First, it was assumed 
that there exists at each phase a unique relation (pseudo-curve of growth) between the 
measured line depth D and the quantity x, which is proportional to the number of ab- 
sorbing atoms and to the oscillator strength (any effect of the wave length on this rela- 
tion could here be neglected, since only a very small range of wave lengths was used). 
Second, it was assumed that the number of absorbing atoms follows the Boltzmann- 
Saha equations. If the sun is used as a standard, these equations take the form 


for Fe1: log ~=at (x. — 2.43) A@; (4) 
Xo 
for Fe u: log — = a+ 6+ (x.— 2.80) A0, (5) 
“0 
with 
5040 5040 
6= ey eS (6) 
To  & 
and " , 
6= (xi t+ 0.37) A048 log 7 — log p (7) 
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Here the subscript zero refers to the sun, x. denotes the excitation potential, and x; the 
ionization potential. The parameter a, which is a constant for each spectrum, depends 
on the zero point of the log x values, which was chosen arbitrarily for each spectrum, as 
described below. The numerical values subtracted from x, in equations (4) and (5) 
represent the mean excitation potentials of the neutral and ionized lines used. These 
values are introduced only for convenience in the subsequent least-squares solutions. 
Their difference occurs in equation (7) as a correction to xi. 

In Table 3 are listed x. and %p for all the lines used. The values for xo were derived 
from Allen’s solar equivalent widths" with the help of K. O. Wright’s empirical curve of 
growth” for the sun. 

The pseudo-curve of growth relating the observed D values with the theoretical x 
values was derived for each spectrum in the following way: Log x was computed for each 
of the thirty-one lines of neutral iron, with the help of equation (4), from log xo as given 
in Table 3, by setting a = 0 and using a preliminary estimate for the temperature. 
The observed D values were plotted against these preliminary log « values, and a 
smooth curve was drawn through the points. Next, the deviations of the individual 
points from the smooth curve were inspected for their dependence on the excitation po- 
tential, and thus an improved temperature value was found for each spectrum. At the 
same time an improved value of 29 was found for each line as follows: From the pre- 
liminary pseudo-curves of growth a log x value corresponding to the observed D was 
read for each line of neutral iron for each spectrum. The twenty log x values for any 
one line were averaged, and the differences, log x — log xo, were plotted against the 
excitation potential. This plot showed a small dependence of the difference upon the 
excitation potential. A correction corresponding to this correlation was subtracted from 
each log x value, and the log x values thus corrected were used in place of the original 
log xo values. Now final pseudo-curves of growth could be obtained by plotting the 
observed D values against log x values computed with the new temperature estimates 
and with the new log xo values. For these plots only twenty-six of the Fe1 lines were 
used, leaving out the four lines of lowest excitation potential. Thus the range in excita- 
tion potential for the lines plotted was reduced to 2.2 volts, so that any error in the tem- 
perature estimate had little influence upon the relative positions of the points. Again 
a smooth curve was drawn through the points for each spectrum. 

From these final pseudo-curves of growth, final log x values corresponding to the 
observed D values were read for all spectra and all observed lines, with the following 
exceptions: the three strongest lines (AA 4383.5, 4404.7, and 4415.1) and the two faintest 
lines (A 4439.9 and \ 4587.1) of neutral iron, which had been essential for determining 
the ends of the pseudo-curves of growth, could not, in turn, be used for an accurate 
derivation of log x values; the line of ionized iron at \ 4583.8 was found too bright, and 
the line at \ 4635.3 too weak on many spectra to permit accurate log « readings. The 
last line gave x values, on those spectra on which reasonably accurate x values could be 
derived, which were approximately fifteen times larger than the values corresponding to 
the solar xo. This observation may be taken to indicate that the state of ionized iron 
from which this line arises and which has an excitation potential of 5.93 volts is either 
superexcited in the sun or subnormally excited in » Aquilae. Though this line shows 
systematically abnormal weakness in n Aquilae, its variation with phase, so far as ob- 
served, is in agreement with what would be expected from the variation of temperature 
and electron pressure as derived from the other lines. Hence the abnormality shown by 
this line does not appear to cast any doubt upon the results derived from the other lines. 

From the final log x values, final log xo values were derived by again averaging the 
log x values for each line on the twenty spectra, by finding the correlation of log x — 

1 Mt. Stromlo Commonwealth Solar Obs., Memoir No. 5, Part II, 1934. 

2 Ap. J., 99, 249, 1944. 
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log xo with the excitation potential for the lines of Fe 1, by applying a correction corre- 
sponding to this correlation to the log x values of all lines, and, finally, by subtracting 


from the log x value of each line of Fe 1 the average value of log x — log xo for the 
ten lines of Fe 11. The final values for xo, denoted by x, are given in "Table 3. A compari- 
son of the xj values with the original «o values shows that the two sets are systematically 
identical in the sense that the difference log x) — log xo does not show any correlation 
with line intensity, excitation potential, or degree of ionization. Individually, however, 
the x4 values represent much more accurately the line-depth measurements in 7 Aquilae 
than do the original xo values and hence form a better basis for the following derivation 
of temperatures and electron pressures. 

For each spectrum the final relative temperature was derived from a least-squares 
solution for the log x values of the remaining twenty-six lines of Fe 1, according to equa- 
tion (4). Here a and A@ were considered as unknowns and the xj values just derived 
were used in place of x9. The resulting values of A@ are listed in Table 6 and plotted in 
Figure 2.}8 

The relative temperatures thus derived correspond to the excitation temperatures, 
whereas in the following discussions the ionization temperatures are needed. From the 
data given in Section III we find for the effective temperature 
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whereas the temperature plot in Figure 1 gives for the excitation temperature 
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Because of the fair agreement between these two temperature amplitudes, it may be 
reasonably safe to assume that the ionization temperature also has the same amplitude 
and that the variation of the excitation temperature with phase is represented with suffi- 
cient accuracy by the variation of A@ for the excitation temperature. To obtain not 
only the variation of the ionization temperature but also its absolute value, the appro- 
priate value of 7) has to be found. The iron lines used here may be expected to arise in 
the sun at a level with an optical depth of approximately 0.3. At this level the local tem- 
perature! is about 5300°. This value for 7» gives for » Aquilae at mid-descending 
branch (A@ = 0) an ionization temperature of 5300°. At this phase the effective tem- 
perature of 7 Aquilae is also approximately 5300°. Since an ionization temperature es- 
sentially larger than the effective temperature could hardly be expected, the above value 
for J) appears to be an upper limit. On the other hand, a smaller value for 7» leads to 
dynamical difficulties, as indicated in Section X. Hence the value used in all subsequent 


computations is 
To = 5300°. 


Finally, the electron pressure may be derived for each spectrum in the following 
way. According to equation (5), 6 can be obtained from the log x value of any one line 
of Fe 11 if the values for a and A@ as determined from the Fe I lines are used. For each 
spectrum the values of 6 obtained from the ten Fe 11 lines were averaged. These aver- 
ages are given in Table 6. With 6, A, and hence 7 known, the relative electron pressure 
can be computed from equation (7). The results are listed in Table 6 and plotted in 
Figure 2.18 

13 Very similar results have been published recently for 6 Cephei by Th. Walraven, Pub. Astr. Inst. 
U. Amsterdam No. 8, 1948. 

14 B. Strémgren, Festschrift fiir Elis Stromgren (Copenhagen: E. Munksgaard, 1940), p. 218. 
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The accuracy of the resulting temperatures and electron pressures may best be 
judged by an inspection of the plots in Figure 2. A measure for the accuracy of the origi- 
nal observations of line depths was obtained in the following way. From equations (4) 
and (5) values of log x may be computed with the help of the final data for xo, a, 6, and 
Aé. From the differences between these computed values and those found directly from 
the observations, the probable error of one value of log x is found to be +0.08. With 
an average slope of the pseudo-curves of growth of dD/d log x = 0.15, the above value 
corresponds to a probable error in D of +0.012, or, expressed in magnitudes, +0.03. 
This small probable error characterizes only the internal accuracy of the line-depth 
measurements in one spectrum. In the present investigation this high internal accuracy 














TABLE 6 
Pe | 
Plate No. Phase | A@ 6 log P.. h + 10° log p log x log pm 
2333..........| 0.013 | +0.090 | +1.773 | —0.92 1782 —8.51 | —1.58 | —8.14 
; | ees 037. | + .041 | +1.724) 1.34 875 —8.64| -1.90| —8.60 
2335..........] .145 | + .026] +1.627| —1.38 582 —8.55 | -—1.92 | —8.52 
2425..........| .280 | + .016 | +1.418 | —1.27 318 —8.26| -1.79 | —8.10 
2070. . we 39 | — .024|) +1.332] —1.56 160 | —8.39} —2.00 | —8.45 
| | 
2028..........] 418 | — 0h) 42:9 | -—taa] 136) =e] =e <eee 
2431..........1 .556 | — .084] +1.004 | —1.79 | 36 | —8.44| —2.13 | —8.62 
ne .632 | — .109 | +0.919/} -1.93| 22 | —8.56| —2.23 | 8.84 
. .638 | — .111 | 41.011 | —2.04 | 26 | —8.67| —2.34| —9.06 
2802... 643 | — 117 +0.924 | —2.01 | 20 | -8.63| —2.29} —8.97 
(eee .651 | — .091 | +0.989 | —1.84 32 --8.48 | -—2.16 | -—8.70 
2054..........| .671 | — .089 | +1.005 | —1.84 34 | —8.48| -—2.17 | -8.70 
2592..........| .686 | — .090 | +1.037 | —1.88 36 | —8.53 | —2.20| —8.78 
2375... ..|  .755 | — .041 | +1.220] —1.60 100 | -—8.36} —2.02 | —8.44 
2594. . ----| 820 | + .017 | 41.467 | -1.31 361 | —8.34| -1.83 | —8.22 
| | } 

2397... a 824 | + .028 | +1.431 | —1.17 380 | —8.22| -1.71 | —7.98 
2391... } .898 | + .057 | +1.694} -1.16| 993 | —8.51| -1.75 | —8.32 
2035..........| .923 | + .084 | +1.947 | —1.16 2472 —8.86| —1.80 | —8.72 
2401..........} 961 | + .109 | +1.926| -0.90] 3199 | —8.72| -1.58| —8.36 
| ae | 0.985 | +0.087 | +1.820; —1.00| 1914 | —8.61| -1.65 | —8.31 











was necessary, whereas systematic errors, affecting equally lines of equal depths in one 
spectrum, would only distort the pseudo-curves of growth and not affect the relative 
log x values. 


VII. HYDROGEN ABUNDANCE 


Before the density variation could be determined from the data presented in the pre- 
ceding section, it was found necessary to obtain an estimate of the hydrogen to metal 
ratio, A (by atom numbers), for n Aquilae. If the sun is again used as standard and if it 
is assumed that the relative abundances of the different metals are essentially equal in 
n Aquilae and the sun, then A can be determined for » Aquilae by the measurement of 
the equivalent width of one Fe 1 line, on the basis of the following considerations. 

The equivalent width of a weak line falling on the linear portion of the curve of 
growth is proportional to the number of absorbing atoms multiplied by the oscillator 
strength and divided by the continuous-absorption coefficient. Hence 


W N Ko 


plane 2 (8) 
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where W denotes equivalent width, NV the number of absorbing atoms, and « the con- 
tinuous-absorption coefficient. The subscript zero again refers to the sun. The quantities 
N and x may both be measured per gram of hydrogen. The total number of iron atoms 
per gram of hydrogen is proportional to the reciprocal of A. Of this total the fraction of 
atoms which are neutral and exicted toa certain level may be found from the Boltzmann- 
Saha equations. Hence one finds, for the ratio of absorbing atoms in » Aquilae and 
the sun, 


2 
e 


P.o 


] T 
- — (xi— xe) Ad —§ log . (9) 


log —— = log a+ log qT. 


No 
In the derivation of this equation it has been assumed that the majority of the iron atoms 
are in the ground state of the ionized atom, which appears to be a good approximation 
both for the sun and for » Aquilae. 

Next the ratio of the continuous-absorption coefficients in the sun and 7 Aquilae has 
to be found. In the sun H~ provides nearly the entire continuous absorption. The same 
is found to be true for » Aquilae if the metal absorption is compared with H~ absorp- 
tion,'® assuming the temperatures and electron pressures derived in the preceding sec- 
tion. For wave lengths near \ 4500 and for temperatures in the range here in question, 
the numerical values for the H~ absorption coefficient may be represented with fair 
accuracy by 
5040 


log x = — 3.153 +log P, + 1.80 ne (10) 
This gives for the ratio of x in » Aquilae and the sun 
log “ = log Fe _ 1.040. (11) 
Ko P.o 


Introducing the expressions for the ratios in NV and x given by equations (9) and (11) 
into the basic equation (8), we obtain 
W Ay 
log =~ = log —-— (xi-—x-— 0.6) AO. (12) 
> Wo A 
Here the last term of equation (9) was replaced with sufficient accuracy by 1.2A9. 

To determine A for » Aquilae with the help of equation (12) it is sufficient in prin- 
ciple to apply this equation only at one phase to one Fe1 line. The phase chosen was 
that of the mean of the four spectra available near mid-descending branch (plates Nos. 
2070, 2335, 2425, and 2428). The value chosen for the line was the mean of the two weak 
lines at \ 4439.9 and \ 4587.1. The equivalent widths of these two lines were measured 
on the four spectra. The mean values are given in Table 7. 

Before these equivalent widths could be used in equation (12), it was necessary to 
ascertain how closely the two selected lines lay to the linear portion of the curve of 
growth. For this purpose six more lines were measured on the four spectra. The mean 
results for these lines are also listed in Table 7. In Figure 3 the measured values of W 
are shown plotted against the corresponding values of log a directly obtained from the 
sun, as discussed in Section VI. No temperature corrections had to be applied to the 
values of log xo because at mid-descending branch the excitation temperature of » Aqui- 
lae is equal to that of the sun, as shown by the temperature plot in Figure 2. A theoreti- 
cal curve of growth” was drawn through the eight observed points and reproduced in 


16 A. Pannekoek, Pub. Astr. Inst. U. Amsterdam, 4, 40, 1935. 
16S. Chandrasekhar and Frances H. Breen, Ap. J., 104, 444, 1946. 
17 A. Unsild, Physik der Sternatmosphdren (Berlin: Julius Springer, 1938), p. 268. 
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Figure 3. From this graph it is apparent that the two lines selected (corresponding to 
the two left-most points in Fig. 3) do not fall on the linear portion of the curve of growth 
but that their equivalent widths are already appreciably affected by saturation of their 
cores. However, from their vertical distance from the linear asymptote of 0.3 in log W, 
one may conclude that their equivalent width would not be 0.08 A, as observed, but 
rather 0.16 A, if the saturation effect had been absent. A similar situation is found from 
the curve of growth of the sun.” The observed mean equivalent width of the two lines 




















TABLE 7 TABLE 8 
nena — ae = Distance from Normalized 
A e log Xe W pier Depth 
Ct. een ee” ee ONS ci 0kk 2.87 
4404.75... geen +3.68 41 QRivicscmdiscn, ae 
4439.88 Geipe +0.29 08 3 1 
4466.55......... +2.27 26 i eile: aia 
4547.85. oe oe 14 eer e842 FeO . 
S47 | , | Reset 0.26 
pA eee ee 08 : 
4602.00 me: ne +0.81 | 11 0.369... a leper aera 0.03 
4602.94.............] 1.78 | 0.22 
l l T l l 
oa 
aL 3X i 


a, 














Jog Xe. 
| | | l | L 
O | 2 3 4 2 


Fic. 3.—Curve of growth of » Aquilae at mid-descending branch 


is 0.05 A in the sun. The saturation effect is approximately 0.2 in log W, and hence the 
equivalent width freed of the saturation effect would be 0.08 A. Accordingly, the value 
chosen for use in equation (12) was 


e 66. 
Wy 0.08 ~ 

Figure 2 shows that, at the selected phase at mid-descending branch, A@ is equal to 0. 
According to the discussion of Section VI, this should apply not only to the excitation 
temperature but also to the ionization temperature. Hence the last term of equation 

(12) was taken to be 0. Equation (12) then gave 
Ao 
A 





=2 or A=4000, 
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where Ao = 8000 was taken for the sun.'* The value of A obtained is somewhat sensi- 
tive to the temperature difference used. A decrease of 200° in the representative tem- 
perature of 7 Aquilae relative to that of the sun would increase A, according to equa- 
tion (12), by 50 per cent. Nevertheless, it may be concluded that the hydrogen-metal 
ratio in the atmosphere of 7 Aquilae is not different from that in the sun by a large 
factor, and, in fact, it seems likely that this ratio is somewhat smaller in » Aquilae than 
in the sun. 
VIII. VARIATION OF DENSITY 


From the data given in the two preceding sections, the density variation in the atmos- 
phere of » Aquilae may be derived. The density may be computed from the equation of 
state for a perfect gas if the temperature, the mean molecular weight m, and the gas 
pressure P, are known. The line-depth measurements give only the electron pressure, 
not the gas pressure directly. Hence it is necessary to determine the ratio of P, to P., 
which is equal to the ratio of the number of all particles to the number of free electrons. 
The number of all particles per gram is equal to 1/m. The number per gram of free 
electrons produced by the ionization of hydrogen is equal to (X/H)h. Here X denotes 
the hydrogen abundance by mass, which is taken to be 0.35 in the following computa- 
tions; H is the mass of the proton; and / is the fraction of the hydrogen atoms which 
are ionized. The number of free electrons produced by the ionization of the metals is 
equal to (X/H)(1/A), if the majority of the metal atoms are singly ionized. Hence 
we find 





1 
. a 
a 1 -. (13) 
. Sted 
H ( 7 = 
The degree of ionization of hydrogen, h, is determined by the Saha equation, 
‘ T P. 
log h = 13.5446+ 3 log —- — log —=-+ const. , (14) 
. To P.o 
with 
-, 040 , i 
const. = — 13.54 “+ log Ty) — log Po — 0.48 = — 5.00, 
0 
Here log P.o = +0.95'* was used for the representative level in the solar atmosphere. 
With equation (13) we find, from the perfect gas law, 
HP.o To P. ( 1 : 
as eee ee Beak 15) 
O~ XT TPN" A) 


where the sun has again been used as a standard. From equations (14) and (15), # and p 
have been computed for each of the twenty spectra. The results are listed in Table 6. 

The data derived thus far for the atmosphere of » Aquilae all refer to the representa- 
tive level for the iron lines used. During the pulsation period this representative level 
may move up and down relatively to the matter of the atmosphere and hence cannot be 
assumed to coincide with a given mass element throughout the cycle. Indeed, the varia- 
tion of the absorption coefficient at the representative level (computed per gram of hy- 
drogen from eq. [10], listed in Table 6, and plotted in Fig. 1) shows that the opacity is 
high near maximum phase as compared with minimum phase and hence that the rep- 
resentative level will coincide with higher mass elements at maximum than at minimum. 
Therefore, the density variation computed above does not represent the density varia- 
tion of a given mass element. The latter, however, is needed for the discussion of the 
pulsation dynamics and may be derived as follows: 
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Because of the limited height of the photosphere, the absorption coefficient may be 
assumed to differ at one phase compared with another by the same factor at all photo- 
spheric levels. With this approximation, the optical depth for a given mass element will 
vary during a cycle in proportion to the absorption coefficient at that element. In passing 
from one mass element to a deeper one, the optical depth will increase proportionately to 
the mass above the element. Because of the hydrostatic equilibrium underlying the pul- 
sation, the average density will also be proportional to the mass above the element so 
long as the average gradient of the total kinetic temperature is not large. The optical 
depth at a given mass element and time will therefore be proportional to the instan- 
taneous absorption coefficient at the element multiplied by the average density of the 
element. 

Applying this general relation to the representative level of the iron lines used, which 
is characterized by an essentially fixed optical depth, we find that the absorption coeffi- 
cient in the representative level varies in proportion to the reciprocal of the average 
density of the mass element with which the representative level happens to coincide at 
any moment. On the other hand, the actual density of the coinciding mass element is 
equal to the density in the representative layer at the time considered, as computed 
above. Hence the ratio of the actual density of the coinciding mass element at any time 
to its average density is proportional to the density multiplied by the absorption coeffi- 
cient in the representative level at the time considered. Since for a fixed mass element 
the average density is a constant, the density, p,,, in a given mass element is found from 
the relationship 

Pm&= pK. (16 ) 


From the data for p and x given in Table 6, p,» was computed according to equation (16), 
where the proportionality factor was chosen so that the average of log pm was equal to 
the average of log p. The results for p,, are listed in Table 6 and plotted in Figure 2. 

The scatter in the density plot of Figure 1 indicates that the accuracy reached in the 
measurements of line depths was only just sufficient to permit the determination of the 
main features of the density variation. In addition to the observational scatter, a second 
source of error in the derivation of the density variation is to be noted. If one is con- 
cerned not with absolute values but with the variation of 7 or P, or x, the values used 
for To, Peo, or A have little or no influence. The determination of the density variation, 
however, is affected appreciably by these values because of the occurrence of the last 
factor in equation (15). Table 6 shows that, near maximum, / is larger than 1/A, while 
the reverse is true near minimum. This indicates that at maximum most free electrons 
come from hydrogen, and at minimum from the metals. Hence the total amplitude of 
the variation of the last factor in equation (15) depends on the value of A and on the 
value of 4 at maximum. The value of /, in turn, is sensitive to the value of To, accord- 
ing to equation (14). The consequences of possible errors from this source are discussed 
in Section XI. 

IX. TURBULENCE IN THE PHOTOSPHERE 


Before the density variation derived in the previous section can be used for the dis- 
cussion of the dynamics of the atmospheric pulsations, the degree of turbulence in the 
photosphere has to be determined. This can be done either with the help of the curve of 
growth or from measurements of line profiles. Both these methods were applied to 
n Aquilae for the determination of the degree of turbulence at mid-descending branch 
(as represented by the mean of the four spectra used in Sec. VII). 

The equivalent widths of the eight lines listed in Table 7 were plotted, and a theoreti- 
cal curve of growth was adjusted to them, as shown in Figure 2. This fit gave R.f = 3.4 
in Unséld’s terminology.'® Since the entire flat portion of the curve of growth is covered 


18 Tbid., pp. 158 and 268. 
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by the observed points, the value for R.£&> will depend but little on the model of the at- 
mosphere upon which the theoretical curve of growth is based. The representative value 
of R., however, does depend upon the model and also upon the relative importance of 
true absorption and scattering.!* Approximate extreme values for R, are 0.6 and 1.0. 
With an intermediate value of R, = 0.85, we find: 


£) = 4 km/sec 


from the curve of growth. This value for & may be compared with the representative 


value, 
— ae 
to= V2 a re (17) 


for the thermal motion, where » = m/H is the molecular weight in proton units. This 
equation gives & = 1.2 km/sec for the thermal motion of iron (u = 56). The compari- 
son of this value with that obtained from the curve of growth clearly shows the existence 
of turbulence in the atmosphere of » Aquilae. 

For the second determination of the degree of turbulence, from line profiles, the four 
weakest lines of Table 7 were used. An average profile was determined for each of these 
four lines from the four spectra representing the mid-descending branch. The wings on 
the short-wave-length side of the lines at \ 4439.88 and \ 4587.13 were not included in 
the measurements, since they appeared to be affected by possible blends. ‘The portions 
of the four lines included in the measurements seemed to be entirely free of blending. 
The four profiles were normalized by dividing each measurement of depth (intensity of 
continuum — intensity of line/intensity of continuum) by the equivalent width of the 
line in question. Finally, all the normalized depths obtained from the measurements 
of the four lines were averaged into the six normal points listed in Table 8 and plotted 
in Figure 4. 

As shown by the heavy curve in Figure 4, the measurements are well represented by 
an error-curve, with a dispersion corresponding to £ = 12.7 km/sec. Since the instru- 
mental profile may be estimated to correspond approximately to & = 3.5 km/sec,”° we 
find 

£) = 12.2 km/sec 


for the true line profile. This result shows that the line profiles indicate much faster 
motions than does the curve of growth. The difference between the two £ values ap- 
pears too large to have been caused by observational errors. The discrepancy cannot 
be explained by the assumption of an increase of the turbulence, with height affecting 
lines of different strength differently,”' since the same lines were used for the curve of 
growth and for the line profiles. Moreover, the reduction of the observed line profiles to 
the profile of the line-absorption coefficient with the help of the radiation-transfer equa- 
tion does not explain the discrepancy. The four lines used all have central intensities of 
more than 60 per cent of the continuum, and hence this reduction decreases the value of 
&) by less than 2 km/sec. 

The discrepancy between the results from the curve of growth, on the one hand, and 
the line profiles, on the other, may be explained by large-scale motions in the photo- 
sphere of » Aquilae, which will broaden the line profiles but not affect the equivalent 
widths. These large-scale motions may be of two types: either a rotation of the star asa 
whole or a convection with turbulent elements so large that their linear dimensions 


19 Tbid., p. 248. 
20. Spitzer, Jr., Ap. J., 90, 498, 1939. 
21 For comparison see O. Struve, Ap. J., 104, 138, 1946. 
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exceed the depth of the effective photospheric layers and hence have but little effect 
upon the equivalent widths and the curve of growth. 

That the measured line profiles may be represented by a rotation is shown by the 
lighter curve in Figure 4. This curve was computed from a rotation profile” with 
w sin? = 15 km/sec, where w stands for the equatorial velocity and 7 for the inclination 
of the axis to the line of sight (an intermediate value was used for the limb-darkening 
coefficient). On this rotation profile was superimposed a Doppler broadening according 
to an error-curve with & = 5 km/sec, which should represent approximately the com- 
bined effects of the instrumental broadening and those of the small turbulence found 
from the curve of growth. Figure 4 shows that the observed profile is practically as well 
represented by this modified rotation profile as by the error-curve corresponding to 
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Fic. 4.—Normalized line profile for 7 Aquilae at mid-descending branch 


£) = 12.2 km/sec (plus instrumental broadening), which may be taken to represent 
high-speed turbulence. 

Therefore, it does not seem possible to decide, on the basis of the line-profile measure- 
ments alone, which of the two types of large-scale motion actually occurs in 7 Aquilae. 
A tentative decision on the basis of dynamical considerations is given in the following 
section. 

X. QUASI-STATIONARY EQUILIBRIUM 


The two types of large-scale convection (discussed in the preceding section as possible 
explanations for the observed wide line profiles) differ greatly in their dynamical conse- 
quences. The first type consists of a rotation with w sin 7 = 15 km/sec and a small 
degree of turbulence With & = 4 km/sec. Since it is geometrically improbable that 
sin 7 is smaller than 0.3, it is not likely that w is larger than 50 km/sec. With this prob- 
able upper limit, one finds the centrifugal acceleration at the equator to be, at most, 
10 per cent of the gravitational acceleration. Hence the rotation will produce, at most, a 
moderate distortion of the star. The additional weak turbulence has velocities large 
compared with the thermal velocities of iron. Dynamically, however, it is not the ther- 


2 A. Unsold, op. cit., p. 318. 
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mal motions of the relatively few metal atoms that are of importance but rather the 
thermal velocities corresponding to the mean molecular weight, which is essentially de- 
termined by the relative abundance of hydrogen and helium. Since the mean molecular 
weight, 4“, may be expected to lie between 1.4 and 2.0, the corresponding thermal motion 
would give §) ~ 7 km/sec, according to equation (17). Compared with this velocity 
(considering squares of velocities), the turbulent velocities shown by the curve of growth 
(> = 4km/sec) are small. Altogether, therefore, the first type of large-scale convection 
has only small dynamical consequences. 

The second type of convection, consisting of large-scale turbulence, has velocities 
(£9 = 12.2 km/sec) which are large compared with the essential thermal velocities. The 
total kinetic pressure, P,, will in this case exceed appreciably the gas pressure, P,. Since 
the pressures are proportional to the squares of their respective velocities, we find, with 


the help of equation (17), 
9.3\? 
(88) 
— Vv M — 
9.3 \? 


P, (=z) 
Vu 

The use of an intermediate value, ~ = 1.7, for the mean molecular weight gives a total 
kinetic pressure four times as large as the gas pressure. If the turbulent motions should 
not be isotropic but, instead, preferentially radial, even larger radial turbulent velocities 
would have to be assumed for the explanation of the line profiles; and, as a result, the 
total kinetic pressure would exceed the gas pressure by a somewhat larger factor. Hence 
the dynamical consequences of the second type of large-scale convection are great. 

Because of the great difference in the dynamical effects of the two convection types, 
a decision between them may be attempted with the help of Pannekoek’s gravity test. 
At the phase of mid-descending branch the pulsational velocities and accelerations are 
so small that the assumption of quasi-stationary equilibrium should give a reasonable 
approximation. At this phase the total kinetic pressure at a given layer is determined by 
the weight of the material above the layer: 


P,.= ° 1b (19) 
eae 


where g is the gravitational acceleration and 6 measures the height in the atmosphere. 
For the same layer the optical depth is given by 


r=Xf" xpdb, (20) 
b 


The hydrogen abundance, X, appears in the equation because x is reckoned per gram of 
hydrogen. Dividing these two equations, we find 


bo 


ry (12. 





=1./p4+l1. (18) 


——— EE een SE K - (21) 
P,.X co 


b 


If x decreases approximately in proportion to p and if p decreases approximately ex- 
ponentially with height, we have k = «/2. With this relation the above equation becomes 
na etap § 


ae (22) 
7 P,P, °2 
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Using for the ratio of P, to P, the expression of equation (13) and for the ratio of P; to P, 
that of equation (18), which represents the convection type with high turbulence, we 
finally obtain 
fbf") Pew (23) 
(h+A-!) 27 


This relation may be applied to the representative layer of the observed iron lines at 
mid-descending branch. With 7 = 0.3, wu = 1.7, log P, = —0.46, log x = —1.90, and 
log (A + A~!) = —3.28 (where the last three values were taken from Table 6 by averag- 
ing the values for the four spectra representing mid-descending branch, Nos. 2335, 2425, 
2070, and 2428), we obtain 32 for the right-hand side of equation (23). For the left-hand 
side we find 123 if the gravitational acceleration is computed with the mass derived from 
the mass-luminosity law in Section III. This discrepancy of a factor 4 does not appear 
too serious in view of the uncertainties, particularly in the mass of the star, in the repre- 
sentative optical depth, in the relation between «x and x, and in the possible deviation of 
the turbulence from isotropy. The discrepancy would have been appreciably increased if 
a smaller ionization temperature had been chosen in Section VII, since this change would 
have decreased both P, and x. 

On the other hand, if the ratio of P; to P, is not taken from equation (18) but is set 
equal to 1, corresponding to the convection type with rotation, the result is 8 for the 
right-hand side of equation (22), which increases the discrepancy to a factor of 16. 
This discrepancy appears much too large. 

The preceding discussion indicates that the first type of large-scale convection, con- 
sisting of a rotation with a small degree of turbulence, leads to an appreciable discrep- 
ancy with the quasi-stationary equilibrium condition at mid-descending branch, whereas 
the second type, consisting of large-scale turbulence, does not lead to serious difficulties. 
Therefore, one may tentatively conclude that the photosphere of n Aquilae is in a state 
of turbulence with superthermal velocities () = 12.2 km/sec) and with elements of 
linear dimensions exceeding the depth of the effective photospheric layers. 

XI. SIMPLE PROGRESSIVE WAVE 

In the preceding section the convective state underlying the pulsation in the atmos- 
phere of » Aquilae was discussed. The character of the pulsation may be investigated on 
this basis, with the help of the velocity variation as given in Section II and the density 
variation as derived in Section VIII. 

If the character of the pulsation in the photosphere corresponds to a standing wave, 
the variations of the displacement and of the reciprocal of the density should be similar 
in form and phase. That such a similarity does not occur in the photospheric pulsation 
is shown with reasonable certainty by a comparison of the two corresponding drawings in 
Figure 2, in spite of the appreciable inaccuracy in the density determinations. If, on the 
other hand, the pulsation has the character of a progressive wave, the similarity in form 
and phase should occur between the variations of the velocity and the density. Figure 2 
shows that, as regards form, these two variations appear, in fact, to be reasonably 
similar. In phase the density variation seems to precede the velocity variation by about 
().1 period. This phase shift can be understood as a result of the sphericity of the pulsa- 
tion and of the increase of the amplitude outward, as shown in the following section. 

A more quantitative test of the progressive wave picture for the photospheric pulsa- 
tion can be obtained by considering the relation between the velocity amplitude and the 
density amplitude. If r denotes the position of a given atmospheric layer at time ¢ and 
if ro denotes the mean position of the same layer, then a simple progressive wave of 
small amplitude is represented by 


r— r= f(t ‘ (24) 
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Here the sound velocity has been expressed in terms of &, since, in accordance with 
equation (17), 
2P\'\? 
t= ( ~) ‘ (25) 
p 


Here P and & should refer to the total random motion. According to the preceding sec- 
tion, the thermal motion is characterized by &) = 7 km/sec, while the turbulent motion 
is probably characterized by & = 12 km/sec. By adding the squares of these values, 
one finds for the total random motion £) = 14 km/sec. This value, therefore, would be 
expected to be appropriate for & in the above equation. Approximately isothermal con- 
ditions may be applied to the photospheric pulsation, since the ordinary temperature 
does not vary appreciably (compared with the large variation of the density) and since 
the line profiles over the entire cycle seem to indicate that the turbulent velocity does 
not vary by a large percentage. 

From the above representation of a simple progressive wave a relation between the 
two first partial derivatives follows: 


Or Eo fOr ) 
io Sy hs (26) 
Ot V2\dro 


In the plane approximation the continuity law takes the form pdr = podro, where po 
refers to the mean density of the layer in question. With the help of this law, the deriva- 
tive with respect to ro on the right-hand side of equation (26) may be expressed in terms 
of the density. Thus a relation between the velocity and the density is obtained. In apply- 
ing this relation to maximum and minimum phase, we find 


Or Or Eo pe— pi 
—) —(—) =--.. -—_.. (27) 
=a at), V2 po 


This equation represents the relation between the velocity amplitude and the density 
amplitude. As it stands, it holds only for waves with small amplitudes, while, on the 
other hand, the observations give a large density variation. Going to the opposite ex- 
treme, we find, for a shock wave of any amplitude, from the Rankine-Hugoniot™ equa- 
tions for the isothermal case, 


ary _ (20) fe ema. as 
Ot /> at/, V2 V( pipe)’ 


Since equation (27) holds for a continuous wave of small amplitude and since equation 
(28), which is identical with equation (27) in the case of small amplitudes, holds for dis- 
continuous waves of any amplitude, equation (28) may be assumed to hold also in fair 
approximation for continuous waves of appreciable amplitudes. 

From Figure 2 one finds that the velocity amplitude is approximately 60 km/sec and 
that the density variation for the ratio between the extremes gives 


Pra=4, 

Pi 
After introducing these two observational data into equation (28), this equation is found 
to be fulfilled if & = 60 km/sec. This value is four times as large as the value to be ex- 
pected for the photosphere as discussed above. To remove this discrepancy, the ratio 
of p2 to p; would have to be 40, a value so different from the observed value of 4 as not 
to be explicable by the uncertainties in the determination of the density variation. 


23 H. Lamb, Hydrodynamics (5th ed.; Cambridge: At the University Press, 1924), p. 460, eq. (9). 
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The discrepancy between the observed amplitudes in velocity and in density with the 
theoretical relation (28) indicates that the picture of a simple progressive wave is not a 
sufficiently good representation of the photospheric pulsation. To give a possible,though 
not proved, explanation of the observed data, a more complicated model for the atmos- 
phere of 7 Aquilae and its pulsations is given in Section XII. 


XII. WAVE IN COMPOSITE ATMOSPHERE 


The following discussion is based on the assumption that the atmosphere of 7 Aquilae 
consists of two parts: a photosphere with a moderate total kinetic temperature, with 
£) = 14 km/sec, and above this a corona with a high total kinetic temperature (of the 
order of half a million degrees), with & = 85 km/sec. In addition, it is assumed that 
the pulsation in the corona has the character of a wave progressing outward. 

If the displacement of a given layer is characterized by y and if the mean position 
of the same layer is indicated by x, with the definitions 

7 = Te ro—R 


=> ——- x= (29) 
Bi ro ’ R ’ 


then the fundamental pulsation equation for a harmonic pulsation of small amplitude 
takes the form*‘ 
oy 
Ox? 





~(q-4) 24 (u—aqg)y=0, (30) 


where the auxiliary quantities are defined by 


4 2a _ poGM po n*R? 


a=3—— n= ———. I=s5>s “=> —. (31) 
7’ Period ’ d Po Ee” Po ¥ 


Here the change of ro and of the ratio Po/po with height have been ignored, so that the 
two coefficients in equation (30) can be considered as constants in each of the two parts 
of the atmosphere. After a solution for y is found from equation (30), the density varia- 
tion can be determined from the continuity law, which in the spherical case takes the 
form 


te. SOG wie ed : (32) 
Po 7 Ox 


With a convenient choice of the phase zero point and of the amplitude normalization, 
the solution of equation (30), which corresponds to a progressive wave in the corona, 
may be represented by 


y = & cos (nt —vx). (33) 


The two constants occurring in this solution may be determined by introducing the solu- 
tion into the fundamental equation (30), from which it follows that 


B=$q-2, v=+[u—(}q—2)?—ag]”. (34) 


The choice of the positive sign in the equation for v corresponds to a wave progressing 
outward. For the photosphere the general solution of equation (30) may be written 


y = [¢, e:7+ C2 e8:*] cos nt + [ cz es*+ C4 €:*] sin nt . (35) 


24 Eddington, op. cit., p. 187. 
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By introducing this solution again into the fundamental equation (30), we find for the 


exponents 
b.2= (29-2) 41(99—2)?-—ut+aqg]'”. (36) 


The four coefficients. occurring in equation (35) may be determined by fitting the solu- 
tion for the photosphere to the solution for the corona at the interface between these 
two layers. This may be taken to be at x = 0. From the continuity of y and p at the 
interface it follows that 


Pa iat — 
a Te b= 82" 
(37) 
Vv Vv 
a oot ae Tos 


The numerical values corresponding to » Aquilae may be introduced into these formal 
solutions. The values for M, R, and the period may be taken from Sections IJ and III. 
Furthermore, y = 1 is to be chosen according to the isothermal approximation. The 
ratio Po/po can be found with the help of equation (25) from the values of & listed under 
the assumptions at the beginning of this section for the two parts of the atmosphere. 
With these numerical data we find for the constants occurring in equations (30), (33), 
and (35) 


a=-1, Qeorr = 9.8 , Meorr = 18 , Yphot = 360 , Uphot = 660 , 
B= 2.9, y= 4.4 ’ 6, = 353 ’ 6.22.9, 
c= 000, ¢=1.00, +0013, «——0.013. 


When these numbers are used, the solution in the corona (positive x) becomes 


for the displacement: y= +1.0e-* cus (nt — 4.4%), 
, 1 dy he 
for the velocity: = 52 = ~ 1.0 e- sin (nt — 4.42), 
n Ol 
(38) 
‘ P— Po ae eee 
for the density: ——— = — 4.4 e-* sin (nt — 4.44) 
Po 
— 5.9 e cos (nt — 4.4x), 
whereas the solution in the photosphere (negative «) becomes 
for the displacement: y= +1.0 e-*cos nt , 
. 1 dy ; 
for the velocity: —~——= — 1.0 e-* sin nt , 
n ot (39) 
aie a 3532 Gi 50 22.%¢ 
for the density: ——— = — 4.4 ¢°87 sin ni — 5.9 e-** cos ni . 
Po 


According to equations (39), the solution for the photosphere, which should be com- 
pared with the observations, has at great depths (—x > 0.01) the character of a stand- 
ing wave, with synchronism in the variation of displacement and reciprocal density. 
Just below the base of the corona (0 < —x < 0.001), however, throughout a depth of 
approximately 25,000 km, the solution in the photosphere resembles closely that of the 








ATMOSPHERE OF ETA AQUILAE 233 


corona. If the level represented by the observed lines falls in this photospheric layer not 
far below the base of the corona, the observed line profiles will correspond to the 
turbulence in the photosphere, whereas the observed pulsation will be determined closely 
by the pulsation in the corona. The latter has two consequences, both in approximate 
agreement with the observations. First, the observed relation between the amplitudes 
in velocity and in density corresponds, under the present assumptions, to the large 
velocities in the corona. Second, the observed phase shift of the density variation rela- 
tive to the velocity variation corresponds to the shift apparent in equations (38), which 
arises from the sphericity of the wave and the increase of displacement amplitude with 
height in the corona. 

Because of the uncertainty in the observed density variation and because of the lack 
of knowledge as to how to extrapolate the above formulae, derived for small amplitudes, 
to large amplitudes, it does not seem useful at present to try to fit the theoretical equa- 
tions too closely to the observations. We may conclude from the above, however, that 
possibly, though not at all certainly, the assumed composite model atmosphere may 
represent approximately the atmosphere of n Aquilae; and that the observed features of 
the photospheric pulsation are determined to a large extent by the progressive wave 
which represents the pulsation in the corona. 


XIII. SUMMARY OF RESULTS 


Two results have come out of the present investigation of the motions in the atmos- , 


phere of » Aquilae. The first result is based on the determination of the curve of growth 
and on the measurement of line profiles. These data indicate that large-scale convection 
exists in the photosphere. It appears probable that this convection consists of a fast 
turbulence with elements of great linear dimensions. Under such conditions neither the 
thermal motions nor the fraction of the turbulence detectable in the curve of growth but 
rather the large-scale turbulence indicated by line profiles is found to be the essential 
factor determining the average structure of the atmosphere. 

The second result is based on the comparison of the velocity variation with the 
density variation throughout the pulsation cycle, where the latter variation is derived 
from measurements of a selected number of iron lines. This comparison indicates that 
the pulsation in the photosphere has the character neither of a standing wave nor of a 
simple progressive wave in a homogeneous atmosphere. The observed relations, how- 
ever, can perhaps be explained by the assumptions that the total random velocities in- 
crease greatly in the layers above the photosphere and that, in these coronal layers rather 
than in the photosphere, the pulsation consists of a simple progressive wave. Under these 
assumptions the observed photospheric pulsation, though falling in the transition region 
between the corona and the interior with its standing wave, might closely simulate the 
coronal progressive wave. 


. 
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SPECTROSCOPIC OBSERVATIONS OF 90 STARS* 


ALFRED H. Joy AND S. A. MITCHELL 
Mount Wilson and Leander McCormick Observatories 
Received May 13, 1948 


ABSTRACT 

Spectral types and radial velocities were derived for 90 stars whose parallaxes are being determined 

at the McCormick Observatory. The stars are mostly late-type dwarfs with right ascensions between 
16 and 8 hours. Dispersion of 120 A/mm at Hy was used. 


In the summers of 1943 and 1944 during visits to California, Mr. Mitchell inaugurated 
a program of spectrographic observation of faint dwarf stars, for most of which parallaxes 
and proper motions had been obtained at the Leander McCormick Observatory. In the 
succeeding years the observations were continued, and measures of radial velocity as 
well as estimates of spectral type were made by Mr. Joy. 

In order to increase the number of stars which could be observed in the time avail- 
able, low dispersion of 120 A/mm at Hy was employed, and with few exceptions only 
two spectrograms of each star were obtained. The 60-inch reflector and one-prism spec- 
trograph were generally used, but for a few of the faintest stars photographs giving nearly 
the same dispersion were made with the two-prism spectrograph at the 100-inch tele- 
scope. 

Although radial velocities derived in this way are not of the highest accuracy, the 
agreement of the two plates of the same star and our experience with this type of observa- 
tion lead us to believe that for many statistical purposes the results may be used with 
considerable confidence. If 9 stars are omitted which show discordances greater than 
18 km/sec and are probably spectroscopic binaries, the mean arithmetical difference in 
the velocities given by pairs of plates of the same star is 6.5 km/sec. 

The program consists largely of dwarf stars of late spectral type which could be ob- 
served in summer and autumn. The data concerning the stars and the results obtained 
are in Table 1. Emission lines of Ca u (H and K) were found in 37 stars; in addition, 
bright hydrogen was observed in AC+2°2283-259. The spectrograms of many other 
stars, however, were not sufficiently exposed to determine whether or not H and K are 
present in emission. 

The visual absolute magnitudes in the seventh column of Table 1 are computed with 
the aid of the trigonometric absolute parallaxes given in the next column. Most of these 
are determinations made at the McCormick Observatory; however, the weighted mean 
was used whenever other parallaxes were available. For stars having no trigonometric 
parallaxes the absolute magnitudes were read from the Russell diagram, by the use of 
the estimated spectral types. 


We are indebted to Dr. A. N. Vyssotsky for furnishing, in advance of publication, data 
concerning 27 stars from his second list of M dwarfs. 


* Contributions from the Mount Wilson Observatory, Carnegie Institution of Washington, No. 747. 
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TABLE 1 


SPECTROSCOPIC OBSERVATIONS OF 90 STARS 


| | | 
| Vel. 


| | | | 
| Lg 
| Trig. | (Km /Sec) 









































Star | a(1900) | 6(1900) | my, | “u Spectrum My 
BD—13°116..... | 08364 | —13°44’| 10.3] 0”08| dMO | 8.1]........| + 3 
BD—19°111..:... | 039.5| —1929| 10.6] 0.26] dM1.5| 9.4] 0°057| + 27 
isc 112........| 046.1] 41812] 9.7] 0.27] dK6 | 9.4] .088)° + 10 
20C ae 055.1; +6050] 10.8] 0.85| dM2.5| 10.4 .081 | + 13 
20C 68........| 056.3 | +61 48 9.5| 0.76| dM2 | 9.3 092 O*F 
BD—11°192....... 057.4| -—1057| 10.1| 0.13] dMo | 7’ ee ~« 
20C ees 1 3.4] +1643] 10.5| 0.61] dK6 | 8.8 .046| — 36 
20C 90........) 111.2] +2448] 10.3) 0.41] dK5 re es — 30 
20C OC. Ak | 114.5} +5648] 10.3] 0.60| dK6 7.6 0261 +2 
20C @......... 19.3) 4426 O41 Ot Gee” [ics uk cen + 10 
20C 106........) 125.5} +15 3| 9.5] 0.42| dK6 5.8! .018| — 32 
AC+77°742.........] 125.7] +77 34] 10.5] 0.11] dMO 1 SRM ee |} — 6 
20C 131... | 146.7| +1727} 10.5] 0.48] dMO ry RRS | + 30 
20C 140... | 156.9] + 3 28 9.5| 0.49| dK6 i. See | — 48 
20C 142 | 159.3] +22 20 9.1] 0.48| dKi 5.6 i — § 
| | 
20C 146.. | 2 0.7) +44 43 9.9} 0.49} dMO | 8.1 043 | + 62 
20C 163 | 211.5) +21 6 9.1] 0.47| dG2 ies 001 | — 30 
BD+47°612. . .| 215.7] +47 24 9.4} 0.23} dM1.5| 9.3] .095| — 35% 
AC+49°2493-285....| 218.6] +4921] 11.2] 0.18} dMO | 8.1]........ + 36 
isc —- 319 | 222.51 +39 | 8.6| 0.26} dM1.5} 7. 068; + 2 
20C 173 | 22047 ee 9 9.3] 0.69} dK3 | 6.5 Fi —-% 
20C 179 | 237.7] +19 O 8.6] 0.43| dK4 | 7.3 056 | + 27 
20C 180... | 238.4] +25 6} 10.7| 0.90} dM3.5} 11.5 143 | + 38+ 
20C 106........4 @DSEGh eZee f: 1.91 | dM3.5 | 1%. 056 | + 49 
BD+39°710. ... | 3 0.4] +39 58 9.5] 0.38! dK6 | 7.0 .032 | — 48 
20C—s«-213........| 3 7.4] +5159] 9.7] 0.48; dMO | 7.8 042 | — 55 
20C oe | 311.6] +3753] 10.0] 0.78] dM1.5 9.2 070} + 9 
BD+ 6°525.... | 319.2} +639] 10.0] 0.04| dKS 73 029} + 27 
AC+34°344-129.....| 328.6] +3417] 10.5] 0.25] dMO Sg See ty + 39 
BD+34°724........| 3 38.0] +34 37) 10.7| 0.25| dMO 7.7 025; + 8 
20C i) oe | 349.1| +5317] 10.5| 0.51] dM1.5 9.2 0541 — § 
20C 270.......| 349.7) —7 8| 8.3| 0.54| dMO.S| 8.3 102} + 53 
20C ; . | 353.8} +2549] 12.2] 0.80| dM4 11.5 ho ae 
BD+21°652.... | 423.1] +21 41 9.0} 0.22} dMl1 8.5 018 1 ‘36 
BD—11°916........| 433.0] —11 14] 10.9] 0.29} dMi | 8.9]....... | - 3 
BD4-29°742... .. | 441.5} +26 0! 10.2} 0.14! dMO |  , Se: | + 45* 
AC+ 2°2283-259...., 454.4] + 136] 10.0| 0.16] dMlet| 8.9 | + 39 
BD—21°1051 | 458.2} —21 24 8.3 | 0.31} dM1 8.9] .132] — 19 
BD+19°845....... | 458.4] +1954] 10.0]. | gM2 « 
CD—23°2362.......| 459.3} —23 24] 10.2| 0.32] dMO 8.1) +124* 


* Velocity range greater than 18 km/sec, probably a spectroscopic binary. 


| — 


+ Notes for stars marked with a dagger (f) follow: 
Radial velocity, —6 km/sec, and bright H and K lines found by D. M. Popper (Ap. J., 95, 


20C 68 


20C 180 


AC +2°2283-259 
BD —1°3474 


20C 1165A 
20C 1331 


0b56™3 
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18 


19 
21 


4 
6 
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307, 1942). 


: 


The radial velocity measured by W. J. Luyten on one plate is +65 km/sec (Ap. J., 102, 38, 


1945). 


Hydrogen and calcium (H and K) appear in emission. ae ; 
The motion of this star is in the line of sight. See note by A. N. Vyssotsky (Pub. A.S.P., 58, 


166, 1946). 


A close visual double. The magnitude is that of the brighter component. 
Radial velocity, +21 km/sec, and bright H and K lines found by D. M. Popper (Ap. J., 95, 


307, 1942). 
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TABLE 1—Continued 


s Vel. 





Star | (1900) 6(1900) |) m, u | Spectrum | M, | Trig. (Km /Sec) 
BD—21°1131.......| 561476 | —21°29'| 9.5 O14 | dMO | §8.1]....... | + 24* 
AC+56°35386........ 641.8) +5558] 10.5} 0.21| dK6O | 7.8) 07028 + 45 
BD+12°1343.......) 649.4} +1218) 10.4} 0.34] dM1.5)} 9.6 068 | + 30 
BD+27°1311.......| 659.5 | +2737] 10.7/ 0.11} dMO | 9.6 060 | — 42 
BD+59°1056........ 7 3.6| +5926) 10.2} 0.29] dKS | 7.7 032 | — 58 

| ! | | 
McC 491.14..... | 731.9} +3441! 11.4] 0.12} dMO.5| 7.0 013 | + 15 
BD+44°1710..... | 757.4] +4414] 9.9] 0.15} dMO | 7.3 030 | + 27 
BD—13°2439...... | 8 8.6] -13 36] 9.3] 0.50} dMO | 7.8 049} + 20 
BD+14°1876.......| 8 15.4| +1423} 10.5} 0.28! dMO.5/| 8.3 037 | + 15 
18C  —- 986... .| 817.6] +22 11 9.5; 0.39] dMO | 8.1 ei- 
BD+43°1827.......} 827.3} +4254] 10.0} 0.20} dK5 | 7.3 028; — 9 
20C ~=—-_: 504... | 855.5} +539] 12.1} 0.47] dM4 | 11.5 sat ae 
— ae. 8 55.6/ +538] 12.5| 0.47] dM4 | 11.5 ie 
ADS 8862A......| 1315.4} +4818| 8.7] 0.14] dM2 | 9.6 AS 4g 
20C -975........| 16 10.3} +4442] 9.3] 0.41) dK6 | 7.9 — 18* 
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ABSTRACT 


Qualitative comparison of spectrograms of the eclipses in 1934, 1937, 1939-1940, 1942, and 1947-1948 
shows approximate uniformity of extent of atmosphere, except during ingress in 1937, when it was more 
extensive than normal. A permanent asymmetry exists; absorption is stronger during ingress than during 
egress. The date of mid-eclipse in 1947-1948 is estimated as JD 2432553.5 to 2553.6, from the appear- 
ance of the spectrum during partial phases. 


During the eclipse of ¢ Aurigae in December, 1947, to January, 1948, a fairly well- 
distributed set of spectrograms was obtained with the one-prism spectrograph at the 
University of Michigan Observatory. In particular, observations were obtained during 
the partial phases of both ingress and egress. All plates have a dispersion of 40 A/mm 
at Hy and 26 A/mm at K. 

This preliminary description is presented in the hope that it may contribute to the 
dating of changes that may have taken place during interruptions of other series of ob- 
servations. A qualitative comparison of the recent observations with less complete sets 
taken with the same instrument during previous eclipses shows a few significant system- 
atic effects. 

Table 1 lists all Michigan plates taken during or near the eclipses of 1937, 1939, 1942, 
and 1947-1948. Phases in the second column were computed from the formula: Min = 
JD 2427692.8 + 972.15E, which is based on photometric dates of earlier eclipses and a 
spectroscopically estimated date of the recent one. The “Atmospheric Eclipse Intensi- 
ties’ given in the third column are explained below. 


SPECTRAL CHANGES DURING THE ECLIPSE OF 1947-1948 


The last spectrogram taken before the atmospheric eclipse effects began was obtained 
JD 2432501. It shows simply the normal composite spectrum. Bad weather prevented 
the observation of the first faint eclipse absorption lines. 

JD 2529.70.—The following atmospheric eclipse lines are very strong: cores of all 
hydrogen lines to 16 and probably beyond; 77 3759 and 3761; Cau H and K. 
The Mg 1 lines 3832 and 3838 are moderately strong. 77 11 3900 and 3913 are weak, and 
Sr 11 4078 is probably just traced. 

JD 2531.72.—Lines newly appeared or greatly strengthened are: Sr 11 4078; 77 11 3900 
and 3913; Mg 1 3829 (still weak) ; Fe 13820, 3826, and 3860. Uncertain traces of Fe 14045, 
4064, and 4072 are superimposed on the lines of the normal K spectrum. 

JD 2533.85.—The lines of Ca 11 are now decidedly winged, about 3 A wide. Numer- 
ous lines of Fe 1 have become very strong, e.g., 3813, 3820, 3840, 3860, 3878, 3920, 4045, 
etc. Other lines greatly strengthened include A/1 3961, Mn1 4031-4034. Lines of 771 
at 3956, 3958, 3982, 3990, and 3999 are of moderate strength. 

JD 2534.59.—There is now a complete K-type spectrum in very strong absorption, 
but with a considerable extent of continuum in the ultraviolet. Most lines of the lowest 
atmospheric strata are very strong, e.g., 77 1 3958, 3982, etc. The H and K lines of Ca 11 
are broadly winged, about 15 A wide. This is surely the partial and not the total phase, for 
the lines Fe 1 4045, 4064, and 4072 are very sharp, without the hazy wings of the total 
phase, and Sr 11 4078 is still narrow and much stronger than its low-level companion, 
Fe 1 4077. The 771 lines are not so strong as in totality. 
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JD 2534.66.—The line spectrum is not appreciably different from the previous one 
but is less strongly exposed and more suitable for comparison with the first plate taken 
during egress. That the eclipse was still partial is indicated by the lack of wings at 
Fe 1 4045, etc., and the relative strength of Sr 1 4078. The ultraviolet continuum is still 
appreciable. 

JD 2541.61, 2557.67, and 2561.60.—These plates, taken during the total phase, show 
hazy wings on the lines Fe 1 4045, 4064, and 4072. Sr 11 4078 only slightly exceeds Fe 1 
4077. Ti 1 3982, 3990, and 3999 are decidedly stronger than during the partial phase. 

JD 2571.53.—This plate shows the eclipse still total, both by lack of ultraviolet con- 
tinuum and by the appearance of Fe1, Sr u, and 771. 


TABLE 1 
SPECTROGRAPHIC OBSERVATIONS OF £ AURIGAE 
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JD 2572.80.—The spectrum is very similar to that obtained during ingress, JD 
2534.66, in most details. However, the low-level lines, notably 771 3982, etc., are ap- 
preciably weaker than on the ingress plate. Ca 1 is very broadly winged. In spite of the 
large hour angle at which this plate was taken, there is an appreciable increase of the 
ultraviolet continuum. 

JD 2573.59.—The spectrum appears truly intermediate between JD 2531 and JD 
2533. All low-level lines have disappeared, and many of the Fe1 lines are weak. Those 
that are still strong include 3764, 3820, 3840, 3860, 3878, and 4045. The H and K lines 
are a little wide but not appreciably winged. 77 11 3759 and 3761 and Mg 1 3832 and 3838 
remain very strong. 

JD 2574.62.—The spectrum appears almost identical with that of JD 2531. All the 
Fe 1 lines have weakened considerably, as have Ti 1 3900 and 3913 and Mg 1 3829; but 
Ti 11 3759 and 3761 and Mgt 3832 and 3838 remain strong. K is narrower but very 
strong. Fe 1 3820 and 3860 are of moderate strength. Sr 11 4078 is weakened. 





)- 
e 
e 





SPECTRUM OF ZETA AURIGAE 239 


JD 2576.61.—The spectrum closely resembles that of JD 2529. The hydrogen coreg 
and Ca lines remain strong. 77 11 3759 and 3761 have not yet weakened much, but 
3900 and 3913 are almost gone. Mg 1 3838 is weaker. Fe 1 3820 and 3860 are very faint. 
Sr 11 4078 has almost, if not quite, disappeared. 

JD 2578.59.—Strong narrow cores are still seen in H6, He, and /7¢, but not in higher 
members of the Balmer series. Mg 1 3838 is weak and 77 11 3759 and 3761 have now de- 
clined markedly but are still conspicuous. Ca 11 K remains fairly strong. 

JD 2579.70.—The K line has faded considerably in only one day. Ti 11 3759 and 3761 
and Mg t 3838 are quite weak. A sharp core is still visible in H¢. 

JD 2580.63 and 2581.61.—The K line and H¢ core continue to weaken, and the lat- 
ter plate shows the last feeble record of 77 11 3759 and 3761. 

JD 2582.60.—K is sharp and very weak, in the same position as on preceding days. 
Another line of equal strength and sharpness has appeared about 1.5 A toward longer 
wave length. It was not seen on any previous plate. The H¢ core is not seen. 

JD 2586.59.—There is no trace of the sharp K line or its companion. A wide rather 
faint and hazy line has its center in the position of the K line. This is undoubtedly the 
feature observed at Cambridge just a few hours earlier.’ Comparison with several plates 
taken far from eclipse in different years shows a similar feature to be normally present. 
It is believed to be the central portion of the wide K line of the normal K-type spectrum, 
whose outer wings are filled in by the strong continuum of the B-type star. 


NOTES ON EARLIER ECLIPSES 


In general, the plates of earlier eclipses could be accurately matched with, or interpo- 
lated between, those of 1947-1948. The ‘‘Atmospheric Eclipse Intensities” (A.E.I.) in 
Table 1 thus indirectly describe the plates. For a few dates, as noted below, there were 
appreciable differences for specific lines, or the atmospheric eclipse effects appeared ab- 
normally far from totality. 

THE 1937 ECLIPSE 


JD 8593.66, phase —71.3 days.—A weak sharp K line is suspected. 
JD 8611.57, phase — 53.4 days.—Faint sharp K and 77 1 3759 and 3761 are present. 
JD 8642.59, phase —22.4 days.—A.E.1.” = 6, but K is stronger and 7711 slightly 
weaker than in 1947-1948. 
JD 8643.57, phase —21.4 days.—“A.FE.1.” = 6.5, but K and 7711 are abnormal as 
on the preceding day. 
THE 1939-1940 ECLIPSE 


JD 9578.79, phase —58.3 days.—A very faint sharp K line is seen. 

JD 9584.86, phase —52.2 days.—The K line is not visible, but weak Mg 1 3838 and 
Ti 11 3759 and 3761 are present. 

JD 9659.60, phase +22.5 days.—‘‘A.E.1.” = 3.8, but the K line is a little strong. 


COMPARISON OF ECLIPSES 


A detailed examination and intercomparison of all the plates taken during the eclipse 
of 1947-1948 was first made on the Hartmann spectrocomparator. This showed pretty 
definitely that the changes of line absorption progressed smoothly. There were cer- 
tainly no marked reversals of the direction of change and probably no significant halts. 
The series was therefore taken as establishing a numerical scale of A.E.I.’s, ranging from 
0 for no trace of absorption to 10 for the deepest observed phase of partial eclipse. The 
A.E.I.’s were assigned so as to progress smoothly with time during the egress. Absorp- 
tion on the ingress plates was then estimated on the same scale by direct comparison 
with egress plates that showed equal, greater, and less absorption. 


1 Harvard Announcement Card, No. 888. 
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Values of A.E.I. were estimated in the same manner for the earlier series, 1937, 1939- 
1940, and 1942, by comparison with the plates of the series of 1947-1948. The resulting 
values are given in the third column of Table 1. In addition, a critical comparison was 
made, as far as possible, with the reproductions of Mount Wilson spectrograms? of the 
eclipse in 1934. The A.E.I. values for these dates are certainly less reliable than those 
for the directly compared spectrograms but are still believed to be of useful accuracy. 
Data on the Mount Wilson plates are given in Table 2. 

Values of A.E.I. are plotted against phase in Figure 1, where ingress and egress are 
kept separate and each eclipse is identified by a different symbol. In Figure 2 all observa- 
tions are plotted against phase without regard to sign, but ingress and egress are dis- 
tinguished by dots and circles, respectively. From these plots three main conclusions 
can be drawn. 

1. Except for the early phases of ingress in 1937, there is no evidence of variations 
of extent of the atmosphere of the K star at different eclipses. Regardless of the year, 
all observations, with the exception mentioned, fall very close to the curve that the 


eclipse of 1947-1948 defines. 
TABLE 2 
DATA FROM MOUNT WILSON REPRODUCTIONS (1934) 


Phase Phase 





JD 2420000 + | (Days) A.E.1. JD 2420000 + ere ALE. 
7672.01 Vetoes os, aes 7.0 7714.0 si re +21.2 5.3 
7673.01 pices —19.8 9.5 fae +22.1 45 
SE eRe tn 9.0 7716.03 +23.2 3.0 


ers oa ae ee 


2. It appears certain that in 1937 the atmosphere on the advancing side of the K star 
was abnormally extensive. From 29 to 25 days before mid-eclipse the line strengths 
were those normally observed from 25 to 22 days before. Weak lines were suspected 71 
days before mid-eclipse and were certainly present at phase — 53 days, as already noted. 
The abnormality did not continue down to the limb of the star; at phase — 22 days the 
absorption was of normal strength. 

3. There is a marked asymmetry of the atmosphere of the K star. At all eclipses the 
advancing side at a given negative phase has shown stronger absorption than has the 
following side at an equal positive phase. The asymmetry is obvious on inspection of the 
reproductions of Mount Wilson spectra. The difference is approximately equal to that 
which occurs in one day’s motion of the B star, but a correction of the phases by 0.5 day 
is incompatible with the photometric data. 


SPECTROGRAPHIC EVIDENCE ON THE TIMES OF CONTACTS 


No photometric observations were attempted at Ann Arbor. Kopal® has indicated 
that the eclipse was apparently total before JD 2534.54. However, the Michigan spec- 
trograms taken 1-3 hours later both show the characteristics of partial and not total 
eclipse. The evidence for this conclusion is discussed in the notes on spectral changes. If 
a difference of 0.10 mag. above minimum could have escaped detection on extra-focal 
plates taken under poor conditions, then, according to the light-curve by Christie,‘ the 
second contact could have been as late as JD 2534.84. 


2Ap. J., 81, 431, Pl. IX, 1935. 
3 Pop. Astr., 56, 227, 1948. + Ap. J., 92, 392, 1940, 
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The two immersion observations on JD 2534 and the emersion spectrogram on JD2572 
would have phases of —19.31, —19.24, and +18.90 days, according to Christie’s ele- 
ments. But for two reasons it appears very probable that the immersion plates were 
closer to totality than was the emersion one: (1) The second immersion plate and the 
emersion plate are comparably exposed and have almost identical violet extent. The lat- 
ter, however, was taken at a very large hour angle and, under equal conditions, would 
have had the greater violet extent. (2) The emersion plate shows some of the low-level 
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Fic. 1.—Atmospheric Eclipse Intensities (A.E.I.) related to phase in ¢ Aurigae. Crosses, 1934; 
circles, 1937; triangles, 1939-1940; squares, 1942, dots, 1947-1948. 
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Fic. 2.-—Comparison of A.E.I. during ingress (dots) and egress (circles) 


lines (notably 77 1) definitely weaker than on the immersion plates. The significance of 
this difference, however, is a little uncertain on account of the asymmetry already noted. 

From the strength of the violet continuum it is estimated that totality began at least as 
late as JD 2535.0 and possibly 0.1 day later. It is estimated that totality ended about 
().7-0.8 day before the emersion plate was taken, or about JD 2572.0-2572.1. According- 
ly, mid-totality is believed to have occurred between JD 2553.5 and JD 2553.6. This date 
and those of earlier eclipses observed photometrically are satisfactorily represented by 
the approximate formula: Min. = JD 2427692.8 + 972.15. The period of 972.24 days, 
given by Christie, is almost certainly too long. Miss Swope® found a period of 972.15 
days. The epoch in the above formula is 0.2 day later than hers. 


5 Harvard Circ., No. 399, 1935. 
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ABSTRACT 


Observational data on interstellar absorption lines and emission lines are analyzed with a view to 
obtaining information on the density distribution and chemical composition of the interstellar gas. Sec- 
tion III deals with problems of the theoretical curves of growth of interstellar absorption lines. The theory 
of ionization in interstellar space is treated in Section IV. Correction factors to the Saha-Eddington equa- 
tion of ionization are obtained. The numerical values of the correction factors for Nat, AK 1, Cat, and 
Ca 1 range from 2.6 to 1600. In Section V the problem of the extent of the regions of ionization of hydro- 
gen in interstellar space is considered. The results obtained in Sections III-V are utilized in the following 
sections, in an attempt to derive the gas density between interstellar clouds (Sec. VI), in the average 
cloud (Sec. VII), and in abnormal clouds, such as that producing the interstellar lines in x? Orionis (Sec. 
VIII). In the last-mentioned case the problem of the chemical composition is also discussed. 


I 


The work of W. S. Adams! on the multiplicity of interstellar absorption lines has 
shown that the interstellar gas is largely concentrated in separate clouds, at least as far 
as calcium is concerned. 

From the observational material on the multiplicity of interstellar absorption lines, 
J. H. Oort and H. C. van de Hulst? have concluded that the average number of clouds 
crossed by a line in or near the galactic plane in the vicinity of the sun is at least five per 
1000 parsecs. F. Whipple*® has similarly derived the number of six to eight per 1000 
parsecs. Oort and van de Hulst have further noted that about 14 per cent of the stars 
of spectral classes O5-B2 (north of declination — 15° brighter than 7.5) are apparently 
connected with diffuse emission nebulosity. From the assumption that the space dis- 
tribution of the stars and the diffuse nebulae are uncorrelated and the further assump- 
tion that the stars in question are actually involved in nebulosity, they conclude that a 
fraction 0.14 of space around the galactic plane is occupied by interstellar gas clouds. 
From the average number of clouds per 1000 parsecs and the fraction of space occupied 
by the clouds, the number of clouds per cubic parsec and the average radius of a cloud 
can be estimated. In this way Oort and van de Hulst find that there are about 4 X 10-* 
clouds per cubic parsec and that the average radius is 20 parsecs. They emphasize the very 
rough nature of these estimates. 

These authors, in the investigation quoted, have also discussed the question of the 
relation between clouds of interstellar solid particles (smoke) and clouds of interstellar 
gas. They have given strong reasons to support the assumption that the distribution of 
gas and smoke is generally identical, emphasizing, in particular, the result found by 
L. Spitzer‘ that the small interstellar particles must follow the motions of the gas. Once the 

1A p. J., 97, 105, 1943. Doubling of the interstellar H and K lines of ionized calcium in the spectra of 
several stars was discovered by C. S. Beals, M.N., 96, 661, 1936; cf. also R. F. Sanford, Pub. A.S.P., 51, 
238, 1939. 

2 B.A.N., No. 376, 1946. 

3 “Harvard Symposium on Interstellar Matter’’ (unpublished). An analysis of the problem of the de- 
termination of the number of clouds per kiloparsec from the observations of interstellar lines has also 
been carried out by A. Blaauw (unpublished). 

4 Ap. J., 93, 369, 1941; 94, 232, 1941; 95, 329, 1942. 
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assumption just mentioned is made, it becomes possible to draw conclusions regarding 
the smoke clouds from the observations on the gas clouds, and vice versa. 
Ambarzumian and Gordeladse® have derived an estimate of the number of clouds of 
solid particles per cubic parsec from the observed number of reflection nebulae. First, 
they conclude that there is no correlation between the space distribution of particle 
clouds and that of the types of stars which, by illumination of such clouds, produce re- 
flection nebulae. They then proceed to calculate what fraction of the particles is suffi- 
ciently illuminated to become observable as reflection nebulae. The fraction is quite low, 
of the order of 10~*-10~*. Combining this result with the observed number of reflection 
nebulae per cubic parsec in the neighborhood of the galactic plane and in the vicinity of 
the sun, we find that the number of particle clouds is about 10~‘ per cubic parsec. 
Ambarzumian, from an investigation of the effects of statistical fluctuations of 
galactic absorption on the number of extragalactic nebulae, finds that the average 
optical thickness of an absorbing particle cloud is about 0.27 mag. There are, of course, 
statistical variations around this value. The observed dark nebulae according to this 
picture are particle clouds near the sun and of higher optical thickness than the average. 
The derived number of particle clouds per cubic parsec is somewhat higher than the 
number of gas clouds per cubic parsec, according to Oort and van de Hulst. Both fig- 
ures are so uncertain, however, that this does not mean any contradiction of the hy- 
pothesis of generally identical distribution of smoke and gas. The figures can be recon- 
ciled, for example, if it is assumed that only 5 per cent (instead of 14 per cent) of the 
O-B2 stars are actually located in clouds. This leads to a picture characterized by clouds 
of an average radius of about 5 parsecs, occupying 5 per cent of space near the galactic 
plane with, on the average, 7 clouds per 1000 parsecs, and 10~‘ clouds per cubic parsec. 
In what follows we shall make use of this picture only as a rough guide regarding the 
gas clouds. 


II 


+ Our knowledge of the properties of the interstellar gas is derived from the observa- 
tions of interstellar absorption and emission lines.® The first step in the analysis of ob- 
servations of interstellar absorption lines consists in the derivation of the relation be- 
tween line strength and the number of absorbing atoms (or ions) in a column of unit 
cross-section along the line of sight from the observer to the star in question. This rela- 
tion can be derived when the distribution of the radial velocities of the absorbing atoms 
(or ions) is known.’ 

O. C. Wilson and P. W. Merrill’ have developed methods of analysis of the strength 
of interstellar lines based on the use of observed intensities of doublets (the D lines of 
Natand the H and K lines of Ca 11). Making certain simplifying assumptions regarding 
the form of the distribution of the radial velocities of the absorbing atomic particles, 
they derive from the observations the parameter (or parameters) of this distribution 
and the relation between line strength and the number of absorbers. 

Theodore Dunham,? in an analysis of the observed line strengths of interstellar lines 
in x? Orionis, derived an empirical relation between line strength and the number of 
absorbers from the observed strength of the Nat doublets 5890-5896 A and 3302- 
3303 A. 

5 Bull. Abastuman Obs., No. 2, p. 37, 1938. Cf. also V. Ambarzumian, Bull. Abastuman Obs., No. 4, 


p. 17, 1940; C.R. Acad. Sci. URSS, 44, 223, 1944. A discussion of the problem of clouds based on the ob- 
servations of dark nebulae was carried out by J. L. Greenstein, Harvard Circ., No. 422, 1937. 


6 For a general review see P. Ledoux, Pop. Astr., 49, 513, 1941 (summary of Yerkes symposium on 
interstellar lines, 1941); also O. Struve, Jour. Washington Acad. Sci., 31, 217, 1941. 


7 Cf. A. Unsild, O. Struve, and C. T. Elvey, Zs. f. Ap., 1, 314, 1930. 
8 4p. J., 86, 44, 1937. 
9 Proc. Amer. Phil. Soc., 81, 277, 1939. 
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Merrill and Wilson concluded from their investigation that the assumption of a 
Gaussian distribution of the radial velocities of the absorbing atoms in the line of sight, 
corresponding to thermal motion at a definite temperature, was insufficient to explain 
the observations. They were led to the assumption of separate interstellar gas clouds with 
differing radial velocities. In their picture the extent of a cloud was about 700 parsecs. 

In Section III we shall consider briefly the problem of the relation between the strength 
of an interstellar absorption line and the number of absorbing atoms in the case of 
absorption in one, two, or more (relatively small) clouds of differing radial velocities. 
We shall not attempt to treat the problem of the derivation of the relation in question 
in its most general form, since a simplified treatment seems sufficient for our present 
purpose. 

When the number of absorbing atoms in the column of unit cross-section between the 
observer and the star has been determined, the next step is the derivation of the space 
density of the atoms in question. Since the space density cannot be assumed to be uni- 
form, the problem can be solved only in a statistical way, combining the information 
obtained from a number of stars. At present, some general picture of the geometry of 
the gas clouds, such as that outlined in Section I, seems necessary as a guide in the dis- 
cussion of this problem. 

After the densities have been obtained for those atoms and ions for which inter- 
stellar absorption lines are observed, the next step is to calculate the state of ionization, 
in order to find the total densities of the elements in question. This problem, which was 
first discussed by Eddington,'® has been the subject of a number of investigations." In 
the earlier investigations the Saha equation of ionization, modified by the introduction 
of the dilution factor of the ionizing radiation (and a factor correcting for the difference 
between the temperature of the ionizing radiation and the electrons) has been used. It 
was pointed out by Dunham’ and by the author” that a detailed consideration of the 
ionization and recombination processes leads to a modified equation containing a cor- 
rection factor corresponding to the influence of captures on excited states. In the inves- 
tigations just mentioned,®” these correction factors were not calculated. Such calcu- 
lations are described in Section IV. It turns out that the correction factors may be quite 
large, ranging from 2.6 to 1500 for Ca1, Cau, K 1, and Nat. 

In order to calculate the state of ionization in any given region in interstellar space, 
it is necessary to know the number of free electrons per cubic centimeter. From the ob- 
served strengths of interstellar emission lines, we know that hydrogen is by far the most 
abundant element in interstellar space.'* Hence, in regions where hydrogen is ionized 
(H 11 regions), the density of free electrons is practically equal to the density of hy- 
drogen. In interstellar regions where hydrogen is un-ionized (#1 regions), the electrons 
are furnished by much less abundant elements, probably mainly by carbon.” 

A discussion of the extent of the H1 and Hn regions in interstellar space is thus 
necessary to the solution of the problem of the ionization of the elements in general. In 
the discussion it is now essential to take into account the nonuniformity of the distribu- 
tion of hydrogen in interstellar space. Thus the conditions under which interstellar 
hydrogen clouds are completely ionized, partially ionized, or completely un-ionized 
have to be examined. Also the state of ionization of hydrogen in interstellar space be- 
tween the clouds has to be considered. In Section V we deal with certain aspects of these 
problems, making use of a method previously developed.” 


10 “Bakerian Lecture,’ Proc. R. Soc., London, A, 111, 424, 1926. 

"Cf. B. P. Gerasimovié and O. Struve, Ap. J., 69, 7, 1929; S. Rosseland, Theoretical Astrophysics 
(Oxford: Clarendon Press, 1936), chap. xxii; O. Struve, Proc. Nat. Acad. Sci., 25, 36, 1939; Dunham, op. 
cit.; B. Strémgren, Ap. J., 89, 526, 1939; D. R. Bates and H. S. W. Massey, Proc. R. Soc., London, 


1, 177, 329, 1941. 
12 Op. cit. 
13 Q, Struve and C. T. Elvey, Ap. J., 88, 364, 1938. 
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The application of the results derived in Sections III—V to the analysis of observed 
strengths of interstellar lines is considered in Sections VI-VIII. Section VI deals with 
the regions of interstellar space between the clouds, Section VII with the average cloud 
in the vicinity of the sun, and Section VIII with the cloud or clouds that give rise to the 
abnormally strong interstellar absorption lines in x? Orionis. 


III 


The theoretical calculation of the contour and equivalent width of an interstellar 
absorption line can be carried out when the total number and the radial-velocity dis- 
tribution of the absorbing atoms (or ions) is known. 

Let the total number of absorbing atoms (or ions) in a column of unit cross-section 
between the star and the observer be NV. Further, let the line-absorption coefficient at 
wave length A, referred to the whole column and reckoned per atom, be denoted by ay. 
Then the optical thickness of the column at wave length X is 


Tt. = N Q ; (1) 
and the intensity observed, /,, at wave length \ within the interstellar absorption line is 


) =r 
h= ae (2) 


’ 


where /,°) is the intensity that would be measured in case of vanishing interstellar 


absorption. 
By the usual definition, the equivalent width w® of the interstellar absorption line, 


in wave-length units, is 
(0) 


w= fF meu ah (3) 


w)=f(l-—e)dy, (4) 


or 


where the integral is to be extended over the entire line. 
The absorbing atoms in interstellar space are practically undisturbed, so that the 
atomic absorption coefficient at wave length \ for an atom at rest (radial velocity 
= () is given by the usual radiation damping expression, 


(x) 


9k 6: (S) 


at= O) as Pb a 


~ Bre gi * [6M )24+ (A—D)?” 


In equation (5) gx and q, are the statistical weights of the upper and lower state corre- 
sponding to the line, a,1 is the transition probability, 


6) = DS a, (6) 


is the radiation damping constant in wave-length units, and c is the velocity of light. 


14 Cf. nn. 7 and 8; further, A. S. Eddington, .N., 95, 2, 1934. The analogous problem of laboratory 
physics is treated by W. Schiitz, Zs. f. Ap., 1, 300, 1930; and by Ladenburg and Levy, Zs. f. Phys., 65, 
189, 1930. Cf. also A. C. G. Mitchell and M. W. Zemansky, Resonance Radiation and Excited Atoms 
(Cambridge: At the University Press, 1934); D. H. Menzel, Pub. Lick Obs., 17, 229, 1931; E. F. M. van 
der Held, Zs. f. Phys., 70, 508, 1931; F. Hjerting, Ap. J., 88, 508, 1938. 
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Let the number of atoms in the column that have radial velocities between u and 
u + du be denoted by NyY(u)du. Then the absorption coefficient, a, is given by the 
expression 
(x) 


4 +00 
a = i = af - : 5 (u) du. (7) 
1 ei (ap)? +| [»—a (1+! ih 





If the atomic quantities are known, and the radial-velocity distribution function, (2), 
is given, then the absorption-line contour and equivalent width, w™, can be calculated as 
a function of V from equations (1), (4), and (7). (The contour and the equivalent width 
are, of course, independent of the spatial distribution of the atoms in the column.) 

Suppose, now, that there is only one interstellar cloud between the observer and the 
star and, further, that the distribution of radial velocities can be sufficiently accurately 
described by a Gaussian distribution, 


1 
4) = ei), (8) 
If there is no internal turbulent motion in the cloud but only thermal motion of the 


atoms corresponding to a kinetic temperature ba then 
2kT 


Amy 


(9) 


where A is the atomic weight of the atoms in question, expressed in units of mo, and k 
is the Boltzmann constant. In the general case, 6 describes the velocity distribution 
within the cloud produced by both thermal and internal turbulent motion; an equivalent 
temperature can then be defined by equation (9). 

When equation (8) is valid, equation (7) reduces to the well-known Doppler effect— 
damping expression for the absorption coefficient, 


Mo ae eg eT (ume) du 


eta. a ee [6]? + | [»—> (1+”)- Ro ae 


8r2c qi 
Introducing the integration variable, 








coi — uo, 


ine (11) 
the Doppler constant, 
b= bp ms (12) 
or 
po (2A . 


and the ratio a of the damping constant 6,” and the Doppler constant 6, both measured 
in wave-length units, 

(d) 

5 

a= (14) 


~ pa)? 
we can write equation (10) in the form 


Ss 1 gy 47°? e—“dy 
— — gq - -— 5 
8arVarc b® gy ont f a2+ (v—y)?? “ 
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1 Uo Ar 
6=55P—-M( +See 


is the deviation Ad of the wave length A, considered from the central wave length Xo 
(1 + uo/c) of the interstellar line corresponding to the cloud, measured in units of the 
Doppler constant, b, 

Defining ao by 


where 


4 1 Qk 
4g" | am ay (16) 
8rvmc b™ qy P 
we have 
a L e-vdy is 
ay => ao = ar te ae —__. 7 7% 
T o @*--(o—-y)? 


The second factor on the right-hand side, which gives the ratio a,/do, is a function of 
a = 5,%/b™ and v = Ad/b™. This function has been tabulated by Hjerting." 
Equation (4), giving the equivalent width w™, can be written in the form 


wr) 


kan Ff 
5a . 


o To. 
ay/ao *) dv ; (18) 


fi= 


where we have introduced the optical thickness, 79, corresponding to do defined by 


equation (16), 
tTo=Nay. (19) 


Equation (18) shows that w/b can be computed as a function of 79 and 
a = 6{%/b™, since a,/ao is a known function of the variable of integration v and the 
constant a. The calculations involve numerical quadratures according to equation (18), 
use being made of the tables of a,/do. 

Now, for the interstellar lines in question, the ratio (a) of the damping constant 6 
and the Doppler constant 6™ is small, around 0.001 or smaller. Moreover, the inter- 
stellar lines that we are going to consider are not strong enough to show appreciable 
damping wings. We therefore expect that calculations of w/b, according to equations 
(17) and (18), with a = O will be sufficiently accurate for our purpose. That this is, in 
fact, the case is shown by Table 1 of w/b as a function of 79, computed by numerical 
quadratures for a = 0 and a = 0.001. 

We notice that it is only for 7) greater than about 1000 that the difference between 
the two sets of values becomes at all appreciable. Now, as we shall see, this part of the 
table will not be needed for our purposes. 

In the following calculation we shall therefore put a = 0. Then 


() 
k 


T. Q& 
—=— = ——_ = e7?? > (20) 
TO ao 


and the numerical calculations according to equation (18) are somewhat simplified. 
Table 2 gives log [w/b] in greater detail as a function of log 7» for a = 0. 
The table was calculated by numerical quadratures and checked by the tables of Laden- 
burg and Levy.'* (The explanation of the other columns of Table 2 will be given later.) 
Representing the relation between to = Nao and w/b graphically, we obtain a 
theoretical curve of growth for interstellar lines, corresponding to the case of absorption 
by one cloud with a Gaussian radial-velocity distribution. We note that w/b is pro- 
portional to 7 for small values of 79. As the optical thickness 79 at the center of the line 
increases, the line becomes more and more saturated, and hence the increase of w™ with 
ro, and therefore with NV, becomes very slow. 
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With the aid of Table 2, theoretical values of the doublet ratio of such lines as the 
D1 and D2 lines of Nat and the H and K lines of Ca 11 can be calculated as a function 
of 7» for, say, the fainter line of the doublet; for, to any given value of 7/\/’ for the 
fainter line there corresponds a value 7{*’ = 27(/) for the stronger line. The correspond- 
ing values of the equivalent widths and the Doppler constant (which, of course, is prac- 
tically the same for the two lines) can be read from Table 2, and the ratio w! /w)” 
found. Table 2 also gives the theoretical doublet ratio as a function of log 79 for the faint- 
er line, again for the case of absorption by atoms with a Gaussian radial-velocity dis- 


tribution. 


TABLE 1 
w if) wir) wd) 
" log pC) for log 5 (A) for ig log 5 (A) for log p(d) for 
a=0 a=0.001 a=0 a=0.001 
ee rai 924-10} 9.24-—-10 100 <f 0.66 0.66 
Y ee | 0.11 0.11 1000... 0.74 0.76 
10s 2... 0.52 0.52 
TABLE 2 
log ro | log wr) 750) | Doublet Ratio | log N /w) log NV /w\? Ratio 
for D1 or H | for D1 or H_ | D2/D1 or K/H| for D1 for H D1/3303 
9.0—10.....! 9.24—10 | 1.91 12.98 13.30 
_ ee 9.43 | 1.88 | 12.99 13.31 
A, 9.61 1.84 13.01 13.33 
62a) ee 1.77 13.03 13.35 
9.8 | 9.96 1.66 13.06 13.38 
0.0 0.11 1.33 1333 13.43 
0.2 0.24 1.39 13.18 13.50 
are 0.34 1.29 } 13.28 13.60 
0.6 a5s 0.42 Ra 13.40 13.72 $1 
0.8 0.48 1.16 13.54 13.86 59 
1.0 i 0.52 1335 13.70 14.02 42 
A 2 0.56 ee 13.86 14.18 29 
1.4 0.59 1.10 14.03 14.35 20 
1.6 0.62 1.08 14.20 14.52 14 
‘lo Se ee 0.64 1.07 14.38 14.70 | 10.2 
<5 | ne coer 0.66 1.07 14.56 14.88 7.4 


When the equivalent widths of both the stronger and the fainter line of an inter- 
stellar doublet have been observed for a given star, and if the hypothesis is made that 
the absorbing atoms (or ions) have a Gaussian velocity distribution, then both the 
Doppler constant 6% and 70, and hence N, corresponding to the column of atoms be- 
tween the observer and the star, can be determined. The measured doublet ratio gives 
tT) = Nao and w™ /b™ for the fainter line with the aid of Table 2. Since w™ is known, 
b™ follows, and hence dp (cf. eq. [16]) and V. This is, in principle, the method used by 
Merrill and Wilson.*® 

It appears from Table 2 that the method is limited to a certain range of ro, corre- 
sponding to doublet ratios roughly between 1.8 and 1.3. Outside these limits small errors 
in the observed doublet ratio lead to large errors in 6. However, the number of ab- 
sorbing atoms, JN, is well determined for all values of ro up to about 2.5, corresponding 
to doublet ratios greater than about 1.3. The uncertainty in the determination of b™ 
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for weak lines does not affect the determination of NV. This is clearly seen in the case of 
very weak lines. In the limit of very small 79, we have, according to equations (18) and 
(20), 

=~ = Vato (rosmall) (21) 


or (cf. eqs. [16] and {19}]) 





8c 1 
j= of q1 — wl), (22) 
MA dk Ga 


This is, in fact, the standard equation connecting line strength and the number of 
absorbing atoms in the case of absorption by an optically thin column.’ 
Quite generally, according to equations (16) and (19), 


(A) . 


w®) 4 Gi Aer 


7 = nN 
N _84"Vmreq 1 Ss | pa 


u 


The last factor on the right-hand side of this equation can be found with the aid of 
Table 2 as a function of 7» or of the doublet ratio. The other factors on the right-hand 
side are known for the particular interstellar lines in question. Thus, for any of these 
lines, V/w can be tabulated as a function of the doublet ratio. This means essentially 
that the Doppler constant 5 is eliminated in the determination of V from the equiva- 
lent widths of the two lines of an interstellar doublet. Table 2 gives log N/w™ for the 
fainter line of the Nat and Ca u doublets (i.e. for D1 and H) as a function of either 7 
for the same line or the corresponding doublet ratio (D2/D1 or K/H). It is clear from 
this table that V/w is well determined by the doublet ratio up to the limit of t> men- 
tioned above, i.e., for all values of log V/w™ up to about 13.3 for D1 and 13.6 for H. 
For larger values the doublet method fails. The lines become saturated and their 
strengths insensitive to variations of V as well as 6”. 

The failure of the doublet method for strong lines means a serious limitation. Dun- 
ham® has determined the number of absorbing NaI atoms in a case where the doublet 
method fails (interstellar lines in the spectrum of x? Ori), from measures of equivalent 
widths of the two components of the second sodium doublet at 3302-3303 A. The ratio 
of the transition probabilities, aj:, for the two sodium doublets is known” and is equal 
to 21.8. Hence, the ratio D1/3303 of the equivalent widths of the two fainter lines of the 
doublets can be calculated as a function of V/w for D1 by the same procedure that 
was used in the case of the doublet ratio D2/D1. The calculated values of D1/3303 are 
given in Table 2 and are valid for the case of a Gaussian radial-velocity distribution of 
the absorbing atoms. 

It appears from Table 2 that the method of determining NV and 6 from the relative 
strengths of one line from each of the two sodium doublets can be used up to much higher 
values of V/w). The application of this method, however, requires measures of equiva- 
lent widths of quite faint lines if the method is to be used from the point where the 
D1/D2-method begins to fail. 

In order to illustrate the use of Table 2, we shall first apply the method to the data 
given by Dunham for the two interstellar sodium doublets in x? Orionis. The equivalent 
width of Dlisw™ = 0.39 A, that of 3303 Ais w = 0.040 A. The ratio D1/3303 = 9.8, 
when used in Table 2, gives log V/w™ for D1 equal to 14.40; hence log N = 13.99. The 
number of absorbing sodium atoms is thus found from the strengths of D1 and 3303 A 
to be VN = 9.8 X 10!%. Also, 6 is found to be 0.09 A. Next, consider a case in which 
measures have given equivalent widths of the interstellar D1 and D2 lines in a star 
equal to 0.16 A and 0.24 A, respectively. The doublet ratio is 1.50, and Table 2 gives 


16 A, Filippov and W. Prokofjew, Zs. f. Phys., 56, 458, 1929. 
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log N/w™ for D1 equal to 13.12 so that log N = 12.32. The Doppler constant 6 is 
found to be 0.11 A in this case. 

We shall now consider cases where the radial-velocity distribution of the absorbing 
atoms (or ions) is not Gaussian. 

First, let us assume that there are between the observer and the stars a number, », 
of equal clouds. Each cloud is supposed to be characterized by a Gaussian radial-velocity 
distribution of its atoms, as before. Let us further assume that the radial velocities of the 
clouds are such that the interstellar lines do not interfere. This means that the difference 
of the radial velocity of any two clouds is more than about four times the Doppler 
constant 6 (in velocity units) of each cloud. In this case the total number of absorbing 
atoms, J, is divided over » clouds, with N/x in each. The optical thickness of each 
cloud is then 79/n (cf. eq. [19]). The total equivalent width of the interstellar lines pro- 
duced by the clouds is therefore n + w\”(79/7). Consider, now, the theoretical relation 
between w™ and N in the case of the 7 clouds. It is seen to be the same as the standard 
relation for one cloud, only the Doppler constant has to be taken equal to vd. In using the 
doublet method, the case of 7 clouds that do not interfere is therefore equivalent to that 
of one cloud with a Doppler constant times that which is valid for each cloud. In par- 
ticular, we see that the relation between the doublet ratio and V/w™ (cf. Table 2), in 
which the Doppler constant is eliminated, remains unchanged. 

On the other hand, a number of clouds with equal, or practically equal, radial veloci- 
ties, have, of course, the same effect as one cloud with the Doppler constant 0. 

If the number of clouds intercepted by the line of sight to the star is large and if the 
distribution of the radial velocities of the individual clouds is Gaussian with a Doppler 
constant 6’, then the resulting velocity of all the absorbing atoms between the observer 
and the star is Gaussian, with a Doppler constant equal to (8? + 6”)'/? or, since it can 
be assumed that 0’ is at least a few times larger than b, approximately 6’. Again, the re- 
lation between the doublet ratio and N/w™ remains unchanged. 

The case of a relatively small number of clouds with interstellar lines that partly over- 
lap is rather complicated. We shall treat here only the case of two equal clouds. Call 
the radial velocity of the two clouds uj and 4’, and 6 the Doppler constant characteriz- 
ing the Gaussian radial-velocity distribution in each of the clouds about the radial 
velocity of the cloud. Then the radial-velocity distribution of the absorbing atoms is 
given by 


1 ~ (u—ud)'/o? 1 ~(u—ws’) /o? 
(a) =~ € , +—>=- € er (24) 
¥ aJ/ab 2V/xb 
With a = 0 as before, we now have (cf. eq. [20]) 
Tr ay 1 Bt ry alt= 

es oe hg (0 [8/2] a)? 1 ,—(vt1/2)a)? 25 
= = 5 ¢ oo 3 (25) 

T0 ao , 

where 
, iad 
Uy — Uo 26) 
a= —— 
b 


is equal to the velocity difference between the clouds measured in. units of the Doppler 
constant 6. 

With the help of equations (18) and (25), w/b can be found as before by the 
method of numerical quadrature, now as a function of 7) and a. Table 3 gives w) /b™ 
as a function of ro for radial-velocity differences of the two clouds equal to 0, 1, 2, and 3 
times the Doppler constant 6. The values for velocity differences so large that the inter- 
stellar lines do not overlap at all are also given. 

From the numerical values given in Table 3 it is found that the relations between 7 
and w/b for the different values of a = Auw/b can be reproduced rather accurately 
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from the relation valid for one cloud by assuming a different Doppler constant, larger 
than the one valid for each cloud. The value of this effective Doppler constant, 5,, is 1.20, 
1.5, 1.86, and 26 for Au = 6, Au = 2b, Au = 3b, and Au> 3, respectively; this is more 
clearly seen when the ratio V/w™ is tabulated as a function of the doublet ratio, so that 
the Doppler constant is eliminated. Table 4 gives log [ro/(w™/b™)] for the fainter line 
of a doublet, a quantity which, according to equation (23), is proportional to V/w™, 
as a function of the doublet ratio. The values have been calculated from those given in 
Table 3. 




















log ro Au=0 Au=b Au= 2b Au = 3b Au>bd 
9.6—10..... 9.79—10 9.80—10 9.81—10 9.82—10 9.82—10 
9.8—10.... 9.96—10 9.97-—10 9.99—10 0.00 0.00 
Le er ee 0.11 0.13 0.16 0.18 0.18 
RB ce F feanat 0.24 0.27 0.31 0.34 0.34 
ae 0.34 0.39 0.45 0.48 0.48 
| . 0.42 0.48 0.56 0.59 0.59 
dt ee 0.48 0.54 0.63 0.67 0.68 
i) ee wis 0.52 0.59 0.68 0.74 0.75 
ee ee ee: 0.56 0.63 0.71 0.78 0.80 
| in: ae 0.59 0.66 0.74 0.80 0.84 
2 ee 0.62 0.68 0.76 0.82 0.87 
Pitas 323 108 0.64 0.70 0.78 0.84 0.90 
v See 0.66 0.72 0.79 0.86 0.93 








* The table gives log w(A) /b(). 














TABLE 4* 
Doublet Ratio Au=0 | Au=b | Au= 2b Au = 3b Au>b 
i eget 9.75—10 9.75—10 9.75—10 9.75—10 9.75—10 
SD eer 9.76 9.76 9.76 9.76 9.76 
&. 9.80 | 9.80 | 9.80 9.80 9.80 
hae 9.83 | 9.83 9.83 | 9.83 9.83 
a a 9. 86 | = 987 | 9 88 | 9.86 9.86 
1.5. 9.90 | 69.91 | 9.92 9.90 | 9.90 
1.4. 9.95 | 9.97 | 9.97 9.95 9.95 
2. 0.07 | =. 04 | = 0.03 0.03 0.07 
Se aoe 0.21 0.19 | 0.15 0.16 0.21 











* The table gives log [ro (w%?) 760) y] for the fainter line of the doublet (cf. eq. [23]). 


It appears from Table 4 that the values for the case of two equal clouds are practical- 
ly the same as those valid for one cloud (Au = 0) in the whole range of applicability of 
the doublet ratio method, irrespective of the velocity difference between the clouds. Less 
extensive calculations for the case of two unequal clouds indicate that the situation is 
the same here also. 

Altogether, it appears that the doublet ratio method, based on the theoretical rela- 
tions valid for a Gaussian radial-velocity distribution of the absorbing atoms, has a 
rather wide range of application. Only it must be kept in mind that, while V always refers 
to the same quantity, namely, the number of absorbing atoms in the entire column of 
unit cross-section between the observer and the star, the effective Doppler constant 
varies between the limits 6 and (6? + 6”)'/? and generally increases with the number of 


clouds. 
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IV 
In thermodynamical equilibrium at temperature 7, the ionization is given by the 
Saha equation, valid for any two consecutive stages of ionization, 


¢ pT ¢ ) a 3/2 ) ‘7 
RO OL ae a7) 
aie 1 
Here Jt; and §t;’ are the numbers per cubic centimeter of atoms or ions in the ground 
states of the two consecutive stages of ionization in question; g; and q;’ the correspond- 
ing statistical weights; J the ionization potential involved; and Yt, the number of free 
electrons per cubic centimeter. 
Eddington’? first considered the ionization of an element in interstellar space. He 
assumed the intensity /, of ionizing radiation from the stars for frequency v at a typical 
point in interstellar space to be given by 


I, = wB, (T ;) 


where w is the so-called ‘dilution factor” and B,(7;) is the Planck intensity correspond- 
ing to a temperature 7; which is of the general order of the effective temperatures of 
stellar atmospheres. Eddington estimated that w = 10~“ and 7; = 10,000° would give 
a reasonably good representation of the stellar radiation at a typical point in inter- 
stellar space. He further showed" that the velocity distribution of interstellar atomic 
particles might be expected to correspond to the thermal velocities for a temperature 
about equal to 7;, or 10,000°. Eddington finally derived the following ionization equa- 
tion for interstellar space: 

47 9 te 

es Ne ad (2am,.)** oa (AT,) #2 @! RT iy (28) 

Mi hs q; 





which differs from the Saha equation by the occurrence of the dilution factor w. 

If the kinetic temperature describing the thermal motion of the interstellar atomic 
particles is 7, an additional factor (7/7 ;)!/? occurs on the right-hand side of the equa- 
tion (cf., e.g, Rosseland!’), 


NN, sae (2am, we 2q1 ( kT ‘he 2 a AT; (FE) w (29) 
\ 1 2 “. 


a» . —_—. q 


For a further refinement of equation (29), consider the equilibrium between ionization 
and recombination processes in interstellar space. The atoms and ions are here practical- 
ly all in the respective ground states, the number of atomic particles in excited states 
being reduced by a factor of the order of the dilution factor in comparison with thermo- 
dynamical equilibrium. This means that the ionization processes occur from the ground 
states only. The recombination processes, however, will occur as in a gas in thermo- 
dynamical equilibrium at a temperature equal to T.. As a consequence, the ratio Jty’/I; 
will be increased and the ionization equation (29) must be corrected accordingly.*” 

The calculation of the ratio 3t;’/9t; can be carried out by the standard method of 
calculating the number of ionization processes from, and the number of recombination 
processes to, any particular stage of ionization and equating the two quantities. 


16 Eddington, Proc. R. Soc., London, A, 111, 424, 1926; cf. also H. C. van de Hulst, Ned. Tijdschr. v 
Natuurk., 12, 168, 1946; L. H. Aller and D. Bohm, 4 p. J., 105, 131, 1947. 


17 Op. cit. 
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The number of photoionizations from the ground state is found as follows: We write 
the intensity /, (averaged over all directions) of the ionizing radiation at frequency », 
in the form 

2 hy? ne 
I, =G, Lis gry, (30) 
: 


9 


When the intensity /, is given as a function of v, any choice of a value of 7; defines 
the corresponding function G,. In certain connections the most favorable choice of T; is 
the one which makes G, as nearly constant as is possible in the region of the spectrum 
that contributes most to the ionization of the element in question. (The reason that the 
definition of the function G, by eq. (30) is somewhat more convenient than a correspond- 
ing definition involving the Planck intensity is that the number of induced recombina- 
tion processes is negligible in interstellar space.) 

Call the continuous absorption coefficient, at frequency v in the continuum corre- 
sponding to the ground state of the atom the ionization of which is considered, a{"’. Then 
the number of photoionizations per unit time and unit volume is 


co 
(ph) , 4dr (1) 
rae =n f = az Lae (31) 
LV 


Vi 
where v; is the limiting frequency of the continuum in question, or 


) 

(ph) (8m f°? (1) 2, —ne/kT; 

ny = RN, — Z tat ORS (32) 
G* v 


The continuous absorption coefficient will, in most cases, be a rapidly decreasing 
function of v(v > »). For hydrogen a,'’ is approximately proportional to v~*. We define 
Al by 

(1) Vy ,() 
a =a A (33) 
Vv 


q +*P ’ 


where a; is the absorption coefficient at the series limit. Hence A{” is unity at the series 
limit and usually varies considerably less with wave length than does a{!). With this 
definition, 
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The number of recombinations to the stationary state & resulting from captures of 

free electrons in the energy range E., E, + dE. corresponding to the frequency range v 
and v + dy of the emitted radiation, is 


(res k) vr i(k) 
Ny d=, By vdN., (35) 


where v is the electron velocity corresponding to the energy and dt, the number of free 
electrons per unit volume in the energy range in question, while 8!” is the capture cross- 
section. The latter quantity can be expressed in terms of the continuous absorption co- 
efficient a" in the continuum corresponding to the stationary state k with the help of 
the Milne relation: 


( 2h? gz 1 w 
BP ap een i oe ee (36) 
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The velocity distribution of the free electrons in interstellar space can be assumed to 
be a Maxwellian distribution iceman to ae T.. Then 


dN, =N, Gp Oe iia (37) 


Inserting equations (36) and (37) in equation (35) and using equation (33), we get, 
after some reductions, 


, 
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(rer k) ” —E,/kT, 9p 
ny dv=MN, MN i ee ee. (38) 


Here a, denotes the continuous absorption coefhicient at the frequency vA of the series 
limit corresponding to the stationary state &, while 4{*) is analogous to 4!" (cf. eq. [33]). 
Integrating this expression over the energy range of the free electrons, we find the total 
number of recombinations to the stationary state k to be 


(re) h’ oP Sr 2 . (k) —EJ/kT 
me = MN. (2am. kT,)*/2 24" hee vere f ar af ee... (39) 


We now equate the number n{?") of photoionizations from the ground state (cf. eq. 
[34]) to the total number of recombinations (cf. eq. [39]) for all states: 


fee] 
) ») c 
ny? = =, “a” (40) 
k=1 
With the substitutions 
iv=I+E, (41) 


and dE, = hdy in equation (34), we get, after inserting from equations (34) and (39) in 
equation (40), 


Ni is ayv} < eek: ae Gg, fr ‘d () 
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Solving for Jt;'It./M; (cf. eqs. [27], [28], and [29]) we finally obtain the required ioniza- 
tion equation: 


(42) 


II 
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where 


+> quia f- 4 ® eo EdkTeg (=) 
= , “aa kT. 


Equation (44) may be regarded as an expression giving the proper modified dilution 
factor W to be used in equation (43), which is otherwise identical with equation (29). 
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In order to interpret equation (44), we consider the case that A“) and G, are inde- 
pendent of », AS) = 1, G, = G. Then 


49 

0 an SG, (45) 
re 
a Vie Ay, 

If in the sum over all the stationary states, all the terms arising from the excited 
States (Rk = 2,3,...) are neglected, then W reduces to G, and we recover the usual defini- 
tion of the dilution factor. When the terms in question are retained, W is correspondingly 
reduced by a certain correction factor. 

When 4$*? and G, vary with frequency, equation (44) shows how the proper mean 
values are to be calculated. 

The determination of W according to equation (44), i.e., of the correction factor to 
the Saha-Eddington equation as used in previous investigations, can be carried out if 
the ionizing radiation and all the continuous absorption coefficients a" are known. For 
the purpose of such calculations it is somewhat more advantageous to re-write equation 
(44) in the following form obtained by using equations (30) and (33): 


9 -_ (1) [V1 ; =e | i) 
qui f wl ay Ee (Ti) “Gr, 


W= —_ —, (46) 
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* qviar f At gar ne Gx) 


k=1 


where B,,(7T;) denotes the Planck intensity at the series limit »; for the temperature 
T ;. It is easily verified that Nj’/N./It{ is independent of the choice of T;, which could well 
be eliminated from the equation. What matters is, of course, only the strength of the 
ionizing radiation, while B,,(T;) is just a convenient unit for expressing the intensities. 

With a view to application, it is desirable to calculate the modified dilution factor W 
for a number of atoms and ions (cf. Secs. VI-VII), including Nat, K 1, K 1, Cat, Can, 
Fe1,and Fe 11. The necessary data are available, more or less completely and accurately, 
for Nat, K1, Cat, and Cam. Continuous absorption coefficients of the ground state 
and of a number of excited states of Na 1 have been calculated theoretically by M. 
Rudkjébing.'® The difficult case of the ground state of K 1 has been treated theoretically 
by D. R. Bates,!® and experimental values by R. W. Ditchburn, J. Tunstead, and J. G. 
Yates”® are also available. For Cat and Ca 11, quantum-mechanical calculations have 
been carried out by H. S. W. Massey and D. R. Bates” for the ground state, by L. C. 
Green” for both the ground state and some of the excited states. 

The cases of Fe rand Fe 11 are difficult, while A 11 is relatively simple.** The necessary 
data for A 1 are expected to be available in the near future. 

Determinations of W according to equation (46) have been carried out for Nat, K 1, 
Cat, and Cat. In calculating the sum in the denominator, the hydrogenic values of a, 
have been used. General quantum-mechanical arguments indicate that the values thus 


18 D. Kgl. Danske Vidensk. Selskab, Mat.-fys. Medd., Vol. 18, No. 2, 1940. 
19 Proc. R. Soc., London, A, 188, 350, 1947. 
20 Proc. R. Soc., London, A, 181, 386, 1943. 
21 Proc. R. Soc., London, A, 177, 329, 1941. 


% Unpublished. The author is indebted to Dr. Green for putting the preliminary results of his calcula- 
tions at his disposal in advance of publication. 


*3 Cf. D. R. Bates, M.N., 106, 432, 1946. 
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obtained are approximately correct.” This conclusion is confirmed by the calculations 
for excited states of Nat (Rudkjébing) and Ca 1 (Green). In carrying out the calcula- 
tions in question, it is, of course, important to use the proper radial quantum number of 
the stationary states. In actual practice the quantity 


ee) a E 
> 2 (k) —EJ/S/kT e 

wiar f d 1 , é € ed (=) (47) 
amends, kT, 


can be calculated with the values of gx, vx, a, and A}” corresponding to hydrogen, and 
(relatively small) corrections applied, to reduce for any deviation from this according 
to the available information regarding the lowest excited states. 

The quantity (47) was determined for three different values of the kinetic tempera- 
ture 7., namely, 10,000°, 1000°, 100°. The two latter values were chosen in view of 
Spitzer’s investigations regarding the temperature of // 1 regions containing interstellar 
solid particles. 

In the numerical calculations of the quantity (47) the correction factors to Kramers’ 
expression for the hydrogenic absorption coefficients were put equal to 1 (the corre- 
sponding errors are quite small). Thus a, ~ v~*, and A, = »1/v, so that” 


© tk) Bete) ( Ee \ WM ere a) (48) 
I A® ¢ a(t =F Ki (Ga 48 


where A, denotes the exponential integral of the first order. 

The contribution of the stationary states with high quantum number to the sum in 
equation (47) is quite appreciable, especially for the lower temperatures. Beyond n = 40 
an integral was substituted for the sum and evaluated by numerical quadrature; beyond 
n = 200 the quadrature was carried out analytically, using a sufficiently accurate ap- 
proximation of the integrand, obtained from the well-known expansion of the exponen- 
tial integral involved, which is valid for small values of its argument. Table 5 gives the 
values of the quantity (47) obtained for the three temperatures mentioned. 

In calculating the numerator of the expression (44) for W, the intensity /, of the 
ionizing radiation must be known as a function of the frequency. In the present calcula- 
tions the values derived by Dunham? were adopted. Dunham’s values were derived from 
determinations of the integrated light of stars of the various spectral classes and on the 
basis of assumed intensity-curves (Planck curves of specified temperatures) for these 
classes. We adopted the values found by Dunham when the correction for interstellar 
selective absorption was neglected. No direct information is available regarding the 
interstellar particle absorption in the wave-length regions of the ionizing radiation. From 
the work of Oort and van de Hulst? on the size-distribution function of interstellar par- 
ticles and from the results derived from them regarding the dependence of interstellar 
particle absorption upon wave length,” it appears quite probable that the absorption in 
the far ultraviolet is about equal to that in the photographic region, so that the correc- 
tion in question would, in fact, be small. 

In the cases of Nat, K 1, and Cat, the contribution of the ionizing radiation beyond 
the Lyman limit at 911 A to the number of photoionizations is negligible. For Ca 11, 
with J = 11.9 volts, this is not the case. Here the calculation was carried out both for 
the assumption of complete cutoff of the radiation in question (#/ 1 region) and for the 
assumption of negligible cutoff (H 11 region). 

In the case of Nat the existing data for the continuous absorption coefficient of the 





24 Cf. Bates, Buckingham, Massey, and Unwin, Proc. R. Soc., London, A, 170, 322, 1939. 
2 G. Cillié, M.N., 92, 820, 1932; 96, 771, 1936. 
26 Oort and van de Hulst, op. cit.; also H. C. van de Hulst, unpublished. 
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ground state are insufficient for the wave-length region beyond \ = 2100, which may 
contribute appreciably to the number of photoionizations. It would be desirable to carry 
the quantum-mechanical calculation to smaller wave lengths. This should present no 
special difficulties. For the present, the calculation was carried out on two assumptions, 
which were believed to give a lower and an upper limit to W, respectively. First, it was 
assumed that the number of photoionizations produced by radiation beyond the mini- 
mum of the absorption coefficient at about 2100 A was negligible.'* This certainly gives 
a lower limit. Next, an absorption coefficient independent of the frequency and equal to 
the value at the series limit (a; = 1 - 6 - 10~') was assumed. This presumably gives an 
upper limit. The geometric mean of the two limiting values, which differ by a factor 
about equal to 7, was adopted. [Since this was written Dr. Rudkjébing has calculated the 
continuous absorption coefficient of the ground state of sodium in the wave-length region 
900-2100 A. His results confirm the value adopted. | 

With a view to the uncertainties of the data regarding the continuous absorption co- 
efficients, no attempt was made to improve Dunham’s values for the ionizing radiation. 
In this connection it should be noted that recent work on the continuous spectrum of 
stars of spectral class around BO has indicated that the radiation from such stars may 
be considerably higher than that assumed in Dunham’s calculations, particularly in the 
wave-length region from 911 A to about 1500 or 2000 A. A revision of the adopted values 
would presumably not affect the values of W for Nai, K 1, and Cai very much. The 
values of W for Ca 1, however, might be reduced by a factor of 3, or even more, since 
the ionization potential is relatively high. 





TABLE 5 
~ 2 & ; (n) — EE. ( E, ) 
Pay winds f Ay ¢ d iT. 
re ae 1.3? 
1000 . own vi 
18... SSR 


The consequences of the uncertainties just mentioned will be discussed in the follow- 
ing sections. It should be emphasized that improvement of the accuracy through further 
investigations of the continuous absorption coefficients and of the ionizing radiation, 
although requiring a considerable effort, seems entirely feasible. 

The results of the present investigation regarding the state of ionization of Na1, K 1 
Cat, and Ca 11 in interstellar space are summarized in Table 6. 

It appears from Table 6 that the correction factors to the equations previously used 
are quite large, the total range being from 2.6 to 1600. The corrections increase with 
decreasing temperature. This is due to the fact that the relative contribution of the 
highly excited states to the number of recombinations increases with decreasing tem- 
perature. 

A second effect of decreasing temperature is already taken into account in equation 
(29) through the factor (7./T;)!/*. The two effects act in the same direction. Thus, for 
instance, the value of Jt;'It./I; for Nai found from the previously used equation (29) 
and temperature 7, = 10,000° differs by a factor of 16,000 from that found here for 
T. = 100°. 

The value for Cat and T, = 10,000°, i.e., a correction factor equal to 2.6, agrees well 
with the value found by Massey and Bates,”' neglecting the variation of A, and G, with 
frequency (cf. p. 255, especially eq. [45]). 

The consequences resulting from the application of the derived correction factors will 
be discussed in Sections VI-VIII. It may already be noted here that their general effect 
is to diminish very considerably the interstellar gas densities, found by calculation, cor- 
responding to given observed interstellar absorption line strengths. 
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V 
In an earlier investigation,” the author discussed the problem of the extent of the 
regions of ionization of hydrogen in interstellar space (H 11 regions). The case treated 
was that of a star surrounded by a hydrogen medium of uniform density. It was shown 
that the 7 11 and Ht regions are sharply divided, the H 1 region extending to a certain 
























































TABLE 6 
SS 
A I Correction Fac- 
nicracncet T log (N’Ne/N) | tor to Equation 
(29) 
OS a aa . 10 ,000° 1.73 500 
1000 0.92 1000 
100 0.22 1600 
RAN occas ee es nee 10,000 2.38 200 
1000 1.50 500 
100 0.77 900 
2 iy ae 10,000 4.29 2.6 
1000 3.41 6 
100 2.068 10 
2. Srey 10,000 0.44 200 
Cutoff at 911 A 1000 9.79—10 300 
(H I regions) 100 9.18—10 400 
OE | Gee Sa 10,000 0.72 100 
No cutoff at 911 A 1000 0.07 160 
(H II regions) 100 9.46—10 200 
TABLE 7 
Adopted | Adopted 
Spectral Adopted Visual 3 gn2/3|| Spectral Adopted Visual so(pec.) Xx M23 
Class Temperature*} Absolute so(pse.) X Ni Class Temperature*} Absolute o(pse.) X Nj 
Magnitudet Magnitudet 
OR 79 ,000° —4™2 140 i ae 23 ,000° —2.5 17 
O60. cccnt GSD —4.1 110 | B2.......} 20,000 —1.8 ri 
MR yl 50,000 —4.0 87 B3.......| 18,600 —1.2 : Be 
OS... ..). 2.3] 403000 —3.9 66 | B4.......} 17,000 —1.0 De 
| 32,000 —3.6 46 1 RS....... 25,500 —0.8 x 5 
pee 25,000 ary 26 || AO.......| 10,700 | 40.9 0.5 
pe Ce ae ee a ee ares See —— Q 
*G. P. Kuiper, Ap. J., 88, 429, 1938. t R. Trumpler, Lick Obs. Bull., No. 402, 1930. 


distance, so, from the star, so being a function of the effective temperature and radius of 
the star and of the density of the interstellar hydrogen gas. The results are summarized 
in Table 7 (cf. Strémgren, of. cit., p. 533), giving the radius so of the H 1 region around 
a star as a function of the spectral class of the star, and the number Yty of interstellar 
hydrogen atoms or ions per cubic centimeter. 

The various approximations made in the derivation of the above values have been 
indicated in the investigation just mentioned. It was not deemed necessary to improve 
the accuracy for the purposes of the present investigation or to change, at present, the 
adopted temperatures and absolute magnitudes. 
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When the spatial distribution of the interstellar hydrogen gas is nonuniform, the 
problem becomes more complicated. In principle, the extent of H 1 and H 11 regions cor- 
responding to a given distribution of ionizing stars and a given density distribution of 
interstellar hydrogen can be worked out. Our knowledge of the hydrogen density dis- 
tribution is, however, still so incomplete that it would not seem justified, at present, to 
attempt any very accurate calculations regarding the extent of these regions. In this 
section we shall treat a few simplified cases that seem to be of interest, with a view to the 
general picture of the spatial distribution of the interstellar gas discussed in Section I. 

We shall consider, first, the ionization of a hydrogen cloud by a neighboring star situ- 
ated at a distance large compared to the dimensions of the cloud, assuming the density 
of interstellar hydrogen between the cloud and the ionizing star to be so small that the 
absorption of the ionizing radiation along the path from the star to the cloud can be ne- 
glected. This case can be treated according to a method previously developed.?? 

Let a star of radius R and effective temperature 7 be situated at a distance r from an 
interstellar hydrogen cloud of density tv hydrogen atoms or ions per cubic centimeter. 
We assume r to be large compared to the dimensions of the cloud. The dilution factor 
of the radiation from the star as seen from the cloud is 


R2 
= —, (49) 


The degree of ionization, «, of hydrogen at a point inside the cloud at which the re- , 
duction of the ionizing radiation by the absorption in the cloud is e~’4, is given by 


x? (Zam,) */2 a. 3/2 kT. — ss 
_— Ny= ince. ig veg MH Tye %=Ce™, (50) 
i- h’ 
Denoting the effective absorption coeflicient of the ionizing radiation per neutral 
hydrogen atom by ay, the expression for the optical depth, 7u, is 


‘= fayNyd S,; (51) 


where the integral is extended along the path of the line of sight from the star through 
the cloud for the point considered. From the discussion quoted above, it follows that the 
I] 11 region extends to the point So on the path for which (cf. eq. [50]) 


Cae " 
f Neds=—, (52) 
0 a, 


Assuming 9ty to be constant along the path, we find 


. C 
So= Th: (53) 
G,, . H 


Comparing this with the expression” for the radius so of the H 11 regions in a uniform 
medium surrounding a star of the same temperature and radius, we find 


3 
So= (54) 


where again r is the distance from the cloud to the star, assumed large compared to So, 
the distance of penetration of the ionizing radiation into the cloud. Table 8 gives So as 
calculated from equation (54), using the values of so given in Table 7. 


27 G. P. Kuiper, O. Struve, and B. Strémgren. A p. J., 86, 570, 1937, Sec. IIT. 








260 BENGT STROMGREN 


Let us consider an O5 star at a distance of 100 parsecs from a cloud of density Ny = 10 
hydrogen atoms and ions per cubic centimeter. From Table 8 we find that the ionizing 
radiation penetrates to a distance of Sy) = 0.9 parsecs into the cloud, producing an H 1 
region of corresponding extent. A clustering of m O5 stars would give Sp = n X 0.9 par- 
secs. For a B2 star at 100 parsecs, the penetration for Jty = 10 is 4 X 10~‘ parsecs, and 
even for the distance 10 parsecs, So is only 0.04 parsecs. 

Next, we shall consider the ionization by the general galactic radiation. Let us assume 
for a moment that the general galactic radiation in the wave-length region beyond the 
Lyman limit is not appreciably reduced by the hydrogen gas surrounding the cloud con- 
sidered, or by other clouds. Adopting, as before, Dunham’s values of the intensity of 
the galactic radiation (not reduced for interstellar particle absorption, we find that 
the galactic radiation in the wave-length region beyond 911A corresponds to one 
star of temperature T = 25,000° and dilution factor w = 2 X 10~'”. We have to 
allow for the fact that the radiation ionizing the cloud considered comes from one hem- 
isphere only and also for the fact that the incident radiation is not normal to the surface 
of the cloud. This is done, roughly, by reducing the dilution factor by a factor of 3. 
Using the method already described, we find that this ionizing radiation produces an 
H trim of a thickness of about 6 parsecs X Ith’, where again ty is the hydrogen density 
of the cloud. 

TABLE 8* 


lonizing . 92 Ionizing x2 Tonizing | 992 Ionizing - 92 
Star So? Ny Star So? Wi Star | So? Nin Star | Sor? Nis 
O5 9-10° OB. 0:3 L-1O? Bl... | 2-108 B4.. 50 
O6 5:10° || O9.. 3-10* Boe waists gs" 4-10? || BS. 20 
O47... 22a BO. cs} CORE BS) cx 1:10? || AO.... 0.04 
Bs "A : i] ; a 
* yr is measured in parsecs. 


Now in interstellar space the general galactic radiation in the wave-length region be- 
yond the Lyman limit is certainly appreciably reduced by the surrounding hydrogen 
clouds, and possibly also by the hydrogen between the clouds. We shall discuss this ques- 
tion in the later sections. A very rough estimate, based on the results obtained there, 
leads to a thickness of the ionized rim produced by the general galactic radiation equal 
to 1 parsec X Jn’. 

The extent of the H 1 region produced by a star inside the cloud considered can be 
found with the help of Table 7. The radius will be so. Thus it is seen, for example, that an 
O5 star located at the center of a cloud will just ionize the entire cloud if the radius of 
the cloud multiplied by 9t#* is 140 parsecs. If the radius of the cloud is 5 parsecs (cf. 
Sec. I), then the limiting density from complete ionization is ty = 150. For a BO star we 
similarly find 3ty = 12.78 

In H u regions the free electrons and the protons will recombine and give rise to 
emission of a corresponding line spectrum. The strength of any emission line, say Ha, 
will be proportional to the product NxzM., or Ni, since Mt, is practically equal to Ny in 
H 1 regions. The relation between Jty and the intensity of the Balmer lines has been dis- 
cussed in a number of investigations.”® In an investigation’ relating to the extended 
interstellar emission regions in Cygnus and Cepheus, discovered by Struve and Elvey,'* 
it was found that the observed intensity of interstellar Ha emission corresponded to 
Nu = 4 for an assumed path of 300 parsecs through the emission region. Later observa- 


28 For an application of this kind of argument to the Orion nebula cf. J. L. Greenstein, Ap. J., 104, 
414, 1946. 


29 Cf. Strémgren, op. cit., and the work of Cillié, and of Menzel and Baker quoted there. 
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tions by Struve and Elvey*® have indicated that the intensities of the faintest inter- 
stellar hydrogen emissions observed are about six times fainter than the intensities upon 
which the calculations mentioned were based. The corresponding value of Jty is 1.7 
hydrogen ions per cubic centimeter for the emission path of 300 parsecs. 

The intensity of interstellar Ha (or H8) emission in the direction of any H 1 region 
is proportional to the product of Jt% and the length of the path along the line of sight 
through the H 11 region. We shall call the product of Itz and the length of the emission 
path in parsecs the emission measure of the interstellar emission lines in question. We see 
that the faint emission regions in Cygnus and Cepheus have an emission measure of 
about 1000. 

From the foregoing calculations of the extent of the H 11 regions produced in inter- 
stellar hydrogen clouds by the general galactic radiation or by a neighboring star, we 
can immediately deduce the corresponding emission measure. Let us consider, first, the 
ionized rims produced by the general galactic radiation. The emission path is 2 X 1 par- 
sec X Ny" multiplied by a factor equal to about 1.5, to allow for the average lengthen- 
ing of the path through the rim due to the angle between the line of sight and the 














TABLE 9 
Distance in | Distance in 
Star, at Emission Parsecs for an Star, at Emission Parsecs for an 
Distance Measure Emission Distance Measure Emission 
r Parsecs xr? Measure r Parsecs xr? Measure 
Equal to 1000 | Equal to 1000 
O5:;. 9-105 30 Bl j 2-10 ict e Share 
O6.. 5° 10° 21 B2 mass 4-10? Boao ay 
O7 2-10° 15 B3. ; 100 er een 
O8 1-10° 10 | Ba... 50 wt Se a a 
O09 3-104 | 6 B5 20 ETS ae ee 
BO 6: 108 2.4 AO..... | ere 


normal to the rim surface. The emission measure is thus seen to be about 3. This is so 
much smaller than the emission measure for the faintest observed interstellar hydrogen 
emissions, i.e., 1000, that we can conclude that the emission in question is unobservable. 

Next, we consider the emission measure of the H 11 region produced in a hydrogen 
cloud by a neighboring star. In Table 9 are given the values of the emission measure 
derived from the extent of the H 1 region found in Table 8. No correction for skewness 
of the ray to the ionized star, or to the observer, has been applied. 

Table 9 also gives the particular distance of the neighboring star which produces an 
emission with an emission measure of 1000. It was assumed in the calculations that the 
dimensions and density of the cloud are large enough to give this emission measure 
when the cloud is completely ionized. No values are given for stars beyond B1, since 
in these cases the distances become so small that they can no longer be considered large 
compared to the dimensions of the H 11 region, even for dense clouds. In the case of a 


clustering of ” stars, the distances are »/n times as large. We see that O stars, even at 
considerable distances, and clusterings of, say, ten O stars at distances up to 100 parsecs 
produce observable emission. 

Finally, we consider the emission measures of H/ 11 regions produced by a star involved 
in the cloud. Table 10, computed from the data given in Table 7, illustrates this case. 
It gives the emission measure, as well as that particular hydrogen density of the cloud 
which corresponds to the emission measure 1000 (assuming that the emission measure 


89 1p. J., 89, 517, 1939. 
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of the completely ionized cloud exceeds 1000). It appears from the table that O stars 
involved in a cloud will always produce an observable emission, if Itz is about 10 or 
more (and if the condition mentioned above regarding the cloud is fulfilled). For B stars, 
higher hydrogen densities are required, and the extent of the emission regions will be 
quite small. It should be emphasized in this connection that by “‘observable” we mean 
observable with the help of the nebular spectrograph technique.'* The emissions are 
much fainter than those observed as nebulosities in ordinary direct photographs. 

Having considered the influence of a neighboring star on the hydrogen ionization 
and hydrogen emission of a cloud, and also the influence of a star involved in a cloud, 
we shall now discuss the effects of clusterings of O stars on the surrounding clouds. In 
other words, we shall discuss the case of more extended H 1 regions containing several 
ionized clouds. 

Let us consider, first, two specific examples. Let a clustering of ten O7 stars be in- 
volved in a medium of uniform density Nty.'’ The radius of the 7 11 region produced by 
the clustering is 87 & (10)' 89t7?/3 = 190 Itz’? parsecs. The emission measure for a line 
of sight passing through the center of the region is 380 Ni*. Thus Ny = 2 gives the 
emission measure 1000. The corresponding diameter of the H 11 region is about 250 
parsecs. 

TABLE 10 








| | | 
| , yy} | , . sy} 
Emission | Coereponting Emission | (onsen 
Star es ‘ti mele Star fi Nl a ag 
x Na Measure 1000 || | " Ni Measure 1000 
NOD sian viscid 280 3 | B 30 13 
RIND ai ohatiorm int 220 3 ae 20 18 
ae 170 4 | B3.. 14 24 
O8.. 130 5 | B4.. | i 32 
O09 90 6 ae 7 39 
“Es eo 50 | 9 \O 1 180 





Now consider the case that the same clustering is surrounded by hydrogen clouds of 
radius 5 parsecs that occupy a fraction a equal to 0.05, or 5 per cent of space, the average 
number of clouds intercepted by a line being 7 per 1000 parsecs (cf. Sec. I). Let us as- 
sume that Jty in between the clouds is negligible (cf. Sec. VI) and that in the clouds it 
is 10 (cf. Sec. VII). The large-scale average density is then p = atv = 0.5. With the 
help of Table 8 we find that the ionizing radiation from the clustering of ten O7 stars 
just completely penetrates and ionizes a cloud when the distance of the cloud from the 
clustering is less than about 50 parsecs. For greater distances the ionization is incom- 
plete, and the ionizing radiation does not penetrate farther. Now the average distance 
at which a line from the clustering hits a cloud will be somewhat over 100 parsecs. Thus 
the clustering considered produces an H 11 region 200-300 parsecs in diameter. The 
emission measure of a completely ionized cloud within this region is 1000; for a cloud at 
the distance 100 parsecs it is 200. Since a line of sight passing approximately centrally 
through the region will, on the average, intercept somewhat less than two clouds (seven 
clouds per 1000 parsecs), we conclude that the 7 1m region in question will appear in 
emission with an intensity that is just observable. The average emission measure for a 
line of sight passing approximately centrally will be a little over 1000. The emission 
regions will mostly overlap, giving a roughly coherent, though somewhat patchy, 
emission region of a diameter of 200-300 parsecs. 

The theoretical picture thus derived is seen to correspond approximately to that for 
the case of a uniform medium of density Yty = 2. Both correspond roughly to the 
observed interstellar hydrogen emission regions in Cygnus and Cepheus.”” We note that 
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a large-scale average density four times smaller is sufficient in the case of the clouds to 
produce approximately the same effect as a uniform medium. 

If the density of the clouds is assumed to be considerably smaller than Ytq = 10, the 
situation becomes somewhat simpler from the theoretical point of view. The clouds will 
then be completely ionized up to distances from the clustering of O stars that are so 
large that a line from the clustering of ionizing stars to the limit of the ionized regions 
will, on the average, intercept several clouds instead of one or two in the case just con- 
sidered. Conditions then become more similar to those of a clustering of ionizing stars 
surrounded by a uniform medium. In fact, we can now imagine each cloud being spread 
out over a region approximately the size of the distance between neighboring stars with- 
out greatly modifying the dilution factors of the ionizing radiations involved. In this 
case the average effect of the clouds in reducing the ionizing radiation is given approxi- 
mately by tza, where a is the fraction of space occupied by the clouds.” Consequently, 
the radius so of the ionized region will be equal to that calculated for a uniform medium 
of density Ny) = a'/Mxyz. As the large-scale average space density of the matter in the 
clouds is p = aXty, this can also be written as ti? = a /2p. Since in the case of a uniform 
medium (cf. p. 258) so is proportional to (Jtiy’)~*’, it follows that so in the case considered 
is proportional to a!’%p~*/5, Comparing the case of clouds occupying the fraction a of 
space and having large-scale average density p, with the case of a uniform medium of 
the density p‘ = My, we see that the radius of the ionized region will be the same in 
the two cases, when (p\“ )~?/3 = q!/3p-*/3, or 


1 (55) 


p/w =a- [29 es 


Thus we see that matter concentrated in clouds is more efficient in stopping the 
ionizing radiation than is matter uniformly distributed. For example, with a = 0.05 it 
is found that the large-scale average density in the case of the clouds is about 4.5 times 
smaller than for a uniform medium giving the same ionization radius So. 

In the case just considered of an H 11 region large enough for a line passing centrally 
through the region to intercept several clouds, the emission measure is {7 X 2aso. Since 
sq is proportional to a~'/Qy?/, it follows that the emission measure is proportional to 
a” ‘)ti;°. Introducing again the large-scale average density, p = aJtw, we see that the 
emission measure is proportional to a~*/%p*/*, We thus get the same emission from the 
clouds as from a uniform medium with density p( = a~'/?p—in fact, the same relation 
that holds regarding the ionization radius. Thus a system of clouds characterized by 
a and p is equivalent to a uniform medium with density p\”) = a~'/*p in regard to both 
the extent and the average intensity of the emission region. 

Now comparing with the results obtained in the specific example of a = 0.05 and 
Nix = 10, we see that the relations derived above for the case of an H 11 region contain- 
ing several clouds along their diameter hold here also to a good approximation. 

From our discussion we derive the following approximate rule, holding for H 11 re- 
gions sufficiently extended for a line passing about centrally to intercept at least two 
clouds or, in other words, sufficiently extended in depth to appear as a more or less 
coherent emission region: A number of clouds, each of density Jt, occupying together 
the fraction a of space (thus having large-scale average density p = atw), when ionized 
by a clustering of O stars yields a hydrogen emission region, which with regard to both 
extent and intensity is equivalent to the hydrogen emission region produced by the same 





stars in a homogeneous medium of density equal to the geometric mean (yp)? = 
a! Yt, of the cloud density Jty and the large-scale average density p = ay. 
VI 
According to the general picture of the interstellar gas (cf. Sec. I), we expect the den- 
sity between the interstellar gas clouds to be considerably smaller than the density in 
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the clouds. Consider a column of unit cross-section between the observer and a typical 
star showing multiple interstellar lines. We presume that more absorbing atoms or ions 
in the column are present in clouds than between clouds. Since the clouds occupy, rough- 
ly, 5 per cent of the volume of the column, we expect the density of absorbing atoms in 
the clouds to be at least about twenty times higher than between the clouds. 

This estimate is, of course, quite rough, and it is important to obtain further informa- 
tion regarding the gas between the clouds. Such information can be derived from Dun- 
ham’s observations*! on the interstellar lines of Na1 and Cat in two neighboring B 
stars—a Virginis and n Ursae Majoris.** The interstellar lines of Na 1 and Ca are so 
faint here that it can be assumed that the line of sight from the observer to either of the 
stars does not pass through any interstellar cloud. The observed faint lines are therefore 
presumably produced by the gas between the clouds. 

The possibility that the column between observer and star contains a small part of a 
cloud cannot, of course, be excluded. Assuming that the observed interstellar lines are 
wholly produced by absorbing atoms and ions between the clouds, we find a density 
which, with this possibility in view, is to be considered as an upper limit. 

We consider, first, Dunham’s observation regarding the interstellar Na1 line 5890 A 
in a Virginis. Dunham finds an upper limit for the equivalent width w™ of this line. 
The line is so faint that the limiting value of N/w™ corresponding to the doublet 
ratio 2 may be assumed to be valid (cf. Table 12). The corresponding upper limit to the 
number WN of Nai atoms in the column of unit cross-section between the observer and 
the star*! is found to be 6 X 10!” 

In order to find the number of sodium atoms and ions which together correspond to 
the number of sodium atoms, it is necessary to compute the degree of ionization of 
sodium and hence to know the number Yt. of free electrons per cubic centimeter (cf. eq. 
[43]). This raises the question of whether the column between a Virginis and the observer 
is an Ht or an H 11 region. 

Let us assume, first, that it isan H 0 region. In this case the number Yt. of free elec- 
trons per cubic centimeter is practically equal to ty. Applying the equation of ioni- 
zation (43) and using the values of the ionization function, Jt;9t./It; given in Table 6, 
we can find the product 2IMwv, = MwItwa, where Mtv, is the total number of sodium 
atoms and ions per cubic centimeter, when we know the number Jt; of sodium atoms 
per cubic centimeter. The latter quantity is found from the number of absorbers in the 
column, V = 6 X 10!° (upper limit). Assuming the temperature of the H/ 11 region to be 
equal to 10,000°, we derive from this that Ry%wva = 2 X 10-8 as an upper limit. 

At this point it should be emphasized that the information which can be derived from 
the observed strength of an interstellar Va1 line, or of any other atom or ion of similar 
ionization properties, is limited in the sense that the density of the element in question 
cannot be found unless the density of the element (or elements) that furnishes the free 
electrons is also known. In the present case this means that we cannot find Jtv, without 
knowing Jty, the quantity determined by the analysis based on the observations regard- 
ing line strength being JtyItw,. This situation is quite general and the following remarks 
apply also to the cases discussed in Sections VII and VIII. 

Ultimately, it will no doubt become possible to derive from observations of inter- 
stellar absorption and emission lines the abundances of a number of elements, including 
those that furnish the free electrons. We shall return to this problem in connection with 
the discussion of the observations of interstellar atomic and molecular lines in x? Orionis 
(cf. also the investigations by Struve ** and Dunham’). 


3t Pub. A.A.S., 10, 50, 1941. 


32 The author is much indebted to Dr. W. W. Morgan for putting at his disposal his unpublished re- 
sults regarding the distances of a number of B stars of importance in the present discussion. 


33 Proc. Nat. Acad. Sci., 25, 36, 1939. 
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For the present it would seem appropriate to base further discussion on an assumed 
value of the abundance ratio of the element absorbing the interstellar line (Va) and the 
element furnishing the free electrons (#7). As we shall see, only the square root (in one 
case even the cube root) of this assumed value enters into the discussion, so that the re- 
sulting range of uncertainty of the results derived is not too great. 

Accordingly, we write 


Ny? 
Ru = (NR va)"* (Fe) 6) 
and 
: Ne \7 
Nove = ( MN ude wa) +3 a) (3%) 


and derive the densities Jt and ty, of hydrogen and sodium from the observed value 
of Nyy, and (the square root of) an assumed value of the abundance ratio Ity/Itwa- 

In the present case the observed value of 2tyYtv. = 2 X 10~* (upper limit) leads to 
Table 11, giving the relation between Jty, Iiv,, and Ny/Ytwa- 


TABLE 11 
N Nive (Upper Mu /Iwa (Lower 
“4 Limit) Limit) 
| eee 2x10-° 5X10? 
| ee ; 2X1G0-* 5X 10° 
| 2x<10-6 5x 103 


The assumed value of the abundance ratio Ity/Jiv, is chosen with a view to the re- 
sults of the relative abundance of the elements obtained for stellar interiors, stellar at- 
mospheres, and planetary nebulae.** We shall assume here and in the following sections 
that Nw/Nva = 3 X 10°. The uncertainty connected with the application of this value 
to interstellar space must, of course, be kept in mind. 

The values of the hydrogen density and sodium density corresponding to this assumed 
value of Jtz/wa, according to Table 11, are Jty = 0.08 (upper limit) and Itw, = 3 X 
10~7 (upper limit). 

A value of }ty as high as 0.5 appears improbable, since it would correspond to Jty/ 
Nva = 107 (lower limit), much higher than the expected value. It is, however, not en- 
tirely out of the question in view of the possibility that the concentration of sodium in 
clouds might be much more pronounced than that of hydrogen. 

We now have to consider the alternative hypothesis that the hydrogen in the column 
between a Virginis and the observer is not ionized by the general galactic radiation. In 
this case, however, we have to take into account the ionizing effect of a Virginis itself. 
From Table 7 we see that a sphere or radius 13 Jtq’/* parsecs around a Virginis will be 
an H 11 region. Now even for the highest permissible value of Ity, about 4 (cf. the Oort 
limit obtained from dynamical consideration), this is still about 10 per cent of the 
column between the observer and a Virginis. Consequently, the contribution of the 
H 1 part of the column to the strength of the Nat line will certainly be considerably 
larger than that of the H1 part, as Yt. in the H 1 part will be larger than Jt, in the H1 
part by a factor much higher than 10. We can therefore neglect the contribution of the 
Ht part. 

44 M. Schwarzschild, Ap. J., 104, 203, 1946; A. Unsild, Zs. f. Ap., 21, 22, 1941; L. H. Aller, Ap. J., 


104, 347, 1946; B. Strémgren, Festschrift fiir Elis Stromgren (Copenhagen: E. Munksgaard, 1940), p. 218; 
L. H. Aller and D. H. Menzel, A p. J., 102, 239, 1945. 
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Thus we find that the density Jt; of sodium atoms in the Hn part of the column is 
equal to the number of absorbing sodium atoms JN in the column, divided by the length 
of the H u part, or 13 X 3.08 X 10'* Nia’? cm. Again using V = 6 X 10! (upper limit), 
we find Jy = 1.5 K 10-° N#* (upper limit). 

With the help of the ionization function given in Table 6, we get Rtv. = 
8 X 10-5 NF5, or Mtv, = 8 X 10-8 My/3. We can again construct a table giving the 
relation of Itw, Mtwe, and My/Itwv, (cf. Table 11). The values obtained are listed in 
Table 12. Two points should be noted in connection with this table. For values of Ny 
less than 0.12 the whole column is converted into an H 11 region by a Virginis, and a 
length of path equal to 50 parsecs has to be used instead of 4 X 10!* Jty?/*; hence the 
values are the same as for the case covered by Table 11. For ty = 1 the maximum 
extension of the H 1 part of the column from a Virginis is 13 parsecs. Owing to the 
closeness of a Virginis, the ionization of sodium will then be somewhat enhanced. The 
ionization function Jt;’It./N{ was increased by a factor of 2 to take account of this 
effect. 

With an assumed value of Jtv/Itv. equal to 3 X 10° we get an upper limit of Ity equal 
to 0.08 as before. It may be noted that the values of Ity/Ytwy, for relatively high values 
of \ty are not so extreme on the hypothesis covered by Table 12 as on that corresponding 
to Table 11. 


TABLE 12 
N Nava(Upper | My /Itva (Lower 
ad Limit) | Limit) 
De rack aiaudcaucters 1.6X10-' 6X 108 
|e epee aes ial 2xKi0"* | 510° 
J) eee 2Xx10-° 5X 108 





The observations by Dunham regarding the interstellar K line of Ca 11 in a Virginis 
can be discussed in quite a similar manner. There is an additional uncertainty here, 
however, connected with the possibility of a deviation of the relevant abundance ratio 
of sodium and calcium from that in stellar atmospheres (cf. Sec. VII). Making two ex- 
treme hypotheses regarding the Ca/Na ratio, we obtain values for the upper limit of Jty 
equal to 0.07 and 0.5, respectively. 

Dunham’s observations of extremely weak interstellar lines in the neighboring B star, 
n Ursae Majoris, can be utilized as those for a Virginis. Quite similar results are obtained. 

Finally, we shall analyze the observations* of the interstellar D1 and D2 lines of 
Nat in Orionis by the same method, with a view to obtaining an upper limit to the 
density of interstellar hydrogen between the clouds. This particular O8 star has weak 
interstellar lines. Although it seems certain that there is at least one cloud between the 
observer and ¢ Orionis,! it still would appear possible to get a useful upper limit to the 
contribution of the medium between the clouds to the total line strength and hence a 
good upper limit to the product of the sodium and hydrogen densities between the 
clouds. 

The observed equivalent widths of D2 and D1 for « Orionis are 0.14 A and 0.07 A, 
respectively. The corresponding number of absorbing sodium atoms is found to be 
N =7%X 10". This is an upper limit to the number of absorbing atoms outside 
clouds in the column between the observer and the star. Proceeding as in the case 
of a Virginis, we get, on the hypothesis that the column is an H 11 region (length 
300 parsecs), an upper limit Jt, = 0.11 (corresponding to Ny/Jtwa = 3 X 105), while the 


35 P. W. Merrill, R. F. Sanford, O. C. Wilson, and Cora G. Burwell, Ap. J., 86, 274, 1937. 
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hypothesis that the only H 11 region in the column is that produced by c Orionis itself 
leads to practically the same upper limit, Jt, = 0.12. In the former case, Ity = 1 would 
correspond to Jtw/Itwa = 2.5 & 107 (lower limit), in the latter to Nw/Nw, = 5 X 108 
(lower limit). 

The possibility that the H 1 part of the column between  Orionis and the observer 
might be seriously reduced through the absorption of the ionizing radiation by a cloud 
across the column, relatively close to the star, can be ruled out through consideration of 
the sodium line absorption in the H 11 region of the cloud that would then be produced 
by the star (cf. Secs. V and esp. IX). In fact, if a cloud between the observer and the 
star were closer to the star than about 150 parsecs, the Nat absorption in the H 1 
region produced in the cloud by the star would be stronger than the observed inter- 
stellar line absorption. 

We conclude that a relatively reliable upper limit to the density of the interstellar 
gas between the clouds can be derived, namely, Jt about 0.1. The possibility cannot be 
entirely ruled out, however, that the hydrogen density between the clouds is consider- 
ably higher, while the sodium density here is extremely low (sodium being much more 
strongly concentrated in clouds than hydrogen is). With a view to this possibility, it 
would appear desirable to attempt a determination of the hydrogen density between the 
clouds with the help of observations of the interstellar hydrogen emission lines (cf. 
Sec. V). 

With regard to the sodium density between the clouds, the assumed value of the 
ratio Ny, Miva = 3 X 10° gives an upper limit equal to 1.5 & 1077 (cf. Tables 11 and 12). 
(Even the improbably low value Jtw/Itve = 5 X 10% only raises the upper limit of Itv, 
to 2 X 10~*.) In the following section we shall see that the most probable sodium density 
in the average clouds is about 4 X 10~°. We may thus conclude that sodium is quite 
strongly concentrated in the clouds—in fact, so strongly that the total mass of sodium 
present in the clouds (a = 0.05) is probably considerably larger than the total mass of 
sodium between the clouds. 

VII 

The doublet ratio method of analysis of the total line strengths of interstellar D2 
and D1, or K and H, lines is most suitable when the lines are weak or of intermediate 
strength, i.e., for distances of the stars in which the interstellar lines are observed up to, 
say, 500 parsecs. We shall make use of the available observation*: * to investigate the 
properties of the average interstellar gas cloud within 500 parsecs. No attempt will be 
made in this section to analyze the properties of single clouds. 

Wilson and Merrill,’ using the doublet ratio method, derived a sodium density of 
3 X 10~* absorbing atoms per cubic centimeter, assuming the space density to be uni- 
form. Their result applies to the case considered here of the region within 500 parsecs. 

From seven stars nearer than 500 parsecs we find (cf. Table 2, p. 248), using the 
observations of Merrill, Sanford, Wilson, and Burwell® on the equivalent widths of the 
D2 and D1 lines and distances of the star according to Morgan, that the density of 
absorbing neutral sodium atoms is 2 X 10~* per cubic centimeter, assuming uniform 
density. The accuracy of this value appears sufficient for the present purpose. 

Assuming, now, that the clouds occupy, on the average, the fraction a = 0.05 of the 
space concerned (cf. Sec. I), we get a density of neutral sodium atoms in the clouds 
equal to 4 X 107%. 

We now proceed as in Section VI. We treat as a separate hypothesis the cases that the 
average cloud is an H 11 region, and an H/ 1 region. In the case of 7 11 regions we take the 
kinetic electron temperature to be T, = 10,000°. 

Spitzer*? has shown that the temperature of 71 regions, assumed to contain inter- 


36 R. F, Sanford and O. C. Wilson, Ap. J., 90, 235, 1939, 
37 4.J., 52, 130, 1947 (abstract), 
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stellar solid particles, is probably quite low because of the loss of gas energy by inelastic 
collisions between the hydrogen atoms and the solid particles. 

Collisions between clouds may contribute to raising the average kinetic temperature 
of the clouds somewhat above the temperature of undisturbed clouds. The data necessary 
for predicting an average temperature are rather uncertain, however. We shall carry out 
our calculations for H 1 regions for values of T equal to 100° and 1000° and also for 
10,000°, in order to be able to judge the effects of the low temperature. 

Using the values of the ionization function 2;’N./N{ given in Table 6, we arrive 
at the values given in Table 13, which is analogous to Tables 11 and 12. In the case 
of H 1 regions Jt, = Ny as before. In H1 regions the free electron density is proba- 
bly very nearly equal to the sum of the densities of carbon, magnesium, silicon, and 
iron. The expected value of the ratio Nt, My, according to the data on stellar atmos- 


TABLE 13 
HYPOTHESIS Hu, 7,=10,000 HYPOTHESIS H 1, T.= 10,000° 
- : 3 i 
Na Nuva Na /Mwva Ny N. Nova MN /VMowa 
10. Sica aon. 5x 107 150 0.1 | 210-5 | 5000 
Barak | 210° | 5 xX105 S........) O20 | 2x10* | 50 
LNG tai ; | 2107 5X 103 es oe 0.001 2X10-3 | 0:5 
| Bees 
Ny /Mwa=3X 105 gives Ny=0.8 M./MRva=200 gives Ny =30 
Nave =3xX10-* MN. = 0.02, Ytv, = 1X10 
HYPOTHESIS H1, 7,= 1000 HYPOTHESIS #1, 7.= 100° 
= = —— = : i = - 3 
Nua MN. Nova N/M Ma | MN. Mya | Me/Vtwe 
i ae | 0.1 SxI0* | 3xi05 | ee a Oa 7X10-7 | 1.5x10° 
ae 3X 107° 300 15........| 0.01 7X10-6 | 1500 
Os...) On | 3X 10-4 s Loe 0.001 7X10"° | 15 
ae ee | E RSS Dee 
N./Nve=200 gives Ny =12 N./Nva=200 gives Ny =5 
9.=0.008, Mve=4xX10~ N.=0.004, My.=210~ 


pheres and planetary nebulae (cf. p. 265) is about 200. In this case, also, the value 
of Nty is given in accordance with the expected ratio Ny/Itw, = 3 X 10°, for the sake of 
comparison with other results, although for H 1 regions the hydrogen density is irrelevant 
to the present analysis. 

It is apparent that hypothesis H 1 leads to a much lower cloud density than does 
hypothesis H 1. That this must be so is immediately clear, in view of the much greater 
electron density for equal gas density in H 11 regions as compared to H 1 regions. This 
again means relatively less ionization of sodium. Consequently, a much lower density of 
the cloud will produce Vat lines of a given strength. 

We now have to discuss the question of whether the H 11 hypothesis or the H 1 hy- 
pothesis leads to the most plausible result. The hydrogen density derived on the hy- 
pothesis that the clouds are H 11 region is quite low, Jty = 0.8. The corresponding large- 
scale average density p = a3ty is only 0.04, and the geometric mean of Jty and p is about 
0.2. These values are about ten times lower than those derived from the extent and in- 
tensity of the hydrogen emission regions (cf. Sec. V). 

On the other hand, the H 1 hypothesis, with 7, intermediate between 100° and 1000°, 
leads to a density Nty about equal to 10, with p = 0.5, and (Nwp)!/? = 2. This checks very 
well with the result derived from the hydrogen emission lines. 
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Thus it appears that the hypothesis that the average gas clouds within 500 parsecs 
are H 1 regions is to be preferred. In fact, speaking quite generally, it seems very difficult 
to reconcile the H 1 hypothesis with the existence of emission regions of diameter and 
intensity as observed. 

Combining the densities found on the H 1 hypothesis with the known space densities 
of O and B stars, we find that most of the interstellar hydrogen near the galactic plane 
within, say, 500 or 1000 parsecs is un-ionized, so that the hypothesis is self-consistent. 

It may be noticed that the result obtained depends essentially on the inclusion of the 
correction factor to the equation of ionization (cf. Sec. IV). In fact, omitting this factor, 
one would, according to the 7 1 hypothesis, derive densities so high as to conflict serious- 
ly with the Oort limit, i.e., the H 1 hypothesis would appear ruled out. 

Although the result that hydrogen in the average cloud is un-ionized appears to be 
relatively well established, it should be emphasized that the derivation involves various 
assumptions and uncertainties, which have been mentioned. Therefore, it would still 
seem very desirable to approach the problem of the density distribution and ionization 
of interstellar hydrogen with the help of more extensive and complete observations re- 
garding the interstellar hydrogen emissions. 


TABLE 14 

| | = l | a Sao 

HD | Name | / b |Color Excess*] log Roan | log Rvar | 1% ald 

| | | | Nat 
37128... .| € Ori | 173° —-16°| 40.02 | 121 | 12:2 —0.1 
37490...) w Ori | 168 —13 + .02 | 12.1 | 12.8 | -—.7 
50896... . | > ot 2 oe | 22 | 6 | =a 
57061....| rCMa_ | 206 —4)} — .02 | Sa 2.1. | 0 
214167....| 8LacFt. | 65 —17 — .04 wi | 23 | =4 
214168....| 8LacBr. | 65 —17 + .05 12.2 12.4 — 2 
So hae 0.0 


214680... | 10Lac | 65 —17 | 0.00 | 123 
| 


* J. Stebbins, C. M. Huffer, and A. E. Whitford, 4p. J., 91, 20, 1940. 


We shall consider, next, the ratio of the abundances of calcium and sodium in the 
average cloud within about 500 parsecs. Merrill and Sanford** have derived a value of 3 
for the ratio Mean/Itwar While Wilson and Merrill estimated this ratio to be about 1.* 
For seven stars equivalent widths of the interstellar D2 and D1 lines,** as well as the in- 
terstellar K and H lines,* are available and suitable for analysis according to the doublet 
ratio method. Table 14 contains the stars and the values of NV (the number of absorbing 
atoms) derived from the equivalent widths. 

The average value of log (Ncan/Itwvar) is —0.23, corresponding to Nean/Itwar = 0.6. 
It should be noted that the value thus derived might be somewhat affected by selection 
effects. Very faint lines are not included in the observational material, and strong lines 
are excluded because they are saturated and therefore unsuitable for determinations of 
the number of absorbing atoms by the doublet ratio method. Still, the derived value is 
probably reasonably representative. 

Again using the values of the ionization function given in Table 6, we find the cor- 
responding ratio Itca/Nwva to be 0.04, independent of the electron density Jt, and practi- 
cally independent of the assumed electron temperature 7,. 

The value te./Itwa found for interstellar space is considerably smaller than the value, 
about 1.5, expected according to the abundance ratio of calcium and sodium found in 
stellar atmospheres. This discrepancy has long been realized. The introduction of the 
correction factors in the equation of ionization has reduced the discrepancy by a fac- 


38 4p. J., 87, 118, 1938. 3° Q. C. Wilson, Ap. J., 90, 244, 1939. 
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tor of about 4, but it is still considerable. In this connection it should be noticed that 
some of the quantum-mechanical data upon which the determination of the correction 
factors was based are still somewhat uncertain. Furthermore, it is quite possible that 
considerable revision of the intensity of the ionizing radiation in the wave-length re- 
gion 1000-2000 A is needed (cf. Sec. IV). This will affect the calculated degree of ioniza- 
tion of Cai more than it will that of Nat. Finally, the adopted value of Neuu/Itwar 
might also be somewhat in error. Altogether, it is entirely possible that future work will 
reduce the discrepancy quite considerably. It appears very desirable to carry out this 
work in order to establish whether or not there is here a real discrepancy between 
stellar and (local) interstellar abundance ratios. 


Vill 


A number of interstellar absorption lines have been observed in the spectrum of x? 
Orionis. Dunham® gives equivalent widths for the lines 5890, 5896, 3302, and 3303 of 
Nat, and for lines of K 1, Ca1, Ca 1, and Ti 1. Equivalent widths for molecular lines, 
CH 1, CH m1, have also been observed by Dunham.*° 

From the observed equivalent widths of the four sodium lines, and the known oscil- 
lator strengths for these lines, Dunham constructed an empirical curve of growth for the 
interstellar lines in x? Orionis. 

We shall make use of the data for the sodium lines to determine the number of ab- 
sorbing sodium atoms, V, and the Doppler constant, b, with the help of Table 2. 
The D2 and D1 lines are so strong here that the D2/D1 method fails, but the D1/3303 
method can be used. The following result is obtained, namely, VN = 1.0 XK 10" and 
b = 4.8 km/sec. 

Comparing this with typical values corresponding to the distance of x? Orionis (1200 
parsecs), we see that the number of absorbing atoms is abnormally high (by a factor of 
about 10), while the Doppler constant is considerably lower (by a factor of about 2). 
This strongly suggests that the absorption in this case is by one cloud of abnormally high 
line-absorption power. Such an assumption is not contradicted by the observations made 
at high dispersion by Adams! and Dunham,° who observed single components of the 
interstellar lines in the spectrum of this star. 

In analyzing the observational data for x? Orionis, we shall, accordingly, assume a 
value of the length of the absorbing path smaller than that normally corresponding to 
the distance of the star (a X 1200 parsecs = 60 parsecs). We shall put the length in 
question equal to 15 parsecs. 

The analysis of the observed line strengths can now be carried out according to the 
methods already described. As in the case of the average clouds, we treat separately the 
hypotheses that the absorbing cloud is an H 11 region and that it is an H I region. 

The lines of K 1, Cai, and 7i 11 are relatively faint and hence give the number of 
absorbing atoms without much uncertainty. Small corrections were applied with the 
aid of Table 2 to allow for the small effects of saturation still present. In deter- 
mining these corrections, a Doppler constant equal to that found from the sodium lines 
was used. This means that the motions described by the Doppler constant are inter- 
preted as large-scale internal motions within the cloud rather than as thermal motion. 

The K line of Ca 11 is unfortunately so strong that it cannot be utilized for a reliable 
determination of the number of absorbing Ca 11 ions. A lower limit, only, to this number 
can be found. 

The ionization functions given in Table 6 were used in the calculations. For the ioni- 
zation of K u, which is of importance in hypothesis H u, the correction factor corre- 
sponding to recombinations to excited states is not yet known (cf. Sec. IV). It should 


40 Pub. A.A.S., 10, 123, 1941. 
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be noted that in the case of hypothesis 1 there is no ionization of atoms or ions with 
ionization potentials greater than that of hydrogen, or 13.6 volts. 

The results of the calculations are summarized in Table 15, which is analogous 
in its general arrangement to Table 13. 

The case of the interstellar lines in the spectrum of x? Orionis is characterized by the 
abnormal strength of Na 1, as indicated by the nonsaturated lines 3303 and 3302 and the 


TABLE 15 


HYPOTHESIS H ur, T,=10,000° 
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| 


150..; 0.1 11.1107 . 90 |1.1X10 9 | 7x10-5 | 5X10 | 10 06 005 
es 0.01 |1.1X107- 2 9 11.0 0.01 | 7X10 | 5X10-* | 100 0.06 | 0.0005 
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HYPOTHESIS H 1, T,.=1000° 
‘ \ . \ \ | 7 | 1 ’ | 
Ma Ne | va Me/Mve} Neo | Re/Mea Nx Nerv | New oe Noval Rri/ Nva 


1500. | 1 1.6X10-5 7 6X10] 810-8 |1.2<105) 9x107 | 5x10-* | 0.5 | 0.06 | 0.3 
0.1 |1.6X10~| 600 | 4x10~ 300 910-6 | 3x40 | 2 | 06 03 
15..| 0.01 |1.6X10- s| 6 | 3X10 | 0.3) 9x10-° | 5x10 | 20 0.06 | 0.003 
| | | | 


HYPOTHESIS H1, 7,=100 





Nu Me Nova Ne/Nwva| Nea Me /Mea | Nx } Nr | Nea Weve Re, Weve Moi Nw, Na 
1500..; 1 3X10-* | 3X105| 1X10-* | 1108} 2107 | 5x10 | 0.3 | 0.05 | 1.6 
150..| 0.1 | ne § | 310%} 2x10 | 410°} 2x10% | 510° | = .05 16 
* 0.01 ais fe 3X10 | 30 | 2X10 | 7 | 2x10 | 5X10 0.05 | 0.016 
a u I | 


appearance of the line 4226 of Cat. In a general way we see from Table 15 (cf. the 
columns for Nat and Cat) that this can be interpreted in either of two ways. It can be 
explained by assuming that the absorbing cloud is like the average clouds with respect 
to hydrogen ionization and hence relative electron density, i.e., is an H 1 region, but that 
it has an abnormally high density; or it can be explained on the assumption that the 
cloud differs from the average, being an H 11 region of, relatively, very high electron 
density, while the total density is about equal to that of a normal cloud. 

The case of Ti 11 requires special comment. In deriving the number of absorbing ions 
from the equivalent widths of the lines 3383 and 3242 given by Dunham,’ oscillator 
strengths f = 0.0040 and f = 0.0029, respectively, were used. These values of the 
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oscillator strengths were derived from Stekelenburg’s*! absolute measures of oscillator 
strengths of 77 1 lines, and R. B. King’s® relative measures. 

The ionization potential of 771 is 6.8 volts, so that 771 is strongly ionized to 77 1 in 
all cases considered. The ionization potential of 77 1 is 13.6 volts, slightly larger than 
that of H 1, which means that 77 11 is not further ionized in H 1 regions, while in H 11 re- 
gions there is considerable reduction in the number of 77 tions due to ionization to Ti 11. 

On hypothesis H 11—..e., if we explain the abnormal strength of the Nat and Ca1 
lines by high relative electron density with normal total density—we find that the con- 
tributions of the abnormal] cloud considered to the strength of the 77 11 lines is smaller 
than that of the average cloud. On this hypothesis, therefore, we have to attribute the 
7i 11 absorption to the normal average clouds, which for a distance of 1200 parsecs 
would correspond to a path of a X 1200 parsecs = 60 parsecs (cf. p. 270). This gives 
Nr; = 1.3 X 10 for the average cloud, which is to be compared with Ny, = 3 X 107° 
for the average cloud (cf. Table 13), thus Itz;/Itva = 0.04 on hypothesis H 11. 

On hypothesis H 1, the lines of 77 11, like others, are strengthened by the assumed high 
total density in the cloud. With regard to the calculation of the degree of ionization, 
this is the simplest case of all, the number of 77 11 ions being practically equal to the 
total number of all titanium atoms and ions. 

In the case of Ca1 it may be noted that the value of the ratio Jty/Yic, varies as the 
third power of Jty for small values of ty. For higher values of Jty the variation is some- 
what less pronounced, because of the fact that the number of Ca 11 ions here is no longer 
small compared to the number of Ca m1 ions. The rapid variation of Ity/Nce, with Ny 
renders the determination of Jt relatively more certain. 

Again it should be emphasized that the average density Jty in the case of hypothesis 
H 1 is irrelevant to the cases considered, the quantity of importance being the density 
of the elements furnishing the free electrons. The hydrogen density corresponding to 
the assumed ratio Jty/9t, = 1500 (hypothesis H 1) is given here also for the sake of com- 
parison with other cases. The possibility of less pronounced concentration of hydrogen in 
clouds should be kept in mind. 

As before, we derive the values of the quantities computed which correspond to cer- 
tain assumed values of abundance ratios, namely, Jty/tw, = 3 XK 10°, N./Mtwa = 200, 
Nia/Nea = 2X 10°, N./Nea = 150. These values are given below in Table 16, separately 
for the hypotheses H 11, Te = 10,000°, and H1, T, = 300°. 

From the data given in Table 16 it appears that the observed strengths of the inter- 
stellar lines in x? Orionis can be explained about equally well on the hypothesis that the 
line absorption is in a cloud of about normal density—that is, an H 0 region—and on 
the hypothesis that the absorption takes place in an H1 cloud of about six times the 
average density. 

A definite choice between the two possibilities can hardly be made at the present time. 
The problem can, however, be approached in two different ways. 

First, if the cloud is an H 11 region, we expect it to give rise to an emission region. The 
emission measure of the cloud itself is only about 400-500, but it is improbable that the 
hydrogen ionization, if at all present, is restricted to a single cloud (cf. Sec. V), no O star 
or O stars very close to the absorbing column in question being known. Therefore, a 
somewhat stronger emission would be expected if hypothesis H 11 is the correct one. 
Observations indicate that hydrogen emission around x? Orionis, if present, is less than 
that corresponding to emission measure 1000.*° 

If x? Orionis (spectral type B1) were imbedded in a cloud of somewhat above average 
density, it would produce an H 11 region of sufficient extent (cf. Table 7) to give rise to 


41 Dissertation, Utrecht, 1943. 
42 4p. J., 94, 27, 1941. 43, W. A. Hiltner and B. Strémgren (unpublished). 
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the observed interstellar absorption lines; but again observable hydrogen emission would 
be expected. 

Quite generally, it is easily seen that any H 11 region with a number N of absorbing 
Nat atoms will give rise to a hydrogen emission region with an emission measure given 
by the equation, 





Ste ; . xe Nowe 
Ionization function X VN = 3 X 10!8 X emission measure X i, 
H 
or (cf. Table 6) 
. a M ; 
Emission measure = 2 X 10~-'7 X am XN. (58) 
Jt Na 


In our case Ny/Mv_e = 3 X 10° and V = 1 X 10" give the emission measure 600. 


TABLE 16 


HYPOTHESIS H ur, 7,.=10,000° 


Na Nova Nea/Nwva MN /Nyva 
From Nal... 6 2X10~° 0.6 0.7/capt. corr. K II 
From Cal... 4 3X10~° 0.7 1 /capt. corr. K 


HYPOTHESIS H 1, T.= 300 


Nu N, Nva | Rea/Nval Nx/Rve| Na/Nve 
From Nat.......| 60 0.04 | 2x«10-4 2 | 0.06 | 0.03 


From Cal... oO | O65 | 2X10 | 2 | 0.06 | 0.03 


The possibility of future application of this equation for the determination of the 
ratio Ntz/Itva from observations of the strength of sodium lines produced by line ab- 
sorption in hydrogen emission regions may be noted in passing. 

Second, information can be derived from the observed strength of the interstellar 
molecular absorption line 4300 of CH. The equivalent width of this line in x? Orionis 
has been found by Dunham*' to be equal to 0.014 A. The oscillator strength can be esti- 
mated from theoretical calculations to be about f = 0.002. This gives V = 4 X 10", 
and Ncw = 1X 10-*. The complicated problem regarding the equilibrium of Cu, H, 
CH 1, and CH 11 in interstellar space has been considered by P. Swings,* and by H. A. 
Kramers and D. ter Haar.** The following equation, valid for an H 1 region with T, = 
300°, gives the relation between the densities of C, H, and CH, resulting from this dis- 
cussion,” New = 2 XK 10% ReNuw. 

The numerical factor in this equation is as yet rather uncertain. Assuming Ny/Ne = 


44 G. Herzberg, private communication. The author is much indebted to Dr. Herzberg for comments 
on the problems of interstellar molecules. 

© 4p. J., 95, 270, 1942. 

 B.A.N., No. 371, 1946. 


47 The author is indebted to Dr. D. ter Haar for communicating, in advance of publication, his cal- 
culations on the molecular equilibrium at lower temperatures, made in connection with a discussion of 
the origin of the solar system. 
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3000, we find, with New = 1X 10~°, that Ny = 40. This result, although rather uncer- 
tain, tends to indicate the existence of an 71 cloud of density considerably higher than 
the average in the path from the observer to x? Orionis. This again points in the direc- 
tion of the H 1 hypothesis as the most plausible.** 

It should be emphasized that more accurate quantum-mechanical calculations of the 
oscillator strengths of the observed interstellar lines of CH 1 and CH 11, and of the 
ionization and dissociation equilibrium of CH1 and CH 11 in interstellar space are 
highly desirable. Ultimately, one may hope in this way to derive, in a direct way, inter- 
stellar densities of hydrogen, carbon, and free electrons. 


IX 


The discussion in the previous sections has led to a picture of interstellar clouds of 
an average density 9ty = 10, the density in space between the clouds being much 
smaller, probably smaller than Ity = 0.1. 

Normally, hydrogen in the clouds is un-ionized. Regions where hydrogen is ionized 
are known to exist. It is not yet known with certainty, however, whether or not hydrogen 
in these regions is largely concentrated in clouds of density equal to, say, ty = 10. It 
is possible that the thermal velocities in such /7 11 clouds make them dynamically un- 
stable.4* H 1 clouds of higher density, with Nty from, say, 50 to 1000, are known to 
exist and are observable as diffuse emission-line nebulae. 

The derived relative abundances in interstellar space are roughly similar to those 
found for the stars. Various causes of uncertainty concerning the abundances obtained 
have been pointed out in the discussion. It may be hoped that at least some of these will 
be removed in the near future. Profitable discussion of the question of systematic differ- 
ences between the chemical! constitution of the stars and the interstellar gas may then 
become possible. 

The question of the relation between the interstellar gas and the interstellar particles 
was briefly touched in Section I. According to the investigations of D. ter Haar,®° 
H. A. Kramers and D. ter Haar,“ and J. H. Oort and H. van de Hulst,” it appears very 
probable that interstellar solid particles are formed from the interstellar gas and are 
destroyed through mutual collision, so that an equilibrium between gas and solid par- 
ticles is reached. 

If the picture of the properties of the interstellar gas arrived at here is generally cor- 
rect, it would follow that interstellar solid particles are formed almost exclusively in the 
clouds. Before the particles are ultimately destroyed, they may, of course, spread to 
some extent over larger volumes. Still, a strong correlation between solid-particle 
absorption and interstellar line absorption is to be expected. 

Although such a correlation exists, very striking exceptions are known.*! Three 


48 We may note that, since the molecular line in x? Orionis is very weak, a density somewhat less than 
the actual would make the line unobservable. Hence the appearance of an observable interstellar line 
4300 of CH requires absorption in a cloud of density considerably above the average. This tends to ex- 
plain that multiple 4300 lines, or 4300 lines strengthened through absorption in two or more clouds, are 
hardly ever observed. The occurrence of two exceptionally dense clouds in one line of sight will in itself 
be rare. Furthermore, the observed relation between molecular absorption and absorption by solid par- 
ticles indicates that double or strengthened molecular lines would presumably be accompanied by an 
interstellar absorption of 2-3 mag., which would render high-dispersion observations of the stellar 
spectrum in question difficult. 

49 This point was emphasized by Dr. L. Spitzer in a private communication. The author is much in- 
debted to Dr. Spitzer for comments on problems of interstellar matter. 


50 B.A.N., No. 361, 1943; also Ap. J., 100, 288, 1944. 
51 J, L. Greenstein and O. Struve, A p. J., 90, 625, 1939; W. W. Morgan, Ap. J., 90, 632, 1939. 
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factors may be mentioned that might possibly tend to reduce, and in certain cases 
destroy, the correlation. Under certain circumstances building-up of particles might go 
on undisturbed ina cloud until exhaustion occurred of that part of the gas from which 
the particles are formed. This would lead to cases of strong particle absorption combined 
with weak line absorption. On the other hand, hydrogen ionization might lead to 
strengthening of line absorption without corresponding strong particle absorption. Fi- 
nally, strong local variations of the ionizing radiation, connected, say, with strong vari- 
ations in the space density of B stars, may appreciably affect the strengths of interstellar 
absorption lines. The latter effect may affect different lines (e.g., Ca 11 and Nat lines, 
also Car and molecular lines) rather differently. Altogether, it would seem that the 
picture of interstellar matter considered has sufficient flexibility to be applicable in a 
more detailed discussion of the observations. 
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ABSTRACT 


Equivalent widths of the interstellar D lines in stellar spectra and the corresponding color excesses 
are analyzed to investigate the distribution of Na gas in space. As part of the program, new measurements 
of the D lines were obtained for thirty-seven stars, based on Mount Wilson spectrograms. 

Analysis of the available data indicates that the interstellar clouds, some 5-10 pc in radius, which are 
responsible for the observed selective absorption, also produce the strong D lines observed in reddened 
stars, with a photoelectric color excess, £,, equal to 0.10 or greater. The change of equivalent width of 
the lines and of the doublet ratio, D2/D,, with changes of distance, color excess, and galactic longitude are 
all consistent with this belief. The root-mean-square radial velocity of the individual clouds is 9 km/sec, 
in rough agreement with the 7 km/sec found by Whipple for the strong components of K and H observed 
by Adams. The optical depth of a single cloud in the center of its line is about 2.3 for D; and about 4.6 for 
D,. The density of neutral Na in such clouds is about 5 X 10~* atoms/cm’, if averaged over the space in 
and between the clouds, but inside each cloud it is probably about ten times this value. If seven such 
clouds per kiloparsec in the line of sight are assumed, the photoelectric color excess per cloud is 0.024 mag.; 
a single cloud produces D lines of width 0.15 A, and has 2 X 10" atoms of neutral Na per square centi- 
meter in the line of sight; the root-mean-square velocities of these atoms are 2.1 km/sec, corresponding 
to a kinetic temperature of 12,000° if the motions were thermal. 

In stars with £; less than 0.10, the behavior of the D lines and their doublet ratio is quite different. 
These lines are apparently produced in less opaque clouds, whose optical depth in the center of each D 
line is much less than unity. The density of neutral Na in such relatively transparent clouds is about 
2 X 10~* atoms per cubic centimeter, when averaged over all space near the galactic plane; and thus the 
total number of atoms in such clouds is about one-third the number in the more opaque clouds. The data 
are inadequate to indicate whether the ratio of grains to atoms is as great in these transparent clouds as 
it is in the more opaque clouds. The root-mean-square velocity of these transparent Na clouds is at least 
5 km/sec but may be less than the 9 km/sec found for the more opaque clouds. 

The change of equivalent width with distance depends on the color excess and galactic longitude; this 
dependence affects the determination of individual stellar distances from interstellar line intensities. 
From an examination of stars which show strong D lines, a list is given of two stars that may be super- 
giants and two supergiants that may be extraordinarily luminous. 


I. INTRODUCTION 


The irregular distribution of interstellar matter is well known. The most cursory 
glance at Milky Way photographs indicates that the clouds of obscuring matter are scat- 
tered very unevenly about the sky and, moreover, that clouds of widely different thick- 
nesses exist. Considerable evidence on the distribution both of small solid grains and of 
the interstellar atoms has accumulated in recent years. We shall first review and sum- 
marize this evidence, as a background to a more detailed analysis of the distribution of 
interstellar sodium atoms. 


ad) DISTRIBUTION OF SOLID PARTICLES 


The general and selective extinction produced by the solid particles, or grains, in inter- 
stellar space has been investigated in many ways. Stebbins, Huffer, and Whitford have 
obtained! extensive photoelectric data on selective absorption and have shown’ that the 
photoelectric color excess, £;, based on the color difference between about \ 4260 and 


* This investigation was made possible by a co-operative arrangement with the Mount Wilson Ob- 
servatory. 
1 Mt. W. Contr., No. 621; Ap. J., 91, 20, 1940. 
2 Mt. W. Contr., No. 632; Ap. J., 92, 193, 1940. 
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\ 4770, increases by 0.17 mag., on the average, per kiloparsec. However, the distribution 
of the obscuring matter is so irregular that in some regions this average coefficient of se- 
lective absorption, which we may denote by £\,, is as low as 0.09, while in others it rises 
to 0.22. 

The total photographic extinction, A,, has been determined in a number of ways, 
which have been summarized by van Rhijn* and Seares.* Most of these determinations 
suffer from the disadvantage that they give particular weight to transparent regions, 
where distant objects can be seen. This factor of obServational selection is less important 
in color-excess investigations, which are concerned with closer stars. For this reason the 
most reliable method of determining an average coefficient of general photographic ex- 
tinction, denoted by 4 ,,, is to multiply the coefficient of selective extinction by a factor 
of about 9, corresponding to a variation of the extinction with the inverse first power of 
the wave length. Direct spectrophotometric measurements by Stebbins and Whitford® 
and by Whitford® have shown that marked deviations from this law become appreciable 
only at wave lengths of 20,000 A or more. Additional direct evidence supporting this 
ratio of photographic to selective extinction is summarized by Oort’ and van Rhijn.° 
Thus the photographic extinction increases about 1.5 mag. per kiloparsec, on the average. 

This value of A,- is about one-third greater than the value 1.1 mag. per kiloparsec 
adopted by van Rhijn,* who made a correction to Joy’s results for the effect of observa- 
tional selection referred to above. This correction is rather difficult to make, however, 
and a value as low as 1.1 for A,- would be very difficult to reconcile with the observed 
values of #;. and with present knowledge about A ,/£;. Thus we shall here adopt 1.5 mag. 
per kiloparsec as the most probable value of the average photographic extinction. 

The evidence indicates that the obscuring matter is uniform in composition almost 
everywhere. The law of reddening is apparently the same in most regions near the sun, 
except in the Trapezium cluster, where Baade and Minkowski’ and, more recently, Steb- 
bins and Whitford® have found a somewhat different change of extinction with wave 
length for 6' Orionis A (HD 37022) than for stars in other parts of the sky. The early 
color measures of elliptical galaxies by Stebbins and Whitford’? seem to show a value of 
about 15 for the ratio A ,/£,, which led Seares* to assume that the “stratum” responsible 
for high-latitude absorption was physically different from the obscuring clouds in the 
galactic plane. However, Oort’ has shown, from a more extended analysis of stellar color 
indices, that 4,/; in this region of the sky has apparently a normal value of about 9. 
Thus, despite this rather disturbing discrepancy, we may assume that the solid particles 
usually have a uniform composition and size distribution. 

The density of the obscuring medium is unquestionably most irregular, and one must 
consider that separate clouds or condensations are present rather than a uniform medi- 
um. The few largest, most prominent clouds in the Milky Way have been investigated by 
Greenstein." He finds that these have a mean diameter of 100 pc and that each produces 
an average photographic extinction of 1 mag. However, a straight line in the galactic 
plane intersects only one of these great clouds every 6000 pc, and thus these large clouds 
contribute only about one-ninth of the total extinction. The obscuring clouds responsible 
for most of the observed general and selective extinction must be assumed to be smaller. 


3 Groningen Pub., No. 47, 1936. 

4 Pub. A.S.P., 52, 80, 1940. 

5 Mt. W. Contr., No. 712; Ap. J., 102, 318, 1945. 

6 Ap. J., 107, 102, 1948. 

7 B.A.N., Vol. 8, No. 308, 1938. 

8 Groningen Pub., No. 51, 1946. 

9 Mt. W. Contr., Nos. 571, 572; Ap. J., 86, 119, 123, 1937. 

10 Mt. W. Contr., No. 577; Ap. J., 86, 247, 1937. " Harvard Ann., 105, 359, 1937. 
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To evaluate the numbers and sizes of the average clouds, statistical methods must be 
used. The distribution of the clouds is not wholly random, since there is apparently a 
tendency for clouds to cluster together in vast cloud complexes. Nevertheless, over suffi- 
ciently large regions the assumption of random distribution may be an adequate approxi- 
mation, and we shall make this assumption throughout. We shall let 2 be the number of 
clouds per cubic parsec in the galactic plane, and r the average cloud radius in parsecs; 
since a typical cloud is presumably quite irregular in size, one may define r as the radius 
of the sphere which presents the same average cross-section as do the clouds. If & is the 
average number of clouds intersected by a line, 1 kpc long, in the galactic plane, then 


k=1000rrn . (1) 


If A,, again represents the average coefficient of photographic extinction, expressed in 
magnitudes per kiloparsec and if 7 is the photographic extinction per cloud, then we may 
write 

Ap =hkr. (2) 


Since A,, is known, independent determinations of 7 and n will yield both & and r. 

The photographic extinction per cloud has been determined by Ambarzumian” from 
the fluctuation of Hubble’s counts of external galaxies at galactic latitudes between 25° 
and/45°. His value of 0.27 mag. is increased somewhat by a consideration of the higher- 
order terms neglected in his analysis but is decreased by the intrinsic fluctuation of the 
number of galaxies, resulting primarily from the clustering tendency of galaxies. The 
smaller value of 0.18 has been found by Markarian" from the fluctuation of star counts in 
a number of regions. A simple average of these two determinations gives a value of 0.23 
for r, yielding a value of about 7 for & in equation (2). We shall see later that this value of 
k is in reasonable agreement with the apparent number of gas clouds per kiloparsec. 

The density » of clouds per cubic parsec may best be determined from an analysis of 
Hubble’s data on the reflection nebulae. Ambarzumian and Gordeladse!* have shown 
that the relative numbers of reflection nebulae accompanying stars of different spectral 
types are about what one would expect from a random distribution of nebulae in space. 
Since computation shows that all the stars would be expected to illuminate only 1/2000 
of space, the authors infer that the total density of dark clouds is about two thousand 
times that of the bright ones. This latter density is not well determined; but, with reason- 
able assumptions, Ambarzumian and Gordeladse find a value of 1.2 K 10-4 clouds per 
cubic parsec for x. With & set equal to 7, equation (1) then gives a value of 4.3 pe for r. 
This is a lower limit on r, since the basic assumptions overestimate m. Only a small part 
of a cloud need lie within the computed zone of illumination about the bright star to be 
seen as a bright nebula, i.e., the effective radius of the zone of illumination should be in- 
creased by the radius of the cloud. 

Oort and van de Hulst,” on the other hand, point out that only 14 per cent of the stars 
with spectra between O and B2 are associated with bright nebulae; if one then concludes 
that the dark nebulae occupy 14 per cent of space near the galactic plane and if & is 
again set equal to 7, it follows that mis 1.0 X 10~pc* and r is 15 pc. This analysis gives a 
lower limit on » and an upper limit on 7, since not all the region of illumination about a 
hot star must be filled with clouds to produce a bright nebula, and thus the fraction of 
space occupied by clouds must be less than 14 per cent. Obviously, if wr? is less, n must be 
increased and r decreased to preserve the same & in equation (2). Clearly, r has a consid- 


12 Bull. Abastumani A p. Obs., 4, 17, 1939. 

13 Contr. Burakan Obs., Academy of Sciences of the Armenian S.S.R., No. 1, 1946. 

14 Bull. Abastumani Ap. Obs., 2, 37, 1937. This paper contains several misprints, but a recalculation 
shows that the numerical results are essentially correct. 


1% B.A.N., Vol. 10, No. 376, 1946. 
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erable range of uncertainty, and a spread of cloud radii between 1 and 50 pe must be con- 
sidered ; however, an average value in the neighborhood of about 8 pc seems reasonable. 
This may be compared with the value of 5-10 pc assumed by Eddington" in his Bakerian 
Lecture. 

The density of grains between the obscuring clouds is at present a completely open 
question. A uniform stratum, with about one-tenth as much matter as in the coluds, 
could apparently not be detected at the present time. 


b) DISTRIBUTION OF INTERSTELLAR ATOMS 


While most interstellar absorption lines are weak and have not been extensively meas- 
ured, the K line of Cat and the D lines of Na have been well investigated. The steady in- 
crease in the strength of these lines with increasing stellar distance has been analyzed 
most recently by van Rhijn,!” who gives a mean curve relating equivalent width to dis- 
tance. Merrill and Sanford!’ have shown that the radial velocities of these lines show the 
familiar galactic-rotation effect. Thus it seems well established that, viewed in the large, 
the interstellar atoms have at least a statistically uniform distribution and have no large 
systematic motion with respect to the stars. 

A more detailed examination shows, however, that the density distribution of the in- 
terstellar gas is by no means uniform in detail and that appreciable random velocities 
characterize the gas in different regions. Irregular motions of elements within the inter- 
stellar gas were adduced by Beals!® from his study of data on the intensities and velocities 
of interstellar K, D,, and D». In particular, the complex profiles observed for the inter- 
stellar K lines in several stars were cited by Beals as confirmation of this suggestion. This 
result was much strengthened by Wilson and Merrill,?? who made use of the extensive 
catalogue of interstellar line data published by Merrill, Sanford, Wilson, and Burwell.”! 
These data showed, first, that the equivalent width of the D lines increases almost linear- 
ly with increasing distance out to 2000 pc, even for stars near the nulls of galactic rota- 
tion. Second, they showed that the doublet ratio D2/D, drops gradually from a value of 
nearly 2.0 at close distances to an average value of about 1.2 at 700 pc but shows no fur- 
ther decrease at greater distances. These two observational results can apparently be ex- 
plained only if an increase of distance from 700 out to 2000 pc penetrates regions where 
the radial velocity of the atoms is different from that in closer regions, thus permitting 
the atoms to scatter light in a region of the spectrum not otherwise weakened. The ob- 
served lack of strong dependence of equivalent widths on galactic longitude requires the 
assumption of large-scale random motions rather than galactic rotation. 

More recently, Adams” has shown that complex profiles are the rule rather than the 
exception for interstellar K and H. Merrill and Wilson®* have found that these com- 
plexities are apparently much less marked for the Na D lines than for K and H, but 
the spread in large-scale velocities required to explain the intensity data for the D lines is 
of the same order of magnitude as is the spread in velocity of the components of K and H. 
While the detailed distribution of velocities in the interstellar gas is still obscure, the 
presence of streams or other large-scale motions in this gas can scarcely be doubted. The 
moving elements of the gas may legitimately be called “clouds.” The acceptance of this 
conclusion casts some doubt on the analyses of interstellar line intensities by Evans*4 and 


16 Proc. R. Soc. London, A, 111, 424, 1926. 

17 Groningen Pub., No. 50, 1946. 

18 Mt. W. Contr., No. 585; Ap. J., 87, 409, 1935. 

19 MW .N., 96, 661, 1936. 

20 Mt. W. Contr., No. 570; Ap. J., 86, 44, 1937. 

2 Mt. W. Contr., No. 576; Ap. J., 86, 274, 1937. 23 Pub. A.S.P., 59, 132, 1947. 
2 Mt. W. Contr., No. 673; Ap. J., 97, 105, 1943. 24 Ap. J., 93, 275, 1941. 
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by Schilt,” both of whom consider that the interstellar gaseous medium is essentially 
homogeneous. The conclusions reached by these two authors are treated in more detail 
at the end of this paper. 

Preliminary results on the distribution and velocity of the calcium clouds have been 
obtained by Whipple* in his analysis of Adams’ data. He finds that the average number 
of components per kiloparsec is “‘six to eight.’’ The close agreement between this estimate 
and the value of seven obscuring clouds per kiloparsec found in Section I-a is probably 
fortuitous. On the one hand, half the clouds in Whipple’s analysis are relatively trans- 
parent in the K and H lines; and, if they resemble the transparent clouds of Na discussed 
later in this paper, they produce relatively little selective absorption. On the other hand, 
it is likely that there occurs some overlapping of the lines produced by the more slowly 
moving opaque clouds, with the result that the true number of such clouds may be great- 
er than the observed number of such components. Whipple finds a root-mean-square 
velocity of about 7 km per second for the relatively opaque clouds, producing a strong 
K line, and about 23 km/sec for the more transparent ones, producing a weak line. 

C) RELATIVE DISTRIBUTION OF GAS AND GRAINS 

One is naturally tempted to assume that an obscuring cloud is also a gas cloud. The 
fact that diffuse nebulae always exhibit a gaseous spectrum when the exciting star is of 
type BO or earlier is certainly a strong indication that atoms are concentrated in the 
clouds of solid grains; and the analysis of the distribution of these nebulae by Ambarzum- 
ian and Gordeladse™ implies that the obscuring clouds must contain a relatively high 
abundance of atoms. It should be noted that Struve’ has shown that in at least one case 
(o Sco), where the nebula shows both a continuous and an emission spectrum combined, 
the regions of emission are asymmetrical compared to the regions of reflection. This may 
arise either from a difference in excitation conditions or from a variable ratio of atoms to 
grains within the cloud. Probably such differences in detail do not affect the general con- 
clusion that atoms are concentrated in the obscuring clouds. However, a physical associ- 
ation of atoms and grains does not necessarily imply that the interstellar lines are pro- 
duced primarily within the obscuring clouds. It is possible that in most clouds the atoms 
are in such a state that they do not scatter radiation; for example, the atoms might com- 
bine with other atoms to form molecules, dissociation of these molecules occurring only 
near early-type stars. 

One must therefore appeal to the data on interstellar lines to determine whether these 
lines are actually produced in the obscuring clouds. There are two ways in which such 
data can be used for this purpose. First, if the obscuring clouds are identical with the 
clouds of gas, the radii of these two types of clouds should, of course, be equal. Second, 
the equivalent widths of the interstellar lines in the spectrum of a star should show some 
relationship with the observed color excess for that star. The information on the sizes of 
gas clouds is contradictory. Wilson and Merrill*® have found a cloud radius of some 700 
pc. They observed that, on the average, the D lines approach saturation gradually with 
increasing distance out to about 700 pc, with no systematic change at greater distances. 
Since their data require the assumption that each cloud is optically thick and produces a 
saturated line, it follows that the thickness of each cloud, or of each region with nearly 
uniform radial velocity, is about a hundred times the thickness of the obscuring clouds. 
Oa the other hand, the interstellar K and H profiles observed by Adams” show two sepa- 
rate components, presumably produced by two separate clouds, for a number of stars 
about 300 pc from the sun, and even fora few stars about 150 pc away. This evidence cer- 
tainly requires that some of the gas clouds be less than 100 pc in thickness; and Merrill*® 


2% 4.J., 52, 209, 1947. 
26 Harvard Observatory Centennial Volume (Cambridge, Mass.: Harvard College Observatory, 1948). 
27 Ap. J., 86, 94, 1937. 28 Pub. A.S.P., 358, 354, 1946. 
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has even suggested, as a preferable alternative to the customary uniform distribution, 
that the interstellar lines are formed in relatively thin curtains. Clearly, a reconciliation 
of these two lines of evidence is necessary. 

The comparisons between color excess and interstellar line intensity have thus far 
pointed to a lack of any close correlation between atoms and grains. The correlation be- 
tween the intensity of the K line and the color excess shows very large scatter, as pointed 
out by many workers, including Miss Westgate,”* Williams,*° and Sanford. A similar re- 
sult for the D lines was obtained by Merrill and Wilson.*? Some very weak interstellar 
lines have been observed in strongly reddened spectra. Greenstein and Struve** have ob- 
served a very weak K line—less than 0.06 A—in the spectrum of HD 147889, which has 
the high photoelectric color excess of 0.50. The interstellar D lines in this star are also 
much weaker than the lines found in less reddened stars. Similarly, Morgan** observed 
that in two stars—HD 194279 and HD 194839—with photoelectric color excesses of 
0.55 and 0.54, respectively, the K line was weaker than in adjacent, less reddened stars. 
While it has been suggested" that these variations result from the saturation of the lines, 
no analysis of such effects has yet been carried out. 

An important argument against any association between grains and atoms has been 
made by Evans.*4 His analysis shows that, of the stars with a particular D-line intensity, 
those stars with a photoelectric color excess E; greater than 0.15 have an average distance 
which is closely equal to that of the less reddened stars. The same result was also ob- 
tained for the K line. The distances were deduced from the measured radial velocities of 
the D and K lines and use of the formula derived from galactic rotation; stars within 15° 
of the nulls of galactic rotation were not used. At first sight, this investigation would seem 
to exclude the possibility of any connection between the atoms responsible for the inter- 
stellar lines and the grains responsible for the selective extinction. Unless Evans’ result 
can be accounted for in some other way, one cannot legitimately assume that the ob- 
served gas clouds are identical with the observed obscuring clouds. 


d) SUMMARY AND OUTLINE OF PAPER 


The salient features of our present knowledge in these respects may be briefly summar- 
ized. The interstellar grains responsible for the general and selective extinction of star- 
light are concentrated in clouds whose effective radius varies from 1 to 50 pe and prob- 
ably averages about 8 pc. A straight line in the galactic plane will pass through a cloud 
of average size, with a photographic extinction of about 0.2 mag., about every 150 pc, 
while a cloud of the largest size, with an extinction of about 1 mag., will be intersected 
about every 6000 pc. Grains may also be present between the clouds. Sodium and calcium 
atoms also occur in clouds whose random radial velocities average about 10 km/sec. 
The thicknesses of some of these clouds are less than 100 pc, but for some purposes the 
effective cloud size seems to be 700 pc. While it seems reasonable to assume that the 
density of atoms in an obscuring cloud is greater than its average value outside the clouds, 
all investigations have indicated a relatively weak correlation between selective absorp- 
tion and the intensity of the interstellar atomic lines. It is not known to what extent this 
lack of strong correlation is the result of saturation effects in the atomic lines. 

The present paper is designed to analyze the available data on selective absorption 
and D-line intensities and to investigate how much connection between grains and atoms 
may be deduced. In particular, account is taken of the saturation effects to be expected. 
As will be seen below, the results are consistent with a rather close association between 
gas clouds and clouds of grains, but a variety of types of gas clouds must be assumed in 


2° 4p. J., 78, 65, 1933. 
80 Mt. W. Contr., No. 487; Ap. J., 79, 280, 1934. 

31 Mt. W. Contr., No. 573; Ap. J., 86, 136, 1937. 33.4 p. J., 90, 625, 1939. 
82 Mt. W. Contr., No. 582; Ap. J., 87, 9, 1938. 4 Ap. J., 90, 632, 1939. 
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order to explain the observations. A preliminary account of these conclusions was given 
by the author® some years ago, but publication of the full results, based on more com- 
plete material, was delayed by the war. It should be emphasized that this investigation 
is somewhat preliminary and considers only the D lines. For a more complete picture the 
K and H lines must also be treated. Previous data on these lines are somewhat inade- 
quate, since in most stars the blending of H with He prevents an accurate determination 
of the doublet ratio K/H. The beautiful high-dispersion spectra obtained by Adams” 
permit a complete resolution of H from He and also show many interesting complexities 
in the line profiles. These plates are now being reduced to obtain accurate measurements 
of equivalent widths of the separate components in each line. When this material becomes 
available, it is planned to extend the present analysis to the K and H lines. It would also 
be desirable to complete the picture by measurement of the complex profiles of the D 
lines in an adequate number of stars. 

In Section II of this paper new observational material on D-line intensities is present- 
ed. In Section III the variation of the D-line intensities with color excess and galactic co- 
ordinates is considered. Section IV discusses the variation of the doublet ratio, while in 
Section V the determination of stellar distances from D-line intensities is treated. 


II. OBSERVATIONAL DATA 


The present paper investigates the dependence of the D-line intensities on the color 
excesses, the distances, and the galactic co-ordinates of the stars. Thus, for each star of 
known galactic co-ordinates, information must be obtained on the equivalent widths of 
the D lines, the color excess, and the stellar distance. 

Quantitative measurements of equivalent widths for about 200 stars were available 
from the Mount Wilson catalogue”! of interstellar line intensities and radial velocities, 
referred to subsequently here as ““MWC 576.” The footnotes to this catalogue indicate 
that the D-line measurements for nine of these stars are unreliable, owing to blends with 
stellar lines of Va or C 11; the data for these nine stars were not used. For a number of 
stars visual estimates of line intensity are given in MWC 570. If the lines were estimated 
to be of Intensity I, “Line either not seen or a barely perceptible trace,’’ the equivalent 
width was assumed to be, in fact, low—less than 0.04 A. If the lines were estimated to be 
of Intensity II, III, or IV, the data were not used in the present analysis. 

To interpret the extensive observational material in MWC 576, information is needed 
on the colorand distance modulus of each star. The values of the photoelectric color ex- 
cess FE; were taken from the catalogue of Stebbins, Huffer, and Whitford,! subsequently 
referred to as “MWC 621.” Values of the distance modulus m — 7E, — M were mostly 
taken from MWC 621; for several supergiant stars spectroscopic absolute magnitudes 
determined by Morgan* were available and were used instead. All these moduli rest, 
of course, on the assumption that the visual absorption is seven times F;, corresponding 
to the previously assumed ratio of 9 for A,/). The validity of this assumption has been 
verified by van Rhijn,’ who found 7.1£; for the visual absorption. This same paper also 
shows that the mean absolute magnitudes for each spectral type are about thase of 
MWC 621 for types O through B2 and for the c stars; for the stars of later spectral type, 
van Rhijn’s absolute magnitudes are more strongly negative than are those of MWC 621, 
the correction amounting to —0.8 mag. at B5. In view of the large scatter in absolute 
magnitudes within each spectral type, it was not considered worth while to revise the ab- 
solute magnitudes used in computing the distance moduli. 


a) NEW MEASUREMENTS 
In addition, new measurements of interstellar D-line intensities in thirty-seven stars 
were made at the Mount Wilson Observatory. These are listed in Table 1. The first three 


3 Pub. A.A.S., 10, 235, 1941. 
36 Unpublished material, kindly communicated to the author by Dr. Morgan. 
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iat columns of this table give the number of the star in the Henry Draper Catalogue and the 
ienig 1900 co-ordinates obtained from the same source. The magnitudes and spectral types in 
bale the fourth and fifth columns, the galactic co-ordinates in the sixth and seventh columns, 

7 and the photoelectric color excesses in the eighth column were all taken from MWC 621. 
the P 8 
aes In the ninth column are given values of the distance modulus m — 7E; — M, also taken 
ie from MWC 621, except for the values in italics, which were calculated from Morgan’s 
152 absolute magnitudes. Since Morgan’s determinations were all for supergiant stars, a 
ee prefix ‘‘c” is added to the spectral type of each such star in the fifth column. 
its TABLE 1 
OBSERVED EQUIVALENT WIDTHS OF INTERSTELLAR D LINES 
sO intitle cai a SES Ie 
D | | | 
Equiv. WwTH 
H | | (ANGSTROMS) 
1t- R.A. Dec. - ay 
a a ee pose m | spt | ft b E, | m—-M|_ 
| 
in | | D2 Di 
1337..} Ob12"5 | +50°53’| 6.12 | O8n | 85.6 | —10.9 | +0.03 | 10.4 | 0.65A | 0.43A 
13866..| 2 10.0 | +56 15| 7.4 |cB2 | 102.3! — 3.6] + .14]| 11.9] 0.79D | 0.62D 
14956..| 2 19.6 | +57 14 | 7.32 }cBis | 103.2) — 2.2) + .37 | 11.9 | 0.83D | 0.50D 
16243..; 2 31.3 | +57 23 | 8.4 |cB2 || 104.6} — 1.5] + .31] 1/.2 | 1.13D | 1.10D 
or 17088..} 2 39.5 | +57 19] 7.54] B2 | 105.6] — 1.0] + .45 7.4] 1.09D | 0.93D 
ot 
of 21278..| 3 20.9 | +48 43 | 4.94 | B5 | 115.3}; — 5.3} + .07 6.0 | 0.23B | 0.22B 
23193..| 3 38.1 | +36 09 | 5.57 |}cA3 | 125.6} —13.3 | — .O1 | 11.1 | 0.26C | 0.17C 
34578...) 5 13.4 | +33 52] 5.16 | cA5 140.5 | — 0.5 | + .04] 10.4 | 0.49B | 0.43B 
le 35619..| 5 21.0 | +34 41] 8.5 | BO 140.7} + 1.3 | + .20| 11.0 | 0.85B | 0.64B 
S., £248753..| 5 47.3 | +25 43] 8.5 | BOne | 151.3 | + 1.3 | + .16 | 11.3 | 0.57B | 0.52B 
te 
h 43078..} 609.2 | +22 20 | 8.9 BO | 156.7 | + 4.0] + .25 | 11.0 | 0.68C | 0.71C 
z 158661..| 17 25.4} —17 03 | 8.2 BO | 336.1 | +. 7.6} + .16} 11.0 | 0.64B | 0.58B 
ol 159864. .| 17 31.8 | —17 46 | 8.6 BO 336.3 | + 5.9} + .20 | 11.1 | 0.96B | 0.69B 
cd 163472..| 17 51.2 | +00 42 | 5.73 | B2 | 354.9 | +11.1}) + .12 7.9 | 0.34C | 0.27C 
1t 164353..} 17 55.6 | +02 56 | 3.92 |cB3 | 357.4 | +11.2|} + .07| 8.9 | 0.38B | 0.32B 
| | | 
= 167263..} 18 09.3 | —20 25 | 6.02 | cBI | 338.4 ec 3.1) + .07 | 11.2 /0.28C | 0.29C 
167264. .| 18 09.3 | —20 46 | 5.42 | cBO | 338.1 | — 3.2} + .09| 11.3 | 0.38B | 0.32B 
d 167838..}| 18 11.9 | —15 28 | 6.64} cBO | 343.1 | — 1.2 | + .30 | 11.5 | 0.96C | 0.76C 
= 169034..; 18 17.6 | —13 39 | 8.6 |cBO | 345.3 | — 1.6} + .67 | 10.4 | 0.84D | 0.73D 
170938. .} 18 26.9 | —15 46 | 8.1 | cBO | 344.5 | — 4.5} + .50)} 11.8 | 1.00B | 0.88B 
} | 
5 175876..} 18 52.3 | —20 33 | 6.73 Oe5 | 342.7 | —12.2 | + .03 11.0 | 0.51C | 0.37C 
4S 180587..; 19 12.0 | +10 49 | 8.6 BS | 13.3} — 1.9] + .02 | 10.1 | 0.69A | 0.48B 
t 184915. .| 19 31.5 | —07 15 | 5.04] BOn | 359.6 | —14.7| + .08| 9.4] 0.29B | 0.22B 
‘ 184927..| 19 31.6 | +3104] 7.4 | B2 | 33.2} +42] .00/ 10.4] 0.12 | 0.09 
8 185780..} 19 35.7 | +40 24 | 7.47 | B2 41.7 + 8.2! + .03 | 10.3 | 0.63C | 0.41C 
n 
0 186618..| 19 40.4] +4701} 7.6 | Bin | 47.9| +10.8| — .04] 11.5] 0.31¢ | 0.12C 
f 186994...) 19 42.5 | +44 43 | 7.3 BO 46.1 | + 9.3 .00 | 11.2 | 0.49B | 0.38B 
‘ 188209. .} 19 49.0 | +46 47 | 5.51 | cO8s 48.5| +9.4}] + .06| 11.6 | 0.52B | 0.44B 
‘ 189550..} 19 55.5 | +19 37 | 7.5 B2 26.3 | — 6.4| + .04/} 10.2 | 0.46B | 0.36B 
, 18227415..| 20 00.1 | +35 16 | 9.9 B3 39.9} + 1.4] + .27 | 10.2 | 0.52D | 0.47D 
| 
4 190919. .| 20 02.2 | +35 24 | 7.30 | cBi 40.2} + 1.1] + .21] 11.3} 0.77D | 0.48D 
192968..| 20 12.7 | +40 39] 7.9 | B2 45.7 | + 2.4] + .03 | 10.7 | 0.63A | 0.54A 
193322..| 20 14.6 | +40 25 | 5.82 | O8 45.8} + 2.0] + .16; 9.2 | 0.55C | 0.53C 
199478. .| 20 52.4 | +47 02 | 5.76 | cB8ea 55.2} + 0.9} + .22} 9.7 | 0.60C | 0.54C i 
201345..| 21 03.9 | +33 00 | 7.76 | BO 46.4 | —10.3 .00 | 11.7} 0.51C | 0.51C i 
| | } 
: 204172..| 21 21.7 | +36 14] $.84}cBo | 51.3 | —10.6| + .03 | 11.1| 0.43A | 0.27A 
C 235565. .| 21 34.3 | +51 03 | 8.8 | B2ne 62.9} — 1.0 0.00 | 11.8 | 0.35D | 0.43D 
* Spectral types in italics are from the Henry Draper Catalogue; the others are from Victoria. 
{ 
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The measured equivalent widths of the two interstellar lines, D2 and D,, are given in 
the last two columns. The weight of each determination is also given, with A, B, C, and 
D representing weights 3, 2, 1, and 3, respectively. The D determinations were mostly 
based on various old plates, with a low dispersion—about 35 A/mm—and of rather low 
quality. The others were obtained from plates taken with a grating spectrograph at the 
coudé focus of the 100-inch telescope. Two cameras were used; one, with a focal length of 
72 inches, gave a dispersion of 8.9 A/mm, while the 32-inch camera, used for most of the 
plates, gave a dispersion of 20 A/mm. All but two of these coudé plates were taken for 
this particular program, five of them by O. C. Wilson and the others by the present au- 
thor. The spectra were photographed in the first order, on 103a-D emulsion. The photo- 
metric calibration used has been described by Williams.*® *7 

A weight was assigned to each line on every tracing, based on the graininess and densi- 
ty of the background and on possible ambiguities in defining the line profile. Intensities 
of class A are all based on a number of different tracings. In some cases, when the spec- 
trum was wide but of variable density across its width, these different tracings were 
made of different strips of the spectrum. In the other cases the different tracings were ob- 
tained from different spectrograms. It is believed that the final system of weights is con- 
sistent with that used in MWC 570. Examination of the internal agreement of the meas- 
ures indicates that, for a measurement of weight C, the probable error for either of the D 
lines is about 10 per cent of the equivalent width, while for weight A, the probable error is 
about 6 per cent. 

There are four stars in this list for which equivalent widths of the D lines are given in 
MWC 576. The relative agreement is about what one would expect from the estimated 
errors, except in the case of one star, HD 167264. The equivalent widths listed in Table 1 
for this star are 30 per cent greater than those in MWC 576. This difference may arise 
from the fact that the lines show two clearly separated components, the stronger com- 
ponents being only about 10 per cent greater than the values given in MWC 576. It is 
possible that the earlier measurements included only the main component, the weaker 
component being lost in the plate grain. However, for all four stars a weighted mean for 
each of the D lines was used in the subsequent work. 

The D-line measurements by Beals'® have not been used in this investigation. It has 
been pointed out?’ that the equivalent widths measured by Beals are systematically 
greater than the Mount Wilson values by a factor of 1.44, though the random errors are 
satisfactorily small. The data in Table 1 naturally agree with the Mount Wilson values 
in MWC 576, determined in the’same fashion as the present set. The unexplained dis- 
crepancy between the Mount Wilson measurements and those of Beals is most disturb- 
ing and must be kept in mind when the data are interpreted. 


III. VARIATION OF EQUIVALENT WIDTH WITH COLOR EXCESS 


Before we look at the variation of D-line intensity with color excess, it may be helpful 
to consider what one would expect if all the absorbing atoms were concentrated in the 
clouds of grains discussed in Section I-a. To simplify this discussion, the clouds may all be 
assumed identical. This assumption is obviously unrealistic, but an examination of its 
consequences may help to indicate how much variation actually exists from one cloud 
to another. Throughout the present section the two D lines will be treated as a single 
line, whose equivalent width, denoted by D, is 0.5 (D: + Dz), where D; and Dz» are the 
equivalent widths of the two actual lines. 

If a line 1 kpc in length within the galactic plane intersects seven identical clouds, the 
photoelectric color excess produced by each one will be about 0.024, corresponding to an 
average color excess of 0.17 mag./kpc. A star with zero color excess will, on this basis, 
show no interstellar D lines. A star with a color excess of 0.024 will show the lines pro- 


37 Mt. W. Contr., No. 541; Ap. J., 83, 279, 1936. 





n in 
and 
stly 
low 
the 
1 of 
the 
for 
au- 
to- 


as 





INTERSTELLAR SODIUM 285 


duced by a single cloud; and on this simplified model all stars with this color excess should 
show D lines with exactly the same intensity. Let Do be the value of the equivalent width 
D produced by one such cloud. 

If the color excess increases to 0.05, the lines will be produced by two clouds, and the 
equivalent width will depend on whether the radial velocities of the two clouds are sufh- 
ciently different so that the lines produced by the two clouds do not overlap. It will be 
shown in Section IV-b that each cloud which produces an appreciable color excess 
must produce a nearly saturated line, and the overlapping effect must be very important. 
Thus fora color excess of 0.05 the D-line intensities will vary from slightly greater than Do 
(if the two clouds have identical radial velocities) to 2Do (if the clouds have widely dif- 
ferent radial velocities). Similarly, as the color excess E; and the number of clouds » in 
the line of sight increase, the D-line intensities will vary from slightly greater than Do to 
nD . As n continues to increase, the dispersion in cloud velocities will ultimately limit the 
number of nonoverlapping clouds that are possible. 


a) CURVE OF GROWTH FOR SINGLE CLOUDS 

To make possible a comparison with observation, it is necessary to put these consid- 

erations into a quantitative form. First, we consider the formation of a line by a single 

cloud. For a Maxwellian velocity distribution, the probability P(AX) d(AX) that the 
Doppler shift for any star lies between AX and AX + d(Ad) is given by 

y 


e (apy (3) 


P(AX) = 


» 


=! 


wi) 
where 0 is related to the mean square AX and the mean square velocity in the line of 
sight by the equation 

d 


b= (2AN) 2 =— (20?) 12, (4) 
- 


For random thermal motions of Va atoms within a cloud, 


ar! a sais 
b=- bs J ane 5.4 X 10~‘T'” angstroms . (5) 
c m 


This quantity 0 is simply related to the equivalent width. For any interstellar line the 
emission may be neglected; and, if the velocity distribution is given by equation (3), the 
equivalent width W may, in general, be written® 

W = 2bF(C), (6) 


where C is the optical depth in the center of the line. The function F(C) has been tabu- 
lated by Ladenburg.*® For C large or small relative to unity we have 


eG, Ch 
Fie)-=x = (7) 


(logC)'2, C>1. 
For a saturated line, F(C) changes relatively slowly with C; for C equal to 1, 10, and 100, 


F(C) equals 0.63, 1.6, and 2.5, respectively. It will be shown in the next section that the 
values of C relevant to the interstellar D lines produced by one or more clouds are about 


38 A. Unsold, Physik der Sternatmosphdren (Berlin: J. Springer, 1938), p. 166. 
39 Zs. f. Phys. 65, 200, 1930; Ladenburg’s S(C) equals 2F(C)/#/?C. 
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2.3 and 4.6 for D; and De, respectively. If these values are inserted into equation (6), 
we have 
a (B "(4.€ o 
De= 28, : oe = 2.53;, (8) 


where 6; characterizes the spread of radial velocities within a cloud. 


b) STATISTICAL CURVE OF GROWTH FOR MANY CLOUDS 


Next we must consider the equivalent width produced by many clouds. If Maxwellian 
velocity profiles are used, this problem becomes very complicated. One may expect to 
reproduce most of the essential features of the problem by considering a rectangular 
profile for the velocity-distribution function. In accordance with equation (&) we shall 
assume that the line formed by a single cloud has a width 2/0; angstroms, where F is a 
constant, numerically equal to 1.25 for the interstellar D lines. 

Similarly, Doppler velocities of the separate clouds will be assumed to vary the cen- 
tral wave length of the line over a range 2F,, where b, represents the spread of external 
cloud velocities. We compute here the average value of D when an average is taken over 
all cloud velocities. For the sake of generality we shall let the constant intensity within 
the line produced by a single cloud equal 7 instead of zero; as will be seen, the resultant 
average value of D depends on the equivalent width Do and not on ro and 6; separately. 

If the line of sight penetrates » clouds, the intensity r in the resultant line will be the 
product of the intensities in the individual lines. Let Ay, A2, As, . . . , An Tepresent the wave 
lengths of the centers of the line produced by clouds 1 to n. For a single cloud, the in- 
tensity 7; is given by 

ft if]|A—A;| > Fd; 
~;= 


j ) (9) 
\roif| A—A,;| <Fb,. 
For the equivalent width D we have 
D=fddr¥{1—nerers... ta}. (10) 


To obtain the average value of D, denoted here by D, we must average equation (10) 
over all values of A;. Since, by assumption, all values of \; are equally likely from A» — 
Fb, to Xo + Fb., where Xo is the mean central wave length of the line, we have 


Ao + Fb 


1 e 00 
edt. Aidd2... ae ae 
rrraet a 1dd2... OXn i dd(1— rire... tr) 11) 


which may be written as 
dot Fb, Ao+ Fb, Aot Fb, 


D= fart ~ Tas y 7. ride f a - 


The separate integrals in equation (12) are all identical, and we may therefore write 


co A n) 

D => I dr 1 ~(sj5) \ . (13) 

f =f r;dXj;. (14) 
Ao— Fb, 


r-Or.15  b2D 
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If we now write 


A=2F0),(1-B), (15) 


then 


ir i (i:—B)* = o** (16) 
2F b. : 

provided that x is large. When B is small, which is the case of interest, equation (16) isa 
valid approximation even when » is small. 

To evaluate B and thus to permit integration of equation (13), we examine equation 
(14) for A. In this equation the integral extends over the Doppler velocities of a cloud. If 
the absolute value of \ — Xo is greater than the total possible Doppler shift F(d.+-0,), 7; 
is 1 for all \; in the range of integration A = 2Fb,, and thus B is zero, and the integrand 
of equation (13) is also zero. This result corresponds to the fact that such wave lengths 
can obviously make no contribution to the equivalent width. If |\ — Ao] is less than 
F(b,—6;), then, during the integration, \ — \; will sweep over the entire line width, 
2Fb;, for a single cloud; thus, for a range 2/6; of \;, the relative intensity 7; equals ro in- 
stead of 1,and A equals 2F(b.—6; + biro). Thus we have 


ae, |N— do] $F (4, — 4;) 
B=, be 7) 
ae eee 


For \ — Ao between F(b,—6,) and F(b,.+6;), B varies linearly between the two values in 
equation (17) and is given by 


B= (1-1)} 





I sail 
2F b, 


If these relations are used in equation (16), equation (13) may be integrated directly. The 
resulting expression for D may be put in the form 


D=2Fb,(1-—- e-2) S 1+ b, y (x) (19) 
i b, S? 
where 
. 6; 
= a(1 ry) (20) 
b, 
and 


(21) 


ei bh 


. eh e 
¥ (x) “ao 


The. function y(x) is always less than unity, and, for small x, varies as x/6. The case of 
greatest interest is when 5; is assumed small compared to b,; we may then set 1 + b/d, 
equal to 1. Those situations in which y is important are also those in which the assump- 
tion of a rectangular profile gives different results from the true Maxwellian profile. As we 
shall see in the next section, the central intensity in the D lines produced by one cloud 
must be quite small compared to 1, and thus we have, finally, setting F equal to 1.25, 


D=2.5b,(1— 6 Fs), (22) 


where we have introduced the constant g, given by 


nN b; 


i ee (23) 
=F, 
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On the basis of this picture no correlation of D with distance is to be expected, other 
than that resulting from the weak correlation of £, with distance. If galactic rotation is 
taken into account, however, the situation changes. Obviously, the radial velocity pro- 
duced by galactic rotation increases the spread of velocities within the clouds. If the total 
spread of velocities out to the distance r is now denoted by 2.58,, while 2.56,0 denotes the 
spread at close distances, then we have, from the usual formula, 


2.5)5,= 2.Sbott & in 2(l—l), (24) 





where A is Oort’s constant, 7 is the distance of the star, and /» is the longitude of the ga- 
lactic center. Distant stars at galactic latitudes farther than 20° away from the galactic 
plane will not be considered, and thus the term in cos b has been omitted from equation 


(24). From equations (22) and (24) it is possible to predict the change of D with color 
excess £), distance 7, and galactic longitude /. 


Cc) COMPARISON BETWEEN THEORY AND OBSERVATION 


We turn next to a survey of the observational data. The stars were divided into four 
distance-modulus groups, and for each group 0.5(Di+D2), denoted again by D, was 
plotted against £, yielding Figures 1-4. Circles represent stars within 15° of the nulls of 
galactic rotation, while triangles were used for other stars. Filled-in circles and triangles 
represent stars at low galactic latitudes, while open symbols are used for stars at higher 
galactic latitudes. On each figure two theoretical curves are drawn. The lower curve, the 


same for all figures, shows D taken from equation (22) for stars with no galactic rotation, 
i.e., at such close distances or so near the nulls that b, may be set equal to a constant 


value. The upper curve in each figure shows D for stars in the direction of maximum 
radial velocity; these upper curves were drawn for distances corresponding to distance 
moduli of 8.0, 9.5, 10.5, and 11.5 for the four groups. In applying equation (24), Oort’s 
constant has been set equal to 15 km/sec, in agreement with the result already obtained 
for interstellar lines by Merrill and Sanford.'® 

The lower curve shown on all four figures involves two adjustable parameters which 
have been chosen to provide the best fit. These parameters are: the intrinsic dispersion, 
b.o, of cloud velocities and the constant g, which measures the equivalent width per unit 
of color excess. The former quantity has been taken equal to 0.26 A, corresponding to a 
root-mean-square cloud velocity of 9.3 km/sec. This value is somewhat greater than the 
7 km/sec found by Whipple” for clouds producing a strong K line. The general order of 
magnitude seems to be in good agreement and indicates that the clouds producing strong 
D lines have about the same velocities as the clouds producing strong K and H lines. 
More detailed information on the equivalent widths of the K and H lines and on the com- 
ponents of the D lines would be required to verify this tentative conclusion. 

The constant g, equal to nb;/E,, has been taken equal to 2.4 A/mag. This is the ratio 
of b; to the color excess produced by a single cloud. If the separate clouds all had widely 
different velocities, a star with a color excess E; would show interstellar D lines with a 
width 2.5 nb,, or 2.5 Eg. The value adopted for g gives D equal to, at most, 0.60 A when £; 
equals 0.10. If, as assumed above, the color excess produced by a single cloud is 0.024, 
then 0; is 0.058 A. If this is attributed entirely to the effect of thermal motions within 
each cloud, the kinetic temperature found from equation (5) is 12,000° K; the correspond- 
ing root-mean-square velocity in the line of sight is 2.1 km/sec. Since these values de- 
pend entirely on the uncertain value of the color excess per cloud, their reliability is not 
high. 

The upper curve in each figure is determined from equations (22) and (24), without 
the introduction of any additional parameters. The good agreement between these curves 
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Fic. 1.—D-line intensities plotted against photoelectric color excess for stars 
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Fic. 2.—D-line intensities plotted against photoelectric color excess for stars 
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Fic. 4.—D-line intensities plotted against photoelectric color excess for stars with distance moduli 
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and the triangles in each of the four figures indicates that the simple model under discus- 
sion here does describe some of the major features of the observational data. Since the 
theoretical curve represents the mean value of D, averaged over all velocities for the in- 
dividual clouds, some scatter is to be expected, especially in the region where the theo- 
retical curve is just starting to flatten off. 

It may be noted that the rough agreement found here between the cloud velocities ob- 
served by Adams and those required by the data shown in Figures 1-4 has also been 
found by Melnikov.*® Further, Melnikov finds a root-mean-square velocity of 7 km/sec 
from a curve of growth for the interstellar Va and Cat lines. However, Melnikov’s ap- 
proach is wholly different from that used here, and, in particular, the validity of his curve 
of growth is open to question, since he does not consider in detail the irregular distribu- 
tion of the scattering atoms, indicated by the more extensive data analyzed here. 

While the general agreement between observations and theory shown in Figures 1-4 
is surprisingly good, considering the simplified model treated, one important discrepancy 
should be noted. The D lines seem to be much too strong in the stars with very low color 
excess, 0.04 or less. This is the region in which, according to the simple theory, no true 
scatter whatever should be present, since the number of clouds is 0 or 1, no overlapping of 
clouds is possible, and D should equal Dy if one cloud is present and should equal zero 
otherwise. Yet the observations indicate that D may be considerable, even when £; van- 
ishes. The random errors in E, (about 0.02) and in D (between 5 and 10 per cent) cannot 
explain this effect. If, as suggested by Oort’? and van Rhijn,® the true zero point of the 
color excesses is between —0.025 and —0.049 on the scale of MWC 621, much of this dis- 
crepancy would disappear, but not all. A gaseous medium between the clouds of grains, or 
clouds of gas and grains which are more transparent than the average, would be consist- 
ent with these observations. This additional assumption receives strong confirmation in 
the next section. 

There is one additional discrepancy apparent in the figures. Some of the points lie con- 
siderably above the asymptotic value approached by the theoretical curve for very high 
Ff. Since this limiting value represents the width attained when clouds are present with 
all possible velocities, these points require a wider velocity distribution for the clouds 
than that assumed. But a Maxwellian velocity distribution with a greater value of 6, 
would give for each £; an average D greater than the observations would permit. The 
most direct explanation of these anomalously strong lines is that the velocity distribution 
is non-Maxwellian. It is also possible that errors in distance and thus in the computed 
effect of galactic rotation might explain this result. This possibility is discussed again in 
Section V, where these exceptional stars are listed and their possible absolute magnitudes 
are discussed. 


d) DEPENDENCE OF D ON GALACTIC LONGITUDE AND LATITUDE 


One important test of the simple theory is the behavior of stars at the nulls of galactic 
rotation, which should show no systematic change with distance for a fixed £\. That this 
test is very nearly fulfilled is evident from the four figures, which show only a relatively 
small increase of D with distance for the circles, as compared with a very marked in- 
crease for the triangles. This same effect is also shown by a comparison between Figures 
10 and 11 in Section V-a. What little increase of D with distance appears for stars near 
the nulls may, in part, be accounted for by the fact that most of the stars are not exactly 
at the nulls. 

To indicate how much the circles in Figure 4 are affected by galactic rotation, all 
points in this figure have been corrected for the effect of galactic rotation and replotted 
in Figure 5. It is not possible to compute this correction exactly for each star, since the 
detailed velocities of the many individual clouds producing the D lines in each stellar 


40.4.J. Soviet Union, 24, 73, 1947. 
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spectrum are unknown. The average value of this correction for stars in a particular re- 
gion of space and with a particular color excess is readily computed, however, by means 
of equations (22) and (24), which give the dependence of D on galactic longitude. By 
means of these equations one may compute how much D would be decreased for stars 
with particular values of /, 6, r, and Ej, if sin 2 (J—lo) were reduced to zero, the other 
quantities remaining constant. A separate value of this change in D was computed for the 
co-ordinates and color excess of each star and was subtracted from the observed value 
of D for that star, to yield Deorr. While this correction is not exact for specific stars, it 
should give correct results on the average. 





T T T T T T 
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Fic. 5.—D-line intensities corrected for the effect of galactic rotation and plotted against photoelectric 
color excess. Only those stars with a distance modulus of 11 mag. or more and with £; greater than 
0.05 mag. are included. The symbols have the same meaning as in Fig. 3, except that larger symbols have 
been used to denote stars of measured spectroscopic parallax. 


In the final plot, given in Figure 5, the large symbols represent stars whose spectro- 
scopic absolute magnitudes have been determined by Morgan. This figure shows that 
stars at all galactic longitudes follow relatively closely the expectations based on the 
simple theory. A comparison of Figures 1 and 5 shows in particular that the D lines in 
reddened stars near the nulls of galactic rotation vary only slightly with distance, when 
correction is made for the small amount of galactic rotation present. This result is also 
borne out by Figure 11 and the accompanying discussion, which indicates that the ob- 
served values of D at distances of only a few hundred parsecs are about 70 per cent of the 
values of Deorr at 2000 pc and beyond. 

This result differs from that obtained by Wilson and Merrill,”° who found no large 
systematic change of D with galactic longitude for stars at each distance. This difference 
in result is due in large part to the additional information now available on the D-line 
intensities for distant stars near the nulls. Since the data on the velocities shown by the 
interstellar lines indicate conclusively that the gaseous medium shares in the galactic 
rotation, it would be most surprising if this rotation did not also affect the line intensities 
in some way. 
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While the change of the average D-line intensity with distance is apparently small, 
when correction is made for the effect of galactic rotation, the data suggest that some in- 
crease is definitely present. There are at least two ways in which such an increase might 
be explained. Either a large scatter of E, between different clouds or an increase of the 
turbulent velocity, 5.0, with distance would produce this result. We shall consider each of 
these mechanisms separately. 

If different clouds have widely different values of £,, then the average number of 
clouds corresponding to a particular color excess will be different at different distances. 
At close distances a high value of EZ; is probably produced by a single cloud, while at 
greater distances many small clouds are more likely to contribute to a high observed 
color excess. If the equivalent width Do produced by each cloud were about the same for 
all clouds, one would then expect stars with a fixed EZ; near the nulls to show stronger 
D lines at greater distances. This effect may well explain some of the tendency shown by 
the points in Figures 1-4 to lie higher than one would expect on the basis of the simpli- 
fied theory. 

That the effective turbulent velocity of the clouds might increase with distance was 
suggested to the author by A. Unsdéld, who kindly communicated an advance copy of 
his paper*' on the interpretation of interstellar lines. The idea advanced in this work is 
that a cloud has a velocity greater than the random velocities of its components, that 
each group of clouds has a velocity greater than the random velocities of clouds within 
the group, that systems of groups are moving faster than the groups within each system, 
and so on. This suggestion is based on observations of turbulence in the earth’s atmos- 
phere and would yield a systematic increase of b,.o with distance. While the data presented 
here suggest that this effect is not large, a slight increase in 6,9 with distance may be 
present. It may be noted that the differences which Unsdld stresses between a square- 
topped profile and a Maxwellian one must also be taken into account in a more refined 
theory. 

One must always bear in mind the possibility that the trends shown in Figures 1-5 
may, in fact, result from systematic changes of D-line intensity from one part of the sky 
to another. In view of the concentration of data in certain regions, this possibility is espe- 
cially serious. A breakdown of the data by different galactic longitudes failed to show 
much difference between different regions except for the differences in galactic rotation 
already described. This is in accord with an earlier result by Merrill,*? who concluded that 
“regional differences [in the density of sodium vapor], while probably present, are not ex- 
tremely great.”’ 

It is of interest to note that the stars of higher galactic latitudes plotted in the accom- 
panying figures show D lines of about the same strength as do the low-latitude stars at 
the same distance and with the same color excess. This indicates that the association be- 
tween grains and gas persists even to considerable distances away from the galactic 
plane. 

e) SUMMARY 


One may conclude that to a surprisingly good first approximation the D lines may be 
regarded as formed by individual identical clouds, each cloud producing a photgelectric 
color excess, E;, about one-sixth the equivalent width Do of the Va lines which it absorbs. 
The root-mean-square velocity of the individual clouds is 9 km/sec. If the color excess 
produced by a single cloud were 0.024, then the equivalent width Do produced by a single 
cloud would be about 0.15 A, corresponding to a root-mean-square velocity of 2.1 km/sec 
and, if the motions were random, to a kinetic temperature of about 12,000°. The depend- 
ence of D on £,, on distance, and on galactic longitude is generally in agreement with ex- 
pectations based on this simplified model. However, for values of E, close to zero, the 
D lines appear to be stronger than the theory predicts, indicating the presence of clouds 


4 Zs. f. Ap. (in press). 4 Mt. W. Contr., No. 569; Ap. J., 86, 28, 1937. 
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more tenuous than the average or possibly the presence of a uniform intercloud gas. It 
should be remembered that the measurements by Beals suggest that the Mount Wilson 
measurements of equivalent width should all be increased by a factor of 1.44. Such an in- 
crease would increase correspondingly the values found for the cloud velocities. 


IV. VARIATION OF DOUBLET RATIO 


The doublet ratio D2/D;, which will here be denoted by Q, provides a powerful tool for 
analysis of the distribution of the interstellar atoms. While the observational errors are 
much more serious here than in the study of D, the available information on the doublet 
ratio permits a number of important conclusions. 

Let us consider, first of all, how this doublet ratio would be expected to change with 
D and £,. In the case of a homogeneous medium, in which the atoms have only their ran- 
dom thermal motions, the doublet ratio may be found from the familiar curve of growth. 
The parameter b, introduced in the previous section to describe the distribution of atom- 
ic velocities, will be constant; if we now let C be the optical depth in the center of D,, then 
2C will be the optical depth in the center of D2, and, in accordance with equation (6) 


above, we have 


D. F(2C) 
( = — = ——__— (25) 
D, F(C)’ 
while 
D= b(F(C) + F(2C)]. (26) 


It is readily shown that .V, the number of atoms in the line of sight per square centimeter, 
is related to 6 and C by the equation 


- ea “= 1.72X10"0C, (27) 
iat dade oa. é 


The numerical value is computed with 6 given in angstroms, and with / set equal to 3, its 
appropriate value for D;. From the values of F(C) given by Ladenburg*® the relationship 
between D2/D, and D for a given b is readily found. Curves of this general nature have 
been plotted and their importance emphasized by Wilson and Merrill? and by Wilson.* 
When D is low, the lines are on the linear section of the curve of growth; as D increases, 
saturation sets in, the equivalent width increases more and more slowly with increasing 
C and N, and D2/D, falls rapidly toward unity. 


a) DOUBLET RATIO PRODUCED BY MANY CLOUDS 


If the interstellar gas is concentrated in individual clouds, a separate analysis is neces- 
sary. This analysis depends both on the distribution of atomic velocities within each 
cloud and on the distribution of cloud velocities. We shall assume here that the cloud 
velocities are considerably greater than the relative velocities of the atoms within a cloud; 
this assumption appears to be realistic. We shall also assume that all velocities are dis- 
tributed according to the Maxwellian law; this assumption is probably not correct in 
detail but should provide a useful first analysis. The assumption of a flat-top profile, made 
in Section II-b, was adequate for the computation of D but is unsatisfactory for the com- 
putation of Q, since for saturated lines this ratio depends primarily on the velocity-dis- 
tribution function for velocities much greater than the average. 

The nature of the absorption lines produced by many clouds depends also on the opti- 
cal depth of a single cloud. We shall consider, first, the situation in which the optical 
depth through a cloud is small compared to unity. It is readily shown that in this case the 
relation between D2/D, and D (called a “ratio-curve’’ by Wilson) is the same as in a 
homogeneous medium. Such relatively transparent clouds will not produce saturation 


‘3 Mt. W. Contr., No. 614; Ap. J., 90, 244, 1939, 
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at any wave length unless the line of sight intersects a large number of clouds. But the 
velocity distribution of all the atoms in a large number of clouds will not deviate much 
from a Maxwellian distribution, with 5 set equal to (b? + 6?)'”*, which is about equal to 
b,.. In other words, saturation does not appear until many clouds are present; and the 
profile of the line produced by many clouds will begin to approach the wide, smooth pro- 
file to be expected in a homogeneous medium. Obviously, if the number of clouds is stead- 
ily increased, with a corresponding decrease in the optical depth of a single cloud, the 
separate clouds may be treated essentially as separate absorbing particles, with a velocity 
distribution given by the Maxwellian law and a uniform density distribution; such a dis- 
tribution of clouds would be observationally indistinguishable from a uniform gas. 

When the optical depth of each individual cloud becomes large compared to unity, a 
quite different situation prevails. There is now a certain minimum value of D, denoted by 
Do, found when the line of sight penetrates just one cloud, and a corresponding maximum 
value of the doublet ratio Q, denoted by Qo. If two clouds are present and they do not 
overlap (i.e., if their radial velocities are sufficiently different so that the components 
of each line do not overlap), D will be twice Do, and Q will be unchanged. If the clouds 
overlap exactly, the number of absorbing atoms is doubled, with no change in the veloc- 
ity distribution; D will be slightly increased, and Q slightly decreased. Thus, with a fixed 
value of .V, different values of Q and D are possible, depending on the degree of overlap of 
the clouds. 

As the number of clouds is increased, D approaches 26,, and overlapping of clouds 
(i.e., of the line components which they produce) becomes certain. Any further increase 
in the number of clouds must decrease Q without any large change in D. In the limiting 
case where the number of clouds becomes large, the velocity distribution of all the ab- 
sorbing atoms approaches a Maxwellian distribution, characterized by the parameter 
b.; Q may then be computed in terms of D, 6., and C by the same formulae used for a 
homogeneous medium. To summarize, we see that, as the number of clouds increases, Q 
remains nearly constant, on the average, with increasing D until the different clouds over- 
lap, after which Q follows the theoretical ratio-curve for a homogeneous medium with } 
set equal to &. 

The above discussion refers to the average value of Q for each number of clouds. There 
will be considerable variation from this average value. If the clouds all overlap, Q@ and D 
will both be less than the average, while if none of the clouds overlap, both Q and D will 
exceed their average values for a fixed V. To consider how Q and D vary in this case, we 
shall discuss in more detail the relationship between these two quantities when N, the 
number of atoms in the line of sight per square centimeter, is held fixed. 

The exact relationship between Q, D, and N is rather difficult to compute, since it de- 
pends on the detailed overlapping between clouds. For approximate results, we may as- 
sume that, for any value of V and D, the value of Q is the same as it would be for a homo- 
geneous medium with the same V and D. On this assumption, Q is obtained from equa- 
tion (25), with 6 and C determined by equations (26) and (27) and the given values of 
D and N. The values of 6 and C found in this way are simply parameters, without much 
physical significance, and may be denoted by der and Cer. 

It may seem surprising that the relation between Q, D, and N found for a homogeneous 
medium should have any applicability to the situation in which a number of clouds, with 
different radial velocities, are present. It may be seen, however, that this relationship is 
clearly valid in the two limiting cases: (1) where the clouds all overlap exactly and (2) 
where none of the clouds overlap at all. In the first case, D and Q are correctly given if 
Ce is taken to be times its value C» for a single cloud, without change of 6; in the second 
case Ces equals Co, but dere is x times its value for a single cloud. In both cases the number 
N of absorbing atoms per square centimeter is obviously m times its value for a single 
cloud. 

Before we use in all cases the relationsip between Q, D, and N found for a homo- 
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geneous medium, it is desirable to test the accuracy of this relationship in the case where 
the clouds overlap partially. This requires, first, that we evaluate Q and D numerically 
to find their true values. Next we must investigate whether or not these true values sat- 
isfy the relations for a homogeneous medium. To do this, we use equations (26) and (27) 
to find the values of Ces and bes which yield the true values of D and NV. Substitution of 
Cer and bere in equation (25) then yields Q,, the value which the doublet ratio would have 
in a homogeneous medium for a particular D and NV; comparison between Q, and the 
true value of Q indicates whether the relation between Q, D, and N for a homogeneous 
medium is, in fact, applicable in the case under consideration. 

Such computations are rather complicated and have been carried out in only one case 
—that in which two clouds are present and the Doppler shift of one relative to the other 
is just equal to };, the parameter characterizing the random motions in each cloud. This 
situation is about intermediate between exact overlap of the two clouds and no overlap. 
The results of this computation are given in Table 2 for different values of the optical 
depth of a single cloud in the center of D,. It is evident that the actual values of Q given 
in the fifth column do not deviate appreciably from the ones for a homogeneous medium 


TABLE 2 
ACCURACY OF EQUATIONS (25), (26), AND (27) FOR 
OVERLAPPING COMPONENTS 


Cc D. re c Q On 
0.5 0.883 1.20 1.60 1.59 1.59 
ee 1.296 Nee 1.63 1.39 1.39 
234 1.674 1.22 1.64 1.22 1.21 
Eee a re 1.966 L2t 1.65 1.14 1.16 


found from equations (25), (26), and (27) and listed in the last column of Table 2. Thus 
in the general case we may assume that the relationship between Q, D, and JN is usually 
given to a good approximation by equations (25), (26), and (27). 

On the basis of the simplified picture in which all clouds are identical, the following 
general picture emerges as a result of this theoretical discussion. In the plot of Q against 
D, most of the weak lines, produced by a few clouds only, should show the same value of 
(Q—that corresponding to a single cloud—which we denote by Qo. The few weak lines in 
stars of high color excess will be those in which several clouds all overlap, and the value 
of Q for these lines will be substantially less than Qo. With increasing D, some overlapping 
of clouds will become the rule rather than the exception, and the average value of Q will 
gradually decline. The decrease will not become marked until D is close to its saturation 
value at that distance; for greater D, Q will follow the ratio-curve given by equations 
(25) and (26) with 6 set equal to b,. If we focus attention on stars all of the same color ex- 
cess and thus with the same value of JN, these will show the lowest value of Q when D is 
low; with increasing D the doublet ratio, Q, will increase gradually until it reaches its 
maximum value, Qo, after which no further increase is possible. 


b) OBSERVED DOUBLET RATIO IN REDDENED STARS 


We turn next to an examination of the observational data on the doublet ratio for 
stars with color excess of 0.10 or more. Since the data are not sufficient to show the varia- 
tion of Q with D for lines of each color excess and distance, all the observations were di- 
vided into two color-excess groups, with 0.10 as the dividing line. Each of these groups 
was subdivided into two distance subgroups, and plots were made of Q against D for each 
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subgroup. In constructing these plots, measurements of weight C or D have not been in- 
cluded; even for estimates of weight A or B, the probable error of each value of Q is about 
0.10, which is larger than many of the expected variations. 

Figures 6 and 7 present the data for the reddened stars. The symbols have the same 
meaning as before. The three dashed lines represent the variation of Q with D, predicted 
from equations (25), (26), and (27) for different fixed values of V, the number of atoms 
per square centimeter in the line of sight. As we have already seen, these curves may be 
used to indicate approximately the expected variation of Q with D when the clouds pres- 
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F1G. 6.—Values of the doublet ratio for reddened stars (£, equal to 0.10 or greater) within less than 
1000 pc from the sun. The symbols have the same meaning as in Fig. 1. 


ent overlap by all different amounts. The dotted curves are the ratio curves found for a 
homogeneous medium when 6 is fixed and equal to the values 0.15 A and 0.26 A; the 
former value is found from Figures 8 and 9, while the latter is the value of 6.9 found in 
Section III-c. The crosses represent normal points, computed for all the points within 
each 0.20 interval of D. The solid line, the same on both figures, is drawn to provide the 
best empirical fit with the observed points. 

It is evident from both figures that the values of Q tend to be smallest for the weakest 
lines. Since only the reddened stars are included, the weak lines may be regarded as pro- 
duced by overlapping clouds, with the anticipated result that Q is less. While the effect is 
not large, it seems definitely to be present and indicates that the theory of many separate 
identical clouds, each containing atoms and grains, represents some of the major features 
of the observations. After its initial rise, Q levels off at about 1.20 and shows no further 
change with increasing D. 
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This dependence of Q on D proves immediately one important point—that the optical 
depth of a single cloud must be large. We have already seen that the line produced by 
many nearly transparent clouds, moving at random, is indistinguishable from that pro- 
duced by a homogeneous medium. When such a medium produces a saturated line, a 
further increase in line width is possible only with an enormous increase in the number of 
absorbing atoms and a corresponding sharp decrease in Q—the latter effect is evident 
from the dotted curves in the figures. Galactic rotation could account for some of the ob- 
served points if the medium were homogeneous; but it is evident that stars at close dis- 
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Fic. 7.—Values of the doublet ratio for reddened stars (£, equal to 0.10 or greater), 1000 pc or more 
from the sun. The symbols have the same meaning as in Fig. 3. 


tances and near the nulls of galactic rotation do not behave very differently from the 
others. This evidence therefore justifies the assumption, made in Section III-d, that the 
optical depth of a single cloud for radiation at the center of either of the D lines is greater 
than unity. 

The value of this optical depth through a single cloud may be determined from Qo, the 
doublet ratio produced by a single cloud. While this latter quantity is difficult to evaluate 
precisely, Figures 6 and 7 indicate that it probably lies between 1.20 and 1.30. From 
equation (25) we find that Cp equals 4.0 and 2.2 at these two limits. The most likely value 
is therefore about 3 for the optical depth in D,, with 6 for the optical depth in D2. The 
number of atoms, No, in a column 1 cm? in area extending through one cloud may be 
found directly from equation (27); if b; is set equal to 0.058 A, we find that No equals 
about 3 X 10!/cm-?. Thus the number of neutral Na atoms in a cylinder 1 cm? in cross- 
section and 1 kpc in length averages about 2 X 10", 
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Further examination of Figures 6 and 7 indicates general agreement with expectations. 
One would expect that, for close stars and for those near the nulls, the values of 0 would 
not exceed those given by the equations for a homogeneous medium, with 6 replaced by 
the value 0.26 A found in Section III-c for b,o, characterizing the distribution of cloud 
velocities. This expectation seems to be fulfilled, in general; most of the stars above 
and to the right of this dotted theoretical curve in Figure 7 are more than 15° from the 
nulls of galactic rotation, and the relevant value of b, for these exceeds 0.26 A. 
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Fic. 8.—Values of the doublet ratio for unreddened stars (£; less than 0.10) within less than 1000 pc 
from the sun. The symbols have the same meaning as in Fig. 1. 


The point in Figure 6 at D equal to 0.21 and Q equal to 1.63 seems way out of line with 
this entire picture. The probable error of Q perhaps increases somewhat with decreasing 
D; but, while observational error can perhaps explain why the barred circle at Q = 1.32 
lies so high, it cannot explain away this much higher point. This anomalous point repre- 
sents the D-line intensity in the spectrum of @' Orionis A (HD 37022), the brightest star 
in the Trapezium cluster. The law of space reddening has also been shown to be anoma- 
lous for this star; and Baade and Minkowski’ have determined that the grains of smaller 
size are apparently lacking. Figure 6 suggests that sodium atoms are also missing from 
this unusual nebula. That the one anomalous point in Figures 6 and 7 should also be 
anomalous in quite other ways is consistent with the belief that the present picture is 
essentially correct. 

On the basis of this picture, one would expect to find for each value of D a correlation 
of Q with Z, for the points in Figures 7 and 8. No such correlation seems to be present; 
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and, in fact, there is some evidence that for £, greater than 0.10 a further increase in F), 
with D held fixed, gives a less saturated line. If this effect is real, it may perhaps be ex- 
plained by a difference in physical properties between different clouds. It is highly prob- 
able that a considerable dispersion exists in the color excesses produced by single clouds. 
If, in the clouds of higher color excess and probably of greater density, the atoms disap- 
pear rapidly, as, for example, by sticking to the grains, the very dense clouds might con- 
tain fewer sodium atoms than the somewhat less dense ones. The Trapezium cloud is ap- 
parently one in which the atoms have disappeared in this way. One might thus explain 
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Fic. 9.—Values of the doublet ratio for unreddened stars (FE, less than 0.10), 1000 pc or more from 
the sun. 


an inverse correlation of Q with £,, without impairing the observed increase of Q with D 
for low values of D. However, the data are quite inadequate to support in detail an inter- 
pretation of this sort. Discussion of the effects produced by such differences of density 
between the clouds must await more complete and accurate evidence. 


c) OBSERVED DOUBLET RATIO IN UNREDDENED STARS 


Next we look at the points for unreddened stars, shown in Figures 8 and 9. The sym- 
bols have the same meaning as before, and the dotted, dashed, and solid curves have the 
same meaning as in Figures 6 and 7. The crosses are normal points, now computed for all 
the stars within an interval of 0.10 in D. 

It is evident at once that the simple picture of small, separate, identical clouds, each 
producing a saturated line, is wide of the truth for these unreddened stars. Instead of a 
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flat ratio-curve, giving a low and constant value of Q, we find that the normal points now 
follow quite closely the theoretical curve for a homogeneous medium, with 6 equal to 
0.15 A. A comparison between Figures 6 and 8 shows how differently the reddened stars 
behave from the unreddened ones. The conclusion that the D lines in unreddened stars 
are produced in a somewhat different way from the lines in the more reddened stars has 
already been suggested by the high line widths noted in Figures 1-4 for Ej, close to zero. 
The present evidence is much stronger and makes the result quite definite. Incidentally, 
the difference between Figures 6 and 8 provides another strong proof that color excess is 
directly related to the process of interstellar line formation. 

As pointed out by Wilson and Merrill,?° this decrease in Q with increasing D can be 
reconciled with a more nearly constant Q for greater D if the cloud elements are large. On 
this picture, a cloud extends some 500 pc or more, and the gradual decrease of Q with in- 
creasing D is the result of gradual penetration of more and more cloud with increasing 
distance. It is a necessary part of this theory that the distribution of velocities remain the 
same throughout the cloud, and with a value of 0; certainly not in excess of 0.15 A. The 
number of components found by Adams in interstellar H and K for stars within 300 pc 
and the wide lines found in reddened stars at similar distances make it difficult to see how 
all the clouds can be so large. Thus there seems no escape from the conclusion that the 
weak lines in unreddened stars are formed by an essentially different type of cloud from 
that which is responsible for strong lines in unreddened stars. 

In view of the importance of this result, let us review briefly the evidence on which it 
is based. On the one hand, as pointed out by Merrill and Wilson,”° the constancy of D2/D, 
for stars near the nulls, as D increases from 0.4 A to 1.0 A, requires that different elements 
of gas in the line of sight have different radial velocities and that the optical depth 
through each element of uniform velocity be large compared to 1. This seems to be the 
only way that an increase of D can be produced without a sharp decrease in the doublet 
ratio. On the other hand, the high doublet ratio in unreddened stars with D equal to 
0.20 A indicates that the optical depth between these stars and us is less than unity. 
These two conclusions seem definite. If the distances to these unreddened stars were less 
than the dimensions of a moving element, there would be no problem; but, in fact, the 
reverse seems to be true. These unreddened stars, with unsaturated lines, are found at all 
distances between 100 and 1000 pc; and, unless the assumed average absolute magnitudes 
are off by more than 1 mag., a substantial number of these stars must be at distances of 
300-500 pc. The dimensions of a moving element are apparently much less than this, at 
least in many cases. Adams’ data on the Ca* lines indicate a number of components in 
stars 300-500 pce away, and a similar number for Va seems reasonable. Also, many stars 
between 500 and 1000 pc show wide D lines, which must be produced by many moving 
elements. Finally, the general association between grains and gas suggested by this paper 
indicates that the moving elements may, in fact, be the individual obscuring clouds re- 
sponsible for the general and selective extinction; we have already seen that the radius 
of a typical such cloud is probably about 8 pc. Thus the weight of evidence definitely 
favors the belief that two essentially different media produce the Va absorption in red- 
dened and in unreddened stars. 

What can be said about the medium responsible for the D lines in unreddened stars? 
The two important facts which we must consider are that the ratio-curve agrees with that 
of a homogeneous medium and that the line intensities do not seem to be correlated 
very exactly either with distance or with color excess. The large scatter in the correlation 
of D with distance is evident from Figures 14 and may also be seen in Figure 12 in the 
next section. If the scatter in the distance relation is real rather than a result of the dis- 
persion in absolute magnitudes about the assumed values, then one cannot assume a ho- 
mogeneous medium. An attractive possibility is the assumption of many small clouds, each 
of which has small optical depth in the D lines. Since each such cloud will absorb only a 
minute fraction of the radiation in the D lines passing through it, we shall refer to it as a 
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“transparent cloud,” in contrast to the ‘“‘opaque clouds” responsible for high selective ab- 
sorption and strong D lines. As we have seen, such an assembly of transparent clouds 
will produce the same ratio-curve as a homogeneous medium but will have sufficient ir- 
regularity to give quite different D-line intensities for stars at the same distance. To pre- 
dominate for close stars, these clouds must be intrinsically more numerous or of greater 
size than are the more opaque clouds. It is not impossible that each transparent cloud 
might consist of a less dense atmosphere or aura surrounding a dense or opaque cloud. 
If accurate data were available on the line intensities in stars of accurately known dis- 
tance, the sizes and space distribution of these nearly transparent clouds might be as- 
sessed; but at the present time such an attempt would be difficult. 

The velocity of these transparent clouds and the average number of atoms which they 
contain per square centimeter can be evaluated only approximately. First, we consider 
the average velocity. Figures 8 and 9 give a ratio-curve with } equal to 0.15 A, yielding 
a root-mean-square velocity of 5.4 km/sec, about 60 per cent of the corresponding veloc- 
ity found in the preceding section for the opaque clouds. However, this value is almost 
certainly too low. Since the color excess of a single opaque cloud is assumed to be 0.024, 
the light from many of the relatively unreddened stars will pass through at least one of 
these opaque clouds and possibly as many as two or three. In Figures 8 and 9, the location 
of the points shown for Q between 1.1 and 1.3 are about what one would expect for a line 
produced by one to three opaque clouds. Figures 8 and 9 indicate only that, when the 
contribution of the opaque clouds disappears, that of the transparent clouds becomes 
dominant. If the values of Q and D were much more accurate, the greatest values of Q 
for each D would presumably be those unaffected by the opaque clouds, and these would 
permit an independent determination of 5, for these transparent clouds. At present we 
can conclude only that the data presented here indicate a root-mean-square velocity 
greater than 5 km/sec and are not inconsistent with the velocity of 9 km/sec found for 
the denser clouds. Whipple’s* analysis of Adams’ data on the K and H lines shows that 
the more transparent clouds of Ca* have relatively high velocities, in the neighborhood 
of 25 km/sec. On the other hand, the data presented in the next section point very tenta- 
tively to a value more nearly 5 5 km/ /sec for the relatively transparent clouds of Va. While 
the failure of Merrill and Wilson?’ to find noticeable components for the D lines supports 
the hypothesis that the relatively transparent clouds of Cat are moving much more rap- 
idly than those of Na, more data are required before definite conclusions may be drawn. 

One would expect that the lines absorbed by these relatively transparent clouds would 
show the effects of galactic rotation and that distant stars far from the nulls would show 
stronger, less saturated lines than would distant stars, close to the nulls. The observa- 
tions do not support this expectation, since the triangles and circles in Figure 9 show no 
outstanding differences. However, the observational evidence is not strong, especially 
since there is only one star with a distance modulus greater than 11.0 and more than 15° 
away from the nulls. Moreover, stars of zero color index, known to be at great distance, 
are difficult to find. A search through the catalogues for faint unreddened stars of early 
spectral type should be an excellent method for locating stars below the main sequence. 
Thus an investigation of the galactic-rotation effects for these relatively transparent 
clouds would not be simple. 

Next we consider the average number of neutral Na atoms in these transparent clouds. 
Here, again, care must be taken to disentangle the effects produced by the more opaque 
clouds. The unsaturated lines, with Q about equal to 1.60 A and D equal to 0.20 A, can 
obviously not be much affected by the opaque clouds, a single one of which produces a 
saturated line with D equal to about 0.15 A. The number of atoms producing an unsat- 
urated line with D equal to 0.20 A is about 2 X 10/cm?. The distance of the stars in 
question averages about 400 pc, as may be seen from Figure 12 in the next section. Thus 
we find 5 X 10” Na atoms in transparent clouds per square centimeter per kiloparsec. 
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This is about one-fourth the value found in the preceding section for the average number 


in opaque clouds per kiloparsec. 
However, a correction to the computed properties of the opaque clouds must also be 


made, since the relatively transparent clouds must contribute to the interstellar D lines 


in reddened stars also. Evidently, the saturation value of D for large £; will not be much 
affected by additional absorbing atoms, and thus the value of 6,9 found for the opaque 
clouds remains unchanged. The constant g might be somewhat altered; but, since this 
constant is determined to give the best fit for the close stars, shown in Figure 1, the 
change will not be large. In any case, the selective absorption produced by a single 
opaque cloud is so uncertain that a precise estimate of g is not of much physical interest. 
The chief effect of the relatively transparent clouds will be to increase somewhat the 
saturation of the strong D lines produced by the opaque clouds and thus to increase the 
computed value of No, the number of atoms per square centimeter in a single opaque 
cloud, over its true value. One would expect the importance of this effect to increase with 
distance; a comparison of Figures 6 and 7 does not show any indication of this effect; 
but, in view of the large observational scatter, this is not too unexpected. We may there- 
fore proceed to correct No by subtracting out the number of atoms found above in the 
relatively transparent clouds. The value of V for the opaque clouds was previously deter- 
mined as 2 X 10" atoms/cm?/kpc. If the corresponding estimate for the transparent 
clouds, 5 X 10” atoms/cm?/kpc, is subtracted, we find 1.5 X 10!’ atoms/cm?/kpc as the 
final number of atoms in the opaque clouds. The ratio of the number of atoms in opaque 
and transparent clouds is therefore 3:1, and the corrected value of Co, the optical depth 
of a single cloud in the center of its D, line, must be reduced to three-fourths of the value 
found above, or about 2.3. If it is again assumed that a straight line in the galactic plane 
intersects seven opaque clouds per kiloparsec, the corrected value of Vo becomes 2 X 10”. 

These results make it possible to evaluate the density of neutral Na in interstellar 
space, a quantity of considerable physical interest. If the atoms in both types of clouds 
near the galactic plane are averaged over the space in and between the clouds, the total 
particle density is 2 X 10!8/cm?/kpc, which gives about 7 X 10~° atoms/cm’. The corre- 
sponding averages for the opaque clouds and transparent clouds separately are 5.3 & 107° 
and 1.7 X 107%, respectively. The earlier estimate of 3 X 10~° atoms/cm’, obtained by 
Wilson and Merrill,”° is about midway between the present values for the two types of 
clouds. The actual density of atoms inside the transparent clouds cannot be estimated, 
since there is no information on the sizes of these clouds. However, the density within an 
opaque cloud can be estimated, if, in accordance with the discussion in Section I-a, the 
radius of a typical opaque cloud is taken to be 8 pe and the number of clouds per kilo- 
parsec is set equal to 7. A line through seven clouds then passes through 112 pc of cloud, 
and the average density of Na atoms found above may be multiplied by 1000/112 to ob- 
tain a true space density of about 5 X 107% neutral Na atoms per cubic centimeter inside 
an opaque cloud. 

Finally, we may consider the ratio of grains to atoms in these two types of clouds. We 
have already seen that the opaque clouds are apparently also clouds of grains. If the rela- 
tive number of grains in the transparent clouds is the same as the relative number of 
neutral .Va atoms, these clouds should produce an average selective extinction of about 
0.05 mag. per kiloparsec. With the present data such a small extinction could not be dis- 
entangled from the extinction produced by a few opaque clouds. Thus no conclusions on 
the density of solid particles in the transparent Va clouds can be drawn at the present 
time. 

d) SUMMARY 


We have seen in this section that the doublet ratio behaves consistently with the as- 
sumption that in reddened stars the interstellar D lines are formed by small clouds, each 
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with an optical depth at the line center equal to about 2.3 and 4.6 for D, and Ds, respec- 
tively, and with 2 X 10” atoms/cm? of neutral Na in each cloud. For these reddened 
stars, any effects produced by differences between different clouds cannot be detected 
with certainty from the present observational material. In the spectra of unreddened’ 
stars the doublet ratio behaves in a quite different way with D, providing another indi- 
cation of the connection between color excess and the formation of interstellar lines. In 
these unreddened stars the D lines are apparently produced by clouds of small optical 
depth and with a root-mean-square cloud velocity probably greater than 5 km/sec. The 
total number of neutral Na atoms in the line of sight, including the contribution of both 
types of clouds, is about 2 X 10!’ atoms in a cylinder 1 cm? in cross-section and 1000 pc 
in length. This corresponds to an average particle density of about 7 X 10° neutral 
atoms per cubic centimeter. Roughly three-fourths of these atoms are in relatively 
opaque clouds, with the remaining fourth in relatively transparent clouds. With reason- 
able assumptions for the number of opaque clouds per kiloparsec and the average radius 
of each such cloud, the density of neutral Na in these opaque clouds is found to be 
5 X 10-* atoms/cm.* 


V. VARIATION OF EQUIVALENT WIDTH WITH DISTANCE 


In the past the intensities of the interstellar lines have frequently been used to deter- 
mine the distances of individual early-type stars. Among the most recent such investiga- 
tions is the thorough study by van Rhijn,** who found a mean error of about 40 per cent 
for a distance determined in this way. In view of the importance of these distance deter- 
minations, it is of interest to re-examine how the intensity of the interstellar D lines 
changes with distance. While such a study gives no new information on the distribution 
of Na atoms, other than that obtained in previous sections, it indicates certain limitations 
on the use of the D lines to determine individual distances of B and O stars and suggests 
possible improvements in this method of distance determination. 

The theoretical picture developed in the preceding section makes certain definite pre- 
dictions on the variation of D with distance r. Since we have already seen that different 
types of clouds must be assumed for the behavior of the D lines in reddened and unred- 
dened stars, we shall consider these two groups of stars separately. 


a@) VARIATION WITH DISTANCE IN REDDENED STARS 


We have seen that to an adequate first approximation the clouds forming D lines in 
reddened stars may all be assumed identical, with the number of such clouds in the line of 
sight proportional to £;. Let us consider how D changes with r when £, and n, the num- 
ber of clouds in the line of sight, are held constant. If £, is sosmall that the clouds do not 
overlap, D will equal nDo, and there will be no change with r. When £; and » are large 
enough to guarantee considerable overlap of the clouds, the picture changes. Then at 
close distances D will again be independent of r but will show considerable scatter about 
its average value, depending on the varying overlapping between different clouds. At in- 
termediate distances the effect of galactic rotation will be important in averting overlap 
between clouds, and a progressive increase of D with distance is to be expected. At very 
great distances, none of the clouds will overlap, D will equal nD» and will show no change 
with increasing distance. 

Figures 1-4 have indicated that, if Z; exceeds 0.10, the clouds are sufficiently numerous 
to overlap somewhat at close distances, and for E; greater than 0.20 the overlap becomes 
quite impressive. Thus, for stars of these color excesses, considerable variation of D with r 
is to be expected for a certain range of r. If all stars with a color excess equal to or greater 
than 0.10 are grouped together, this variation with r will be enhanced by the tendency 
of £; to increase with distance. For stars near the nulls the variation of D with r should 
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Fic. 10.—Change of D-line intensity with distance from the sun for reddened stars (£; equal to 0.10 
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be less marked; for stars exactly at the nulls there should, of course, be no variation of D 
with r on this picture, except for that resulting from the weak correlation of /; with 
distance. 

Figures 10 and 11 indicate how the observed values of D actually vary with the dis-. 
tance r for reddened stars. The distances are determined as before from values of the 
spectroscopic distance modulus. Stars for which the absolute magnitude was determined 
spectroscopically by Morgan are represented by large symbols. These points were given 
twice the weight of other points in the computation of the normal points. The various 
symbols used have the same meaning as before.* The solid line represents the average 
curve adopted by van Rhijn;** his small term f(/), giving a dependence of D on galactic 
longitude, has not been included. The dashed-line normal point for the most distant 
stars in Figure 11 indicates the average value of Dorr for these stars; the computation of 
Dorr has been discussed in Section II-d. This normal point indicates that when account is 
taken of the effects due to galactic rotation, the variation of D with r for stars near the 
nulls is materially reduced. 

It is evident from these figures that the variation of D with r for reddened stars is 
about what one would expect on the basis of the considerations described immediately 
above. Stars near the nulls show only a small increase with distance, while for stars far 


TABLE 3 
STARS OF POSSIBLY HIGH LUMINOSITY 


| | | 
| . 
RA Dec. a 





| | 
. | 
HD | Type | st (1900) | (1900) | | Miheor 
- — Ee —— — NE ee — —_ - = 
17088... Lovee} BO | 7.54 | 2h39m5 | sera | 14 | -4 
oo i B2e | 9.6 20 4.3 | +35 50 ae —~6 
(ok i —_—_ eed | cA2ea | 5.61 | 23 44.0 | +61 40 | —5.5 | —8 
223960. .... ......| CAOea | 6.98 | 23 48.9 | +60 18 | —5.5 | —7 
| | | 





from the nulls a considerable increase occurs. Out to 1500 pc this increase is approximate- 
ly linear but intersects the vertical axis not at zero but at about the nearly constant value 
for stars near the nulls, again in accord with expectations. For stars beyond 1500 pc no 
further increase of D with r is to be expected if £; is less than 0.20. For redder stars, an 
additional increase is to be expected, but for such highly reddened stars at such great dis- 
tances additional data are not easily obtained. 

There are no high latitude stars in Figures 10 and 11. The few stars at intermediate 
latitude seem to behave about the same as the low-latitude stars. 

In Figure 10 there are four stars in which the D lines are much stronger than one 
would expect from the computed distance and for which no detailed spectroscopic ab- 
solute magnitudes are available. These stars, some of which have already been noted in 
Section III, may actually be brighter and hence more distant than assumed. A list of 
these stars is given in Table 3, with their HD number, spectral type, and visual magni- 
tude, all taken from MWC 621. In the last two columns are given the average absolute 
magnitudes adopted by Stebbins, Huffer, and Whitford for each spectral type and the 
absolute magnitudes that would be required to make these stars agree more nearly with 
the other stars shown in Figures 10 and 11. Merrill“* has characterized HD 223385 as “‘an 
outstanding c star, probably brighter than the average c.” If the distance moduli given 

© The open and barred circles and triangles have the same meaning as in Figs. 1 and 3. Thus an open 
point at a distance less than 1 kpc denotes a star whose galactic latitude exceeds 20°, while at a greater 
distance the same point indicates that the galactic latitude exceeds 10°. Similarly, a barred point indi- 
cates a galactic latitude between 10° and 20° if r is less than 1 kpc, but between 5° and 10° for greater r. 


‘6 Informal communication. 
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for these stars in MWC 621 are essentially correct, the distribution of cloud velocities 
must be non-Maxwellian. Thus a spectroscopic study of the absolute magnitudes of these 
stars should be of importance in the study of interstellar matter. The corresponding stars 
which show D lines too weak for their distances are less interesting, since this effect may 
be explained by overlapping of the components produced by separate clouds. 


b) VARIATION WITH DISTANCE IN UNREDDENED STARS 


Next we consider the unreddened stars, with F; less than 0.10 mag. If all clouds were 
identical, we should expect somewhat the same results as for the redder stars, except that 
now the number of clouds would be so small that the separate components would not be 
likely to overlap at any range. As a result, D would be independent of r at all distances 
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Fic. 12.—Change of D-line intensity with distance from the sun for unreddened stars (/, less than 
0.10). Large symbols denote stars of measured spectroscopic parallax. 


and would be directly proportional to £;. If all stars with low £, are grouped together, 
the systematic increase of E; with distance would lead to a systematic increase of D with 
r, but with large scatter. However, we have already seen that the formation of the D lines 
in these unreddened stars must be explained on the basis of relatively transparent clouds, 
scattered more uniformly in space than are the relatively opaque clouds. Such clouds 
will give a more nearly linear increase of D with r, until the lines become saturated. For 
stars at distances beyond the saturation limit, the effect of galactic rotation should be- 
come significant, producing wider lines for stars far from the nulls. 

Figure 12 presents the observational data for these unreddened stars. The symbols 
have the same meaning as before. The expected increase of D with r at close range is 
clearly evident. Beyond 1000 pc no further variation of D with r is found, the average 
value of D remaining constant at about 0.35 A. This saturation value is what we would ex- 
pect if the root-mean-square velocity of the more transparent clouds were about 5 km/sec, 
corresponding to b equal to 0.14 A. This result suggests that the transparent clouds 
may, in fact, have lower velocities than do the more opaque clouds. However, eight of the 
twelve stars beyond 1500 pc lie more than 150 pe away from the galactic plane, with six 
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of these more than 300 pc away. Moreover, the color indices of these twelve stars are low, 
with only four values of E; exceeding 0.03. Possibly it is this observational selection at 
great distances rather than a low value of 6, which accounts for the failure of D to increase 
with increasing r. In view of the possibility, also, both of regional variations in the prop- 
erties of the interstellar vapor and of considerable errors in the stellar distances used, no 
definite conclusions can be drawn in this connection at the present time. 


c) CONCLUSIONS AND COMPARISONS WITH OTHER INVESTIGATIONS 


While there are a number of theoretical problems in connection with these three figures, 
and especially with Figure 12, it is evident that the computed normal points for each 
group differ significantly from van Rhijn’s*‘ curve. Moreover, for reddened stars near the 
nulls of galactic rotation the change of the average D with distance becomes so small that 
for these stars the D lines become a poor criterion of individual distances. For unreddened 
stars D seems to show no change at all with distance beyond 1000 pc, and, if D has a value 
greater than 0.25 A, the distance is very poorly determined. One might argue that the 
average distance for stars whose D lines have a particular intensity would be more useful 
for distance determination than would the average line intensity for stars at a particular 
distance. Asa result of various statistical effects, this former average is much less depend- 
ent on £, and on galactic longitude than is the latter. However, as van Rhijn points out, 
this former type of average has the disadvantage that it will be different for stars of each 
different spectral subclass. 

One can draw two conclusions from this study of the change of D with r. In the first 
place, the correlation of D with £; and / must be kept in mind when the D lines are used 
for determining individual stellar distances. In the second place, the data are generally 
consistent with the results obtained from the previous sections and indicate that, in part, 
the D lines are formed by opaque clouds, identical with the clouds of grains responsible 
for selective extinction. In part, the lines are formed also by more numerous clouds, each 
one nearly transparent in the D lines and not necessarily associated with the solid grains. 
The behavior of unreddened stars beyond 1500 pc requires further study to indicate the 
velocity and space distribution of these relatively transparent clouds. 

The conclusion that the Na atoms are concentrated in clouds is in contradiction to the 
work of Evans*‘ and Schilt,”° who found that the Va atoms were uniformly distributed in 
space and showed no physical connection with the clouds of solid grains. Evans’ result is 
primarily based on the fact that the average distance found for stars with a particular 
D-line intensity showed no correlation with color excess. While Evans used the radial ve- 
locities of the interstellar lines to determine distances, the same result is obtained if the 
spectroscopic distance moduli are used, as may be seen by a comparison of Figures 10 
and 11, on the one hand, with Figure 12, on the other. The overlap between the figures is 
significant only for D between 0.30 and 0.50 A. Within this region the distances of the red- 
dened stars cluster about 1000 pc, with relatively low dispersion. The unreddened stars 
with D lines in this intensity range show about the same average distance as do the red-. 
dened ones. This results from a cancellation of two effects. On the one hand, the D lines 
in the most distant unreddened stars (r greater than 1500 pc) have intensities in this 
range. On the other hand, a quite small fraction of the unreddened close stars (r less than 
500 pc) have D lines of this intensity; the number of these very close unreddened stars 
is so high, relatively speaking, that there are about as many close stars with D-line in- 
tensities between 0.30 and 0.50 A as there are distant ones. Thus the result obtained by 
Evans finds a qualitative explanation on the basis of the picture adopted here. 

On the other hand, to explain the differences between Figures 10, 11, and 12 on the 
basis of a uniform and homogeneous distribution of Va atoms is quite difficult. Such an 
explanation would require not only that the distances be unreliable but also that the dif- 
ferences shown result from a high correlation between £, and r. Such a uniform distribu- 
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tion of obscuring matter is contrary to all recent evidence and is, in fact, ruled out by 
Evans in his paper. The assumption that the distribution of atoms and grains is inde- 
pendent faces, in any case, a great difficulty in the differences shown between Figures 6 
and 7, on the one hand, and Figures 8 and 9, on the other. The difference between red- 
dened and unreddened stars in the change of D2/D, with D is independent of stellar dis- 
tances and seems to require some connection between atoms and grains. 

Evans also argues that the dispersion in D for stars at a given distance is relatively 
small—about 20 per cent. This result is obtained from the fact that the dispersion in the 
plot of r against D—about 0.84 kpc—is almost equal to that computed from the spread 
in velocities for stars near the,nulls of galactic rotation. When account is taken of the 
possible correlation between equivalent width and radial velocity for stars at a constant 
distance, this argument loses much of its force, and van Rhijn’s estimated 40 per cent for 
the mean error of an individual distance found in this way seems more realistic. 

Schilt?® bases his conclusions about the coextensiveness of Na atoms and clouds of 
grains on a study of the scatter in D, K, and £;. The procedure followed is, first, to sort 
two of these items—D and K, for example—into groups, according to the values of the 
third item—in this example £;. Then in each group the mean values of D and K are com- 
puted, together with the dispersion of D and K from their means in each group. The ratio 
of the dispersions found for D and K is then used as the “relation between D and K, 
sorted by the neutral item £;.’’ The same process gives relations between D and E,, E, 
and K, etc. Since the observational errors of these three quantities are widely different, 
it seems doubtful whether the results obtained by computing the dispersions from group 
means would agree with those obtained in other ways. One may conclude that the argu- 
ments advanced by Evans and Schilt are not sufficiently compelling to cast serious doubt 
on the validity of the conclusions reached in the present paper. 


It is a pleasure to record here my indebtedness to the Mount Wilson Observatory, and 
to its director, Dr. Ira S. Bowen, for use of the 100-inch telescope in the course of this in- 
vestigation. I am particularly indebted to Dr. Bengt Strémgren and Dr. A. Unséld for 
a number of useful comments and to Dr. Paul W. Merrill and Dr. Olin C. Wilson for pa- 
tient guidance in observational matters, as well as for a number of helpful discussions on 
problems of interpretation. Mr. I. Epstein has aided materially by reducing the bulk of 
the tracings and carrying out many of the necessary computations. 
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ABSTRACT 


The variation in the guillotine factor having been taken into consideration, the chemical composition 
of the sun has been determined on the assumption that it consists of hydrogen, helium, and some com- 
bination of oxygen and Russell mixture. The abundances of hydrogen and helium as functions of the 
“foxygen” abundance have been determined. 


I, THE GUILLOTINE FACTORS 


1. [ntroduction.—By using both the mass-luminosity relation and the energy-genera- 
tion equation, M. Schwarzschild! was able to determine the hydrogen and the helium con- 
tent of the sun on the assumption that the rest of the composition consists of Russell 
mixture. Making the additional assumption that the chemical composition of the sun is 
uniform, Schwarzschild found a hydrogen-metal ratio which appears incompatible with 
the analysis of stellar atmospheres. 

By the introduction of a third parameter this discrepancy between theory and ob- 
servations might be partially removed. The additional parameter which may be used 
for this purpose is the abundance of elements of the oxygen group (C, .V, O, Fe, Ne). 
The importance of such elements arises from the fact that at a temperature of 20 X 
10° K these atoms are beginning to be stripped to their bare nucleii, and their contribu- 
tion to the opacity will decrease very rapidly for increasing temperatures. Also, the 
analysis of stellar atmospheres would appear to indicate that the abundances of these 
elements are underestimated in the Russell mixture. 

In order to carry out an investigation of such stellar models, it was necessary, first of 
all, to compute opacity tables for various combinations, by weight, of Russell mixture 
and oxygen. 

2. The method.—The calculations of opacity were carried out according to the theory 
and notation given by B. Strémgren.? We then have 
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The results of these calculations are given in Table 1 for various combinations of oxy- 
gen and Russell mixture. Some of these tables are incomplete, since only the values which 
were actually needed were computed. 

1 Ap. J., 104, 203, 1946. 2Z5.f. Ap. 4, 118, 1932. 
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In order to determine the guillotine factors for any combination of oxygen and Russell 
mixture, it was necessary to compute tables for oxygen and Russell mixture separately 
(Tables 2 and 3); then, by a suitable combination of these two tables, the guillotine fac- 
tor for any combination could be computed. As an example, we have reproduced here 
sample tables for a combination of 60 per cent oxygen and 40 per cent Russell mixture 
for a temperature of 20 X 10° K. Table 4 was calculated by this method. It was found 
that an accuracy in the third decimal place in the D,’s could be reached; this is sufh- 
cient for our purposes. 

It is evident from Table 5 that the absorption edges for this particular combination of 
oxygen and Russell mixture are given by multiplying all the D,,’s for Russell mixture by 
0.5 and adding 0.5 times the D,,’s for pure oxygen. 


Il. THE STELLAR MODELS 


3. Introduction.—We can derive some knowledge regarding the relative abundances 
of H, He, O, and Russell mixture if we assume that, according to the conditions found 
in the sun’s atmosphere, the Russell mixture is replaced by some combination of oxygen 
and Russell mixture. The assumptions made for these models are as follows: 


1. The composition (and consequently the molecular weight, “) is constant throughout the star. 
2. The radiation pressure is negligible. 

3. The star consists of a convective core and an envelope in radiative equilibrium. 

4. The entire energy generation from nuclear sources occurs within the convective core. 


Since all the models are computed in exactly the same manner, we shall give the com- 
plete theory for only one model, namely, that for which the heavy elements are repre- 
sented by a combination of 60 per cent oxygen and 40 per cent Russell mixture. 

4. Equations of the model for the outside.—We have the usual envelope equations 
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where the various symbols have their usual meaning and r is the guillotine factor, which 
varies throughout the star. In order to be able to proceed with the problem, we must de- 
termine 7 as a function of the density and temperature; but, since we have no knowledge 
of this distribution until the model has been computed, we must make a guess. In so far 
as there is not a great deal of difference in the guillotine factors as we pass along the 
sequence of tables that have been computed, it was decided to use the density-tempera- 
ture distribution as it had been computed for another model. For the 60 per cent oxygen 
and 40 per cent Russell mixture model we used the temperature-density distribu- 
tion as computed by M. Schwarzschild.* This method proved successful. We then 
have p, 7 throughout the star, and also the hydrogen content X, so that we can com- 
pute log, G(T)/N,. Interpolation in the tables then yields r. 

A graphical method was used to determine the variation in r. The best two lines (see 
Fig. 1) were drawn through a plot of log 7 against log p, thus giving two forms for the 
guillotine factor, one for the outside and one for the inside. For the model under con- 
sideration we have, outside, 


1 =1.7266p-°-"', log p< +0.0261 , (9) 
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3 Op. cit., p. 208. 
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TABLE 1-Continued 


25% Oxygen 75% Russell Mixture 


100% Russell Mixture 






















































































Tx10-° |} 2 3 4 5 5 oo 2 3 4 5 5 oo 
0.625 0.293 |0.236 0.320|0.263 
0.714 0.274|0.216 0.296|0.239 
0.833 0.264 |0.204 0.279]0,226 
1.C 0.27010,208 0.273|0.217 
1.25 0.213 |0.165 0.246/0.162 
1.67 0.214|0.173 0.188]0.144 
26 0.223] 0.189]0.143 0.218]0.162]/0.109 
2.5 0.194] 0.140 0.184]0.123|0.074 
3.C 0.284|/0.166]0.104 0.283|0.160|0.097|0.000 
4.0 0.282|0.146] 0.072 0.476] 0.269] 0.138]0.069]0.013 
5.0 0.542] 0.326 10.180 0.508] 0,293] 0.154/0.115|/0.014 
6.0 0.613] 0.404|0.28¢9 0.564] 0,216] 0.219]0.142] 0.080 
6.25 0.631] 0.426 0.580] 0.374] 0.239/0.163]0,102 
7.C |10.939]0.6€84|0.490 0.628] 0.431] 0.302]0.229]0.170 
8.C |} 0.S989|0.745]0.562 0.685] 0.498] 0.273]0.302] 0.245 
9.0 {11.c26]/0.784 0.722] 0.542/ 0.419]0.349]0,295 

10.0 |/1.054]0.625 0.761| 0.578] 0,452/0.381] 0.328 

11.0 |/1.069/0.841 0.777] 0.593] 0.467/0.399] 0.348 

12.0 |/1.083/0.655 1.023] 0.790] 0.605] 0. 481/0.415]0.368 

12.5 |/1.086/0.e57 1.026] 0.791| 0.606] 0.483/0.419]0.373 

13.c_ |] 1.088 1.027] 0.792| 0.608] 0.486]0.424|0.279 

14.0 1.029] 0.793] 0.€09] 0.491/0.431] 0,390 

15.C 1.029] 0.790| 0,606] 0.492/0.435|0.396 

16.C 1.C30] 0.788| 0.€04| 0.492]0.438|0, 400 

16.7 1,030] 0,786] 0.€03] 0.492/0.438/0.402 

17.C 1.031] 0.786] 0.602] 0.491]0.437]0,401 

18.C 1.032] 0.785] 0.599] 0.490]0.43710,402 

19.C 1.038] 0..794| 0.600] 0.491]0.440]0,404 

20.C 1.042] 0.789] 0.601] 0, 492|0.441/0.406 
2.0 1.060] 0.203] 0.615] 0.506/0.455]0,422 

234C 1.071] 0.214] 0.638] 0.520/0.470]0,438 

24.C 1.084] 0.228] 0.642] 0.537/0.489| 0,458 

254C 1.098] 0.844] 0.662] 0.560/0,513| 0.483 

26 1.114] 0.262] 0.685] 0.586|0.542/0.513 

28C 1.147] 0.905] 0.738] 0.648]0.608| 0.583 

30.C 14182/ 0,952/ 04798] 0.718) 0.684] 0.662 

TABLE 2 
100% Oxygen 
Dn | 

Bn ext} 3kT | 4keT| skt | 6kT | okt |%(x)}| O 
0.0315] 0.0142] 0.0154] 0.0159] 0.0161] 0.0162|0.0162|...ce|eeces 
0.0553] 0.0341] 0.0374] 0.0383| 0.0387] 0.0389|0.0390|eeceelecces 
0.1253] 0.1219] 0.1331]0.1377| 0.1395] 0.1402/0.1406|.eccelocccs 
0.4998] 1.3473] 1.5228/1.5997| 1.6298] 1.6411| 1.6477] .es00|19605 
00 196.5 

D(x) | 2.5185] 2.7087| 2.7916] 2.8241| 2.8365| 2.8435 

x | 78.05| 72.56| 70439| 69.58| 69.28 | 69.10 
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TABLE 3 


Russell Mixture 


| Dr . ox 
4) aer | sr | aut | ser | ext | ont || co A lv = 217 [El se) 


0.0315}! 0,0047/} 0.0051} 0.0053 0.0054 0.0054 0.0054 
0,0553]} 0.C114|} 0.0123} 0.0127 0.C129 0.0130 0.C130 
0.C623|} 0.0072; 0.CO79] 0.0082 0,0082 0.0083 0.0082 
0.0938 |} 0.0037} 0.0041} 0.0042 0.0042 0.0043 0.C042 
0.1113]} 0.0180} 0.C196; 0.0203 0.0206 0.C206 0.C207 
0.1253]} 0.0410} 0,C448| 0.0464 0.C470 0.C472 0.C473 
0.1666|| 0.C094/} 0.C103} 0.0107; 0.C108 0.C109 0.0109 
0.2001]} 0,C087} 0.CO96} 0.0100 0.C101 0.C102 0.C101 
0.2499]; 0.C683;} 0.0754} 0.0784 0.C795 0.C800 0.0802 
0.2122]} 0.0450} 0.0499} 0.0520 0.C528 0,0532 0.C533 
0.3332)) 0.C218} 0.0242} 0.0252 0.0256 0.C258 0.C259 
0.2753|| 0.0380} 0.0424) 0,.C443 0.0450 0.0453 0.0455 0.0002 0.0001} 1.277 seine 
0.4998]} 0.4490] 0.5076] 0.5329 0.5433 0.5469 0.5492 0.0003 0.CO1l2} 1.726} 0.001 
0.5558// 0.1306; 0.1486] 0.1565 0.1596 0.1608 0.1614 0.0015 0.CO037} 1.857] 0.002 
0.7498)]) 0.1029) 0.1198} 0.1274 0.1305 0.1317 0.1324 0.C052 0.CO55} 1.960} 0,003 
1.000 0.9935; 1.197 1.295 1.335 1.250 1.359 0.0107 0,.C394 e253} 0.013 
1.250 0.7408; 0.9292] 1.025 1.066 1.082 1.C91 0.0501 0.0394} 3.694} 0.Cll 
1.500 0.6971} 0.9155) 1.034 1.087 1.108 1.120 0.C895 2258 4.391} 0.674 
























































3.CO0O || 2.703 | 5.C2e6 | 7.348 8.057 9.541 | 10,05 3.048 | 24,e2 7.094| 3.499 
5.000 /]17.60 |44.22 |99.80 /185.5 271.2 371.0 27.27 |168.6 24.€9 | 6.829 
00 196.5 
T | 11.03 





TABLE 3-Continued 





= 





x | ¥=sx7 t | Vout T | Vasxr ti | YsextT ti] Y=okT 





etTos 1.306 eeee 1.518 eeee 1.022 e@eee 1,224 eeee 1.325 eee 
0.4998) 1.813 0,001 1.851 0,001 1.865 0,001 1.871 0,001 1.274 0,001 
0.5558] 1.962 0,002 2.007 0,002 2.025 0,002 2.032 0.002 2.035 0,002 
0.7498) 2.082 0,003 22134 0,002 22156 0,002 2.164 0,002 2.168 0,002 
1.C00 32279 0.012 36430 0,011 3.490 0.011 3.514 0.011 3.527 0.011 
1.250 4.208 0,009 4.454 0,009 4.556 0,009 e596 0.008 4.618 0,008 
1.500 52123 0.577} 5.488 0.539 5.644 0,524 5.704 0.518 5.738 0.516 
32000 /10.15 2,445) 12.84 1.933] 14.50 1.712] 15.24 1.629) 15.79 1.572 
5.000 |}54.27 3,101)112.6 1.497 |200,0 0.843 |286.4 2089 {386.8 0.436 




















T 6.150 3.094 32104 2.760 2.648 





TABLE 4 


60% Oxygen 40% Russell Mixture 








| D(x) 











x | Y=2kT TG Y=3kT TG Y =4kT G. ¥ =SkT) 38TH; Y =6kT Ti soo kT G 
0.4998 2.122 eecrve 22260 e@ece 2ersL2 @eee 22344 @eee 22305 @eeece 20509 @eee 
0.5558}! 2.187 0.002} 2.335 0.002} 2.400 0,002 22424 0.092 22434 0,002 22440 0,002 
0.7498]} 26239 0.002] 2.395 0.902) 2.463 0,902 22490 0.902 22500 0,002 22906 0,902 
1.000 20736 0.014) 2.994 0,.913/ 3.110 0.913 3.2158 0,912 3e175 0.912 32185 0,012 
1.250 30106 0.913} 32458 0.011} 3.623 0.911 32690 0.911 32716 0,911 30731 0.010 
1.500 30454 0.856] 3.916 0.755) 4.140 0.714 4.234 0.699 4.270 0,693 4.291 0.689 
32900 4.806 5.164] 6.429 3.861] 7.314 3.176 82662 2.865 9.940 2.746 92316 2.564 
5.900 13.60 12.40 | 28.54 5.907|57.71 2.922/101.4 1.663/144.5 1.166/194.8 0.866 





























c | 18.448 10.551 6.840 | 0254 4,632 4.245 
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The formulae for the other models are given in Table 6. 
The envelope equations can now be reduced to a nondimensional form by the trans- 


formations 


r=Ré, p= poo , T=T, M(r) =My, (11) 
where 
_M _»#HGM 
pom ane Om EP - 
Then we have 
d(c@) wa. dps, 
— F ; ats , (13) 
de Og? 8 
<< ie (14) 
dé OF-5 ss ’ 


where 


QV = S Kol mass a= (15) 
l6mrac 1. 7266T;°R . 
TABLE 5 
60 PER CENT OXYGEN AND 40 PER CENT 
RUSSELL MIXTURE 








Relative Contribu- 








tion to Opacity 
Element Relative 22 
Weight as X Relative 
Weight 
D TREO AREER £ 24/40 0.5000 
eee 8/40 .1667 - 
Na, Mg | 4/40 1250 
: | MRE | 1/40 .0416 
Be Cy akc Xe 1/40 .0417 
ais hart | 2/40 0.1250 





5. Construction of the model.—Near & = 1 equations (13) and (14) can be approx- 
imately integrated; for, in the immediate neighborhood of the boundary of the star, 
M(r) remains constant to a high degree of accuracy. Accordingly, letting y have its 
boundary value, which we shall denote by y¥, equations (13) can be re-written in the 


form 
d(oO@)_ 08° | d(@4) ———- 4Qg?-0126 





“d(64) — 4Qa1-0126" “a ae: (16) 
Now let 
60/4 -0252 4 
i Raga Ss; 9 =a t, (17) 
and 
ali a (18) 

















1.20 





0.80 


040 

















Loge ° +2 


Fic. 1.—The curves illustrate the variation in the guillotine factor as a function of the density. The 
full lines are the assumed distribution, and the dotted curves are computed from the integrations. The 
curves are J, 100 per cent Russell mixture; 77, 50 per cent oxygen and 50 per cent Russell mixture; 
ITT, 60 per cent oxygen and 40 per cent Russell mixture; /V, 70 per cent oxygen and 30 per cent Russell 
mixture; V, 100 per cent oxygen. The ordinates are the values for J; for each of the other curves subtract 
the following amounts, J/, 0.40; ZIJ, 0.80; JV, 1.20; V, 1.60. 
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Introducing these substitutions into equations (16) and making the further substitutions 


= si.0es = FH (19) 
we have 
0.124803u2 5 = 1.004718u— 2? (20) 
and 
bl BS, 2M (21) 
dé 8 §u?- 


The solutions of equations (20) and (21), satisfying the boundary condition that z and u 
tend to zero simultaneously, are 

















- 1 4.229653? 
22? = 0.945704u; —=1+—_.——__. (22) 
é K 
TABLE 6 
= — —_— a ee a —o potenameant ~— —_——_ — 
Model | Outside Inside 
100% Russell mixture...................... | boa | 1.7274 pt? 5045 
50% oxygen 50% Russell mixture........... | 2a 6|hlUL ee 
70% oxygen 30% Russell mixture............| 2.0854p**97 =| 1. 9588pt0-5444 
es a oes haksenr | 4. 2658p*?-0348 | 5. 1286p+?-5580 
The corresponding solutions for o and © are 
0.48843 61u5-459307()5. 962436 
C¢= 
5.962436 ’ 
2 " (23) 
u? 
ga Ke. 
vi 


The solutions thus started will have to be continued by numerical methods. For this 
purpose it is convenient to introduce the variable 








1 ! (24) 
a= 
g 
and to re-write equations (13) and (14) in the forms 
d(o@) _ dpa 
, iad ad da._— aa’ (25) 
and 40 Qo?.01% 
my 
7." a (26) 


6. Equations of the model for the inside.—When the point is reached at which log p = 
(.0261, it is necessary to use a new set of equations and to make a fit at the interface. 
We have, as before, equations (6), (7), and (8), except that + now has the form (10). 
By using the transformations 


p = poa* f = poo ; r=Ral=Ri, 
T =T oat =T,0 ;5W M(r) =4rripwy =My , 


(27) 
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equations (6), (7), and (8) become 
d(ft) wf dy 


“=a eee 7 
dt Of“ 
a eR " 


where 


1.5151 _ 1.9547 
deel 6 8 


ora 1.675777 R (30) 





7. Construction of the model from the interface.—It was found that it was possible to 
use an analytical development to continue the integration across the interface, provided 
that very small intervals for the radius factor are used. 

Equations (28) can be re-written in the form 


d(ft)_ yes 











d (f*) — 4Q fo-5151 ’ (31) 
and d ( 4) 40 f* 5151 
t 0 it 
dl =— Bop (32) 
Now let yy 80/3 0302 y4 
f= | -x, t=ay, (33) 
41/1.5151()32/3.0302 Q? y 
and . 
M= 5 . (34) 
0 


Introducing these substitutions into equations (31) and (32) and making the further 
substitutions 





2 6 
y= ai 4y0.757550 at (35) 
we have ax 
0.133065 gX —— = 0.806430 — X? (36) 
and °3 ux 
§ 
> ee | rae (37) 
Hence the solutions of equations (36) and (37) are 
5 2 
X?=0.756124a; ee at (38) 
The corresponding solutions for f and ¢ are 
0.333043 g8-580291()7.920269 
f= y7-920269 ’ 
(39) 
2-92 
1= SE 
y? 
It is convenient to introduce the variable 
b= ; (40) 


and to re-write equations (28) and (29) in logarithmic form. 





8) 


9) 


0) 


9) 


0) 
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8. Fitting at the interface.—Now the conditions at the interface are that the values of 
the temperature, pressure, and mass should be identical. The constants a and Qo can 
be determined from equations (27) and (39). The integrations can then be continued 
inward by means of equations (28) and (29). It is thus seen that for any specified Q the 
equations can be integrated, starting from the boundary and going inward. However, 
as we go along such a solution, a point is generally reached at which the radiative gradient 
breaks down. This point, £;, where the convective gradient sets in, is defined by the place 
where the effective polytropic index, 

yio-5 1 


becomes 3. The solution interior to £; must be described by a Lane-Emden function 63,2. 
For an initially arbitrary choice Q, the solution obtained by the integration cannot be 
fitted to 83/2. The condition that the fit be made determines Q and hence Qo. Now the 
conditions at the interface are that the values of the temperature, pressure, and mass of 
the core should be identical at the interface, along with the condition that the effective 
polytropic index attain the value 1.5 at the interface. 


n= (41) 


TABLE 7 








a 





ene 


| 
Model | log Q log Qo Ue 
100% Russell mix- 4 


| —4.9968 | —4.7081 | 2.6748 | 0.3762 | 0.1011 





| 
| 
| 
8272 | 251.9 
| 
| 
| 





ture. aah 0.0970 | 0.8305 | 262.5 
50% oxygen... .. | —4.9968 | —4.7081 | 2.6748 | .3762| 1011, .0970 | 8305 | 262.5 
60% oxygen..... | —5.1310 | —4.7017 | 2.6680} .3844| .0996 | 0943 | 

70% oxygen......| —4.9888 | —4.4075 | 2.6812 | .3685  .0908 | .0893 | .8367 | 317.5 
100% oxygen......) —4.7526 | —4.3496 | 2.6468 | 0.4099 | 0. 0846 | 0.0984 | 0.8439 | 418.0 


| 


Introducing the homology invariant quantities u and »v, defined as in Chandrasekhar’s 
Stellar Structure (pp. 146 ff.), we have for the conditions at the interface 








_ 4p. (7i) rt _( *) 
MD NDB), 
and 
_ 2GM,(1r;) wH _ 2=(3e yb ‘ith 
~ S tt 


where e refers to the envelope and 7 to the core. 

All calculations were carried out logarithmically to six decimal places. When the 
point was reached at which the radiative gradient broke down, u and v were calculated. 
For the regions of the star inside r = 7; the British Association Mathematical Tables 
(Vol. II) were used. 

9. Results —From the integrations we find the values given in Table 7. We must have 





/2 
=o,0;° (44) 
From equation (44) we obtain 
: o, = 334.9. (45) 
Also, since 
p “ 3 (46) 
Pn = po 
47R' 
and . 
Pc = Poe » (4 
we find 
p. = 111.6). (48) 
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Moreover, 
00, = Ko**6"" (49) 
or 
K =0.0251 (50) 
and 
¢0= Ke : (51) 
or 
@,=1.210. (52) 
Finally, we have 
p.= 111.6), (53) 
T. =T0, = 27.98 X 108 ne (54) 
p= 157.5%, (55) 


where M and R are expressed in solar units. 

10. Mass-luminosity equation.—If the eigenvalue Q found by the integration is intro- 
duced into equation (15), we obtain the mass-luminosity relation. The expression for 
the mean molecular weight yp is 


w= 2X4+2V+h(1-X-¥), (56) 


where X is the hydrogen content and Y the helium content. We also have 


ko= 3.90 X104(14+X)(1-—X-—Y). (57) 


Expressing L, M, and R in solar units and introducing the above expressions for u and 


ko, we have for the mass-luminosity equation 


i % : 5 . M?®.-4874 
[(2X¥+2V4+34(1-—X— Y)]’§(14+X)(1-X— Vv) = 1.76 Fora - (58) 


11. Energy-output equation.—The second equation necessary for the determination of 
X and Y is derived by integrating the energy production over the entire core. The rate 
of energy generation by the carbon cycle is given by 


id Eh ee mee ».¢ p ( i a lar is 
ined 3 Y) 35 80 aa) = epl 5 (59) 





where 
E=4X10~ ergs = total energy released per cycle ; 
mi, = 2 X 10-*3 gm = mass of one N"* nucleus ; 
t= 4 X 10° years = time for a complete reaction if p = 80,7 = 2X 107K, and X 
= 0.35 ; 


h = 0.02 =carbon plus nitrogen content of the Russell mixture . 


The integration over the core gives 
L_«pT." 


uw 33 — 








=_—~ 
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The energy-output equation can then be written in the form 


[2X+323V¥+3(1-X-—Y)]"_ 5419 
(I1-X—-Y)xX ~ LR? 





(61) 


III. DISCUSSION OF THE MODELS 


12. Summary of the results—The main features of the models are summarized in 
Tables 8 and 9. 



























































TABLE 8 
WEIGHT 
MopDEL Pc TX 10-6 finterface | Vinterface & 
| H He | O | Metals 
100% Russell mixture..| 163.1 | 19.83 | 0.5024 | 0.9652 | 0.715 | 0.54| 0.36 | 0.050 | 0.050 
50% oxygen......... 163.1 | 19.74 .5024 | .9652 ay 3? .54 .35 | .082 .028 
60% oxygen......... 157.5 | 20.12 | .4710| .9478| .719 53 .37| .080| .020 
70% OXYgZeNn......... 196.2 | 19.85 | .4534 | .9484 | .687 59 .30 | .094 | 0.016 
100% oxygen......... | 253.6 | 18.92 | 0.4666 | 0.9672 | 0.594 | 0.77] 0.12 | O.91O4.. 0 22. 
| | 
TABLE 9 
NUMBERS 
Move. mania 
H/He | H/O | H/Metals 
100% Russell mixture... ... 6.0 173 373 
50% oxygen.............. 6.17 | 108 | 677 
60% oxygen....... ou en 5.73 | 106 | 914 
70% oxygen.............. 7.87 105 | 1234 
100% oxygen.............. 25.7 | 112 Beer ererr 
| | 








In so far as there is an uncertainty in the half-life of V4 used in the energy-generation 
equation, we have used two values, namely, 4 X 10° and 1 X 10° years. This results 
in another set of abundances, which are shown in Table 10. 














TABLE 10 
rt rn se score r = —— _ — : ae — a rw mn 
| WEIGHT | NUMBERS 
MopEL “& a ee | = | = : ae Nl Nl 
| nu | He | O | Metals | H/He | H/0 | H/Metals 
100% Russell mixture...| 0.675 | 0. 598 | 0.338 0.032 0. 032 | 7.08 | 299 645 
50% oxygen.......... | -671| .605| 328 | —.050 | 017 | 7.38 194 | 1228 
60% oxygen.......... | .675| .597| .343| 048] .012| 6.96 199 | 1716 
70% oxygen.......... | 645| 653 279 058] 0.010 | 9.36 | 180 | 2253 
100% oxygen. . . “seta 0.559} 0.845 | 0.085 | 0.070]........| 39.8 5 eae 
| | 








The temperature-density distribution throughout each model is shown in Table 11. 

It is readily seen from Figure 1 that the variation in the guillotine factor as computed 
from the temperature-density distribution determined from the integrations agrees very 
well with the formulae for r. 
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With regard to Figure 2, the undetermined portions of each curve were established 
by determining the hydrogen and helium content for other combinations of oxygen and 
Russell mixture. It was found that one of the integrations for another mixture could be 
used for this purpose if the constants in the formulae for 7 were suitably changed. 
It should be noted, however, that this method cannot be applied if it is necessary to 
change the exponent of p or to move the lines in a horizontal direction. 
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Fic. 2.—The curves illustrate the variation in the hydrogen and the helium content for various 
combinations of oxygen and Russell mixture as shown in Tables 8 and 10. The ordinates represent the 
percentage of hydrogen or helium, and the abscissae represent the percentage of oxygen in the mixture 
of oxygen and Russell mixture. 











TABLE 12 
Weight . 
Soanont (Per Cent) satiate 
Piydrogen: . «occ ccss one 70 1600 
NMEA 6 oes cvwioe's: she! sio a ue 28 160 
Oxygen group.......... 1.4 2 
PEMOMN oS oa daa sie as 0.4 0.315 











13. Conclusions—Table 12 was compiled by Dr. J. L. Greenstein from spectroscopic 
results. Comparing these values with the values determined from the integrations, we 
find a fairly good agreement for the H/He and H/metals ratios for a mixture of about 
70 per cent oxygen and 30 per cent Russell mixture; however, our oxygen abundance is 
perhaps a little too high. This high value of the oxygen abundance follows even if we 
assume that the metals are composed of 100 per cent Russell mixture. An important con- 
clusion we may draw now is that there is no divergence in the absolute abundance of 
hydrogen and the important H/He ratio as determined from stellar atmospheres and the 
theory of the internal constitution. 


It is again a pleasure to record my indebtedness to Dr. S. Chandrasekhar for his help- 
ful advice. 
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ABSTRACT 


Line strengths for the 3d7(4P)4s—3d7(4P)4p and 3d7(4F)4s—3d7(4F)4p transitions in Fei are com- 
puted in intermediate coupling by means of quantum mechanics. Spin-orbit interaction is taken into 
account, but configuration interaction is neglected. It is further assumed that the Z and S of the core 
are ‘“‘good quantum numbers.” Where experimental intensities are available, the agreement of the com- 
puted line strengths with the experimental values is reasonable. Lande g-factors, calculated with the 
transformation matrices derived in the intensity calculations, are in accord with the latest published 
values. 

The line strengths thus computed are used to derive a curve of growth for the sun. A temperature 
for the solar reversing layer is determined from this curve as 4800° + 200° K. 


INTRODUCTION 


Theoretical values of line strengths are known for atomic spectra in the two extreme 
coupling cases, Russell-Saunders and jj-coupling.’ In electric-dipole radiation the line 
strength is proportional to the electric dipole moment between the two states involved 
in the transition. The term “‘line strength” was introduced by Condon and Shortley and 
has, for theoretical purposes, definite advantages over the use of intensity, transition 
probability, and f-value.? 

Most of the atoms whose spectra are of astrophysical interest are cases of interme- 
diate coupling, and hence line strengths based on either of the two extreme cases are, at 
best, rough approximations. Thus many lines of considerable intensity have a theoretical 
strength of zero in Russell-Saunders coupling. In the problem of the curve of growth, in 
which the stellar equivalent width is plotted against the line strength, accurate values 
of line strengths are of great importance. Experimental values in absorption are difficult 
to measure, and extensive tables of measured intensities do not exist. This work was 
undertaken to provide a beginning for tables of theoretical line strengths which would 
at least be more accurate than the values based on incorrect coupling. 


THEORY OF LINE STRENGTH IN INTERMEDIATE COUPLING 


In the masterly monograph, Fheory of Atomic Spectra, by Condon and Shortley, the 
theory of line strengths in any coupling is given in some detail. It is shown there that if 
S'/2(aJ, BJ’) represents the matrix whose elements are the square roots of the line 
strengths between states characterized by the quantum numbers aJ and BJ’, then, in 
a system of representation where the quantum numbers are aJ and bJ’, the correspond- 
ing matrix is 

S¥ (aJ, 6") = > (aT /aT) SY? (aS, BS") (BI'/ BS")... (a) 
ap 

* This paper is part of a thesis submitted to the Faculty of Harvard University in partial fulfilment 
of the requirements for the degree of Doctor of Philosophy, June, 1946. 

1 Condon and Shortley, Theory of Atomic Spectra (Cambridge: At the University Press, 1935). 

2 Ibid., p. 98. 
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Here (aJ/aJ) is the transformation matrix which diagonalizes the energy matrix for 
one state and (@/’/bJ’) is the inverse of the transformation matrix which diagonalizes 
the other state. One must keep the phases consistent throughout these matrices, in 
order to see that the matrix components on the right of this equation are taken between 
states having the same phases as those for which the transformation coefficients are 
taken. In this respect one feels a debt of gratitude to Condon and Shortley for the pains 
with which they have kept phase choice consistent and explicit throughout their book. 
In this work a further check was made when the formulae of H. M. Johnson, Jr.,* were 
used for the spin-orbit energies in the LS/My representation. An expansion of the 
precessing /, s, and 7 vectors was made in a multiple Fourier series in the manner of the 
old quantum theory. The signs of the terms in the expansion correspond to the phases 
of the matrix components. It was found that the phases in Johnson’s paper agree with 
the choice in Condon and Shortley. 

In terms of equation (1) the problem of computing line strengths in intermediate 
coupling resolves itself into finding the transformation matrices. This involves writing 
down the energy matrix as accurately as possible, solving the secular equation, and, from 
the solution, determining the transformation matrix. Quantum mechanics provides the 
mechanism of perturbation theory to carry out this procedure. 


CHOICE OF TRANSITION ARRAY 


The transition array chosen for application of this method was the 3d74s— 3d74p tran- 
sition in Fe 1. This array has many lines of astrophysical interest, and the measurements 
of A. S. King and R. B. King‘ provide some experimental check on the results of the 
calculation. The first work was done with the ‘F core; and here the results were quite 
good, since this core is not far from obeying Russell-Saunders coupling. In the method 
of setting up the energy equation, it was assumed that the Z and the S of the core are 
good quantum numbers. Calculations were also carried out on the transition involving 
the *P core. Here the Z and the S of the core are not good quantum numbers, but the 
results are felt to have some significance. Attempts on the 7H and °G cores were not suc- 
cessful. 

The same matrices with different constants should also be of value in the cases of 
Ti 1 3d°4s—3d*4p and Fe 1 3d’4p—3d‘5s. In the case of the ‘F core the calculation for 
Ti 1 gave results so close to the Russell-Saunders values that further computation was 
felt to be meaningless. For the higher iron transition no equivalent width values could 
be found in Allen’s extensive tables.® Since the first object of the work was to derive a 
curve of growth based on theoretical line strengths, the iron computation was not done 
at this time. 

THE ENERGY MATRIX 


In setting up the energy matrix, the four-vector method was utilized, wherein the L 
and S of the core played the part of the first electron. This method then depends on the 
fact that the parent-ion obeys Russell-Saunders coupling, as exemplified by the Landé 
interval rule. 

The Coulomb and exchange terms, which occur on the diagonal of the energy matrix 
written in the LSJMy representation, were put in as constants for the centers of gravity 
of the multiplets involved. The spin-orbit terms are the elements of the matrix of 
a,!,5;+ el sg. These were written down from the formulae given by Johnson.’ For ref- 
erence by others working on these configurations, the matrices for 3d7(*F)4s, 3d7(4F)4p, 
3d7(4P)4s, and 3d7(4P)4p are given in Table 1. 


3 Phys. Rev., 38, 1628, 1931. 
4 Ap. J., 87, 24, 1938. 
5 Mem. Commonwealth Solar Obs., Nos. 5 and 6. 








TABLE 1 


ENERGY Matrix 3d7(‘F)4s 
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1—Continued 


ENERGY Matrix 3d7(4F) 4p 
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TABLE 1—Continued 


ENERGY MATRIX 3d7(4F)4p (Continued) 
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TABLE 1—Continued 


































































































ENERGY Matrix 3d7(4P)4p SECULAR EQUATION 
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TABLE 1—Continued 


ENERGY MATRIX 3d7(4P)4s SECULAR EQUATION 
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CHOICE OF CONSTANTS 


The Coulomb and exchange constants were related by the fact that for each J value 
the diagonal sum should agree with the sum of the energy values. This requirement does 
not fix all these electrostatic constants, but it does reduce the number of free constants 
to fit levels. The a; coupling parameter for the core was taken from the separation of 
the levels of the Fe 11 parent. It is a coincidence that this constant should theoretically 




















be the same for both the ‘F and the ‘P core. The value used was a; = — 116, which may 
be compared with the value a; = —117 used by Goudsmit and Humphries® and a; = 
—118 used by R. A. Merrill.” 
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NUMBER OF d ELECTRONS 


Fic. 1.—Coupling parameter variation with number of d electrons 


The value of the a2, the coupling parameter for the 4p electron, was a bit more diffi- 
cult to set. It was not felt that it should be a free constant to be chosen to give the best 
fit with the energy levels. The coupling value for a 4p electron outside a partially filled 
d-shell can perhaps be reasonably chosen to fit the trend of known values of 4p electrons 
outside partially filled d-shells through the transition group. Only two neutral atoms 
with a 4p electron outside an S core were found in Bacher and Goudsmit’s ‘Atomic 
Energy States.” If one plots the values of the separation constant for the 4p electron in 
K 1?P, Sc 1 3d?('S)4p, and Cu 1 3d!°4p against the number of d electrons as in Figure 1, 
a value of a2 = 145 is found to be a reasonable choice. 


METHOD OF CALCULATION 


With the constants set at the above values, the numerical secular equations can be 
written down. These secular equations cannot be solved exactly, and approximate meth- 


6 Phys. Rev., 46, 960, 1928. 7 Phys. Rev., 46, 487, 1934. 
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ods must be employed. For the cases of the 3d7(4F)4s, 3d7(4P)4s, and the 3d7(*P)4p 
configurations, the standard formulae of first-order perturbation theory were used to 
obtain the transformation coefficients. 

The 3d7(*F)4p secular equation has large off-diagonal terms connecting the levels 
5Gs— Gs, *G4y—4Ga, °F s—°D, °G3— G3, and *F3;—3D3. To take these strong interactions 
into account, the quadratics involving the two levels concerned were solved accurately. 
Hence a linear combination of the two states is found. Consequently, a rearrangement 
of the S matrix is necessary to allow for the mixing of the two states. 

In the energy matrix the nondiagonal terms outside the quadratic are affected by 
the fact that neither of the states is ‘“‘pure.”’ The change is made by multiplication of 
the sections involved by the transformation matrix which diagonalizes the quadratic. 
In sections which are affected by several of the partial diagonalizations, the readjust- 
ment is done step by step. 

From this point on, both energy levels and transformation coefficients were found 
by first-order perturbation theory. The energy levels for the 3d7(*F)4p configuration 


TABLE 2 


IE-NERGY LEVELS 3d7(*F)4p 





| 








Level Calculated nae Level Calculated | eer Level | Calculated | Baperi- 

| mental | mental | mental 

5Gs.......| 34844 | 34844 ae 33695* | 33695 Wei. :<.5) Sa | 33096 

< ee 34767 | 34782 || 8Fy..... .| $4122 34039 'D,.......| S52 | 337 

Mis....::.) See | Saa7 SF;.......| 34440 | 34328 $S;.......| 33891 | 33801 

ee 35622 | 35611 SF. i 34615 | 34547 0 ee 34147 | 34017 

... eae 35856* | 35866 || 5Fi..... 34769 | 34692 ‘:p?.......| 34276 | 34121 
| 1 | | 

5 Cee S508S | SGTO 1 W......-.: 36686 | 36686 | 3D;...... 38150 | 38175 

, ae Sovs2 | SovOl j)SB3......:| 3214. | $7162 Se. eas 38678 | 38678 

eer 36106 | 36079 1 Rs... 2... SMB | Seael ff h..... .| 39041 | 38996 





* These levels adjusted to fit experimental values. 


are listed in Table 2. The agreement between calculated and observed levels is seen to 
be satisfactory. One particularly pleasing result is that the partial inversion of the °G 
multiplet is obtained in the calculated levels. 

As a check on the transformation matrices used, the Landé g-factors for the strongly 
mixed pairs were computed from the g-factors for the Russell-Saunders coupling and 
the transformation matrices derived in this work. The computed values, with the latest 
experimental values,® are listed in Table 3. The agreement here is excellent and gives 
one confidence in the transformation coefficients. 

The S'” matrix was then obtained by matrix multiplication according to equation (1), 
and the line strengths were computed. For comparison, the experimental g/-values, given 
by A. S. King and R. B. King,‘ were translated into line strengths. Since the total 
strengths must be conserved, the two sets of line strengths were set to have approxi- 
mately the same sun. Here again the agreement of the calculated values with the experi- 
mental values is seen to be reasonable. Table 4 gives the calculated values for the line 
strengths in the 3d7(4F)4s—3d7(‘F)4p transitions with the experimental values for 
comparison. Table 5 gives the line strengths computed for the 3d7(4P)4s—3d7(#P)4p 
transition. 


8 Russell, Moore, and Weeks, ‘“‘The Arc Spectrum of Iron,” Trans. Amer. Phil. Soc., N.S.,Vol. XXXIV, 
Part II. 





TABLE 3* 



































g-VALUES 
Level LS Experimental Calculated 
| See ieee eee 1.267 1.218 1.221 
RR er A Pa ire 1.200 1.248 1.245 
io? SR ORR Oe, Seer oe 1.150 1.103 1.100 
an cers edocs rake Tones 1.050 1.100 1.094 
‘Re. 1.350 1.344 1.354 
WBN. 3: cietra sapere av awece 1.500 1.496 1.499 
Wis cordoned, 4 448190 So 0.917 0.887 0.886 
MGR Soh. no atc eee 0.750 0.791 0.791 
5F;. 1.250 1.265 1.264 
i) ee eae ene 1.500 1.492 1.482 
«RE REA no oe 1.083 1.086 1.084 
3D; 1.333 | 1.324 1.323 
* R.M.S. deviation from experimental values: 
ye eee ere ; 0.032 
Caleviated.....3.04..- 0.0048 
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TABLE 4* 
LINE STRENGTHS FOR 3d’(‘F)4s—3d7(*F)4p 
| | bad 
Wave . P : | Wave ss ‘ Ce 
Line Length para ES i | Line Length isn | ES i — 

| in AU. menta | atec in AU. menta | ated 
aF,—y®Do..| 3849.97 | 6.0 | 7.7 | 7.7. || a®Fs—z2!Gs..|......... anc) Oo 4 om 
a®F;—y®Dy..| 3865.53 | 4.9 7 | 4.4 |) aSFs—2'Gs..} 3589.11 | 0.55] 8.5 | 5.7 
a’Fi—y®D2..| 3898.01 0.64 .09 | 0.12 Belg 2 Ge. hs nae ecs t  |100. 00. 
a’F,—y*Da. .| 3840.44 | 10.4 ue | 11.8 a'F,—y*D,..| 3841.05 | 42.0 23.1 23.2 
a®F,—y®D». .| 3872.50 4.84 | 0 5.0 |} a3F2—y*De..| 3888.52 | 14.2 4.4 10.7 
a’F,—y®Ds. .| 3917.19 0.5 | .09 |} 2.1 1 oes a eee oerereer 0.1 0.0025 
aSF3;—y®Dp..| 3834.23 | 17.5 | 26.7 | 17.0 || a'Fy—y*Dz..| 3827.83 | 55.0 | 34.2 | 29.5 
a®F3;—y®Ds. .| 3878.02 | 4.95 | Got $4 || a3F3—yDs..} 3902.95 | 21.4 4.4 | 15.9 
a®F3;—y®D,..| 3940.88 0.18 | 3 | 28 | a3Fy—y®D;..| 3815.84 | 60.5 49.5 55.0 
a®Fy—y®D;..| 3825.88 | 25.5 | .3 | 29.4 || a3F.—y3F2. .| 4071.75 | 47.1 34.2 29.5 
a®’F,—y®D,. .| 3887°05 | 3.2 | Ss 2.25 || a3F.—y'Fs. .| 4132.06 | 13.8 4.3 t2 
aF,;—y®D,..| 3820.95 | 36.0 | cS 50.0 a3F3;—y°F2. .| 4005.25 | 14.7 4.3 10.6 
aF,—y*F,..| 3767.19 | 15.0 | 15.3 | 19.3 a®F3;—y°F3. .| 4063.60 | 53.0 45.3 50.0 
a’F,—y*F9. .| 3787.88 | 5.8 | 7.1 5.0 a'F;—y Fy. .| 4143.87 | 17.6 4.4 4.5 
a’F,—y'F. .| 3743.34 | 6.4 Rae a'F,—yF;. .| 3969.26 | 18.2 4.4 9.5 
a5F,— yF2. .| 3763.79 | 20.7 | 19.2 24.7 a'Fy—yF,. .| 4045.82 | 74.0 65.0 68.0 
a’F,—yF;. .; 3795.00 6.85 | 11.6 6.2 a'F,—z3G3..| 4325.77 | 50.7 49.5 41.2 
a®’F,—yF,. .| 3727.62 8.65 | 11.6 | 4.2 a3'F3;—z3G;. .| 4250.79 | 11.5 4.3 5.3 
a’F3—y5F;. .| 3758.24 | 32.1 | 30.4 35.3 a°’F3;—z3Gy. .| 4307.91 | 43.0 65.0 30.5 
a’F3—yFy. .| 3799.55 5.8 2.1 7.0 Pr Co Se) ee rane) Pee rordeee 0.8 0.03 
a®’F,—y*F;. .| 3709.25 TG) EB 6.94 a5Fy—z'Gy. .| 4202.03 | 11.5 4.3 4.4 
a®’Fy,—y®F,. .| 3749.49 | 42.4 | 48.7 45.1 a'Fy—z3G;. .| 4271.76 | 32.0 85.0 20.0 
a®Fy,—y°F;. .| 3798.51 3.05 8.4 | 7.0 a®5F;—z'G;. .| 3513.82 3.05 | 00.0 2.9 
a®F;—y Fy. .| 3687.46 4.74 8.4 | 2.3 a®F,—z3Gy. .| 3521.26 3.7 00.0 a4 
a®°F,;—y®F;. .| 3734.87 | 53.5 | 76.4 70.0 a®F3;—z'G3..| 3526.17 2.1 00.0 3.9 
a®F;—z°Go. .| 3608.86 | 22.0 | 29.7 29.4 || abF.—z3G;. .| 3558.52 7.8 00.0 11.8 
a®F,—z>Go. .| 3586.99 6.0 | 8.2 | 9.0 a®F3;—z'Gy. .| 3565.38 | 21.2 00.0 28.5 
a®'F,—25G;. .| 3618.39 | 32.0 o- 33.6 a®F,—z°G;. .| 3570.10 | 30.5 00.0 52.0 
il cet -.| Sa Roll Se tiree tae | 0.5 t.1 a’Fy—z>Gy. .| 4294.13 | 4.4 | 00.0 2.4 
a®F;—z5G3. .| 3585.32 5.25 | 12.0 11.6 |) a3Fs—z5G;. .| 4337.05 1.5 00.0 0.02 
a®F;—z5Gy. .| 3641.46 | 22.2 | 56.7 23.0 a5F,—z°G;. .| 4383.55 | 68.0 00.0 65.0 
Fi) ieee | oe aa (ee a 0.6 0.8 a°’F;—z°G,. .| 4404.75 | 35.0 00.0 34.0 
a®F,—z°Gy. .| 3585.71 2.84 | 412.2 8.8 || a3F,.—z5G3..| 4415.13 | 11.7 00.0 13.0 
a®Fy—z5G;. | 3647.85 | 17.8 | 70.2 3 aF,—y*F;. ; 4602.95 1.4 00.0 1.8 

| | 








* These values have been normalized to approximately the same sum, leaving out the strongest line a‘Fs —ZsGs. There are 
numerous other lines which have a calculated line strength, small but finite. 
t This line, the strongest of the array, was too strong to be measured by A. S. King and R. B. King. 





TABLE 5* 
LINE STRENGTHS IN THE 3d’(*P)4s—3d7(‘P)4p TRANSITIONS 








| Wave Length 





Wave Length 


























Line | in AU. LS Calculated | Line | EO LS Calculated 
sps—spys 3427.121 | 68.0 | 68 3P\—3Py......| 4213.650 | 7.6 7.8 
sps—tps, | 3424.284 | 18.0 | 10.8 — |] *Po—Py......) 4191.685 | 7.6 2.25 
spss? | t | 2.5 | 5.9 || 3Po—8Po...... | t i ae 
bp2—tp)s. |} 3445.151 | 35.4 | 28.4 }] §3Pa—3S,...... | 4044.614 12.2 16.6 
sp2_sp?, | 3428.192 | 22.0 | 20.8 | 3Py—3S,... | 4062.451 | 7.3 10.3 
sp2_sp | 3304.583 eh ae 3Po—3S,......| 4079.848 | 2.4 | 3.18 
spi_spy?,_ | 3451.915 13.2 | 17.0 || sP,—5S)..... 4635.846 | 0 | 0.0025 
spi, 3417. 842 17.0 19.0 || *Pa—5Ds.....| 4181.758 | O | 48 
spi_s, 3418. 507 7.5 | 7.3 || Pi—*De..... 4175.640 | O | 0.073 
spss... 3286.755 34.0 | 41.0 — || 3P,—5De..... 4156.803 | 0 | 0.91 
sp3_sfy? t 17.0 | 15.0 |} 3P,j—®Do..... 4126.88 | 0 | 0.014 
sp2—spys. | 3305.971 17.0 25.0 || Pi—*D).....| 4125.884 | 0 0.73 
sp2_spy? 3284. 588 | 3.1 6.8 || P.—*D,.....| 4107.492 | 0 0.45 
sp2—spy 3271.002 16.4 15.0 || 3P,—8P,......] 3964.522 | O | 0.041 
pay... 3306. 356 16.4 13.8 | 3Pi—*P,.....| 3944.748 | 0 | 0.0009 
spi_5p 3292. 590 $.7 4.0 |) Ps—'Ds.....| 3392.652 | O | 1.50 
sps_—sfy? t 17.7 15.2 || *Pa—8Ds.....|  3413.135 | 0 2.75 
sp2_spy?, t 12.6 12.1 | ‘P,—3D...... | 3399. 336 0 0.41 
spi_sp?, t 7.5 5.7 | *P2—*Pz......| 3447.278 | 0 0.13 
sp2—3p3_. | 4134.681 | 51.8 52.0 ‘P,—3S,......|  3351.529 0) 0.03 
p23? 4119. 449 93 | 0.96 ‘p,—3S,......| 3374.221 | 0 0.03 
3P,—3D,..... 4091. 561 0.6 | 0.03 || §P;—3D,.....) 3379.017 0 0.04 
ae Eeeew |} 28.0 | 22.0 6P,—3D,.....|  3383.692 | 0 0.09 
3P,—4D,..... | 4109.808 | 9.3 10.4 ‘Pi —3D,..... | = 3406. 803 0) 0.25 
spo_3f),. | 4127.612 | 12.3 11.4 =|} ®Pj—3Dy. | 3422.656 | 0 0.17 
3P,—3P,...., | 4184.895 | 38.6 53.0 =|} ®P3—3P2......} 3426.383 0 0.25 
3P.—3P,......| 4154.502 | 9.5 6.0 || SPe—Py......| 3426.637 0 0.60 
3P,—9P,......| 4203.987 | 9.5 9.6 ‘?P,—*P,......] 3450.328 0 0.89 
3P,\—*P,...... | 403422 |. 6.7 3.9 6P,—3p,,.....| 3471.27 0 0.40 





* These strengths have been arranged to be on the same scale as those for 3d7(4F )4s —3d7(4F)4p. 
Lines with a dagger (ft) were not found in table of Russell, Moore, and Weeks 
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Fic. 2.—Curve of growth from calculated line strengths 
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CURVE OF GROWTH 


The theory of the curve of growth, as given by Menzel,’ relates the stellar equivalent 
widths to the line strengths, excitation potentials, and temperature. One check on a table 
of line strengths is the amount of scatter obtained when the table is used td derive a curve 
of growth. If one had more accurate equivalent widths, a table of line strengths could be 
derived from the curve of growth. 

The line strengths calculated in this paper were used to draw a curve of growth for 
the sun. The method of drawing this curve is identical with that of Wright,'® who used 
the empirical values of A. S. King and R. B. King.‘ The derived curve is shown in 
Figure 2. 

The temperature of the solar reversing layer calculated from this curve is 4800° + 
200° K. 


In conclusion I wish to express my gratitude to Professor J. H. Van Vleck, who 
guided the quantum-mechanical side of this work and who was a constant help through- 
out the investigation. Professor Menzel gave freely of his time and experience in clarify- 
ing the astrophysical aspects of the problem. Dr. Wright, of the Dominion Observatory, 
kindly made available equivalent width values not found in Allen’s tables. 


2 Ap. J., 84, 462, 1936. 10 Ap. J., 99, 249, 1944. 
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ABSTRACT 
The scattering of a parallel beam of unpolarized radiation by a plane-stratified atmosphere of finite 
optical thickness is considered, taking into account the polarization of radiation by scattering. Expres- 
sions are given for the component light-intensities and the degree of polarization of the scattered radia- 
tion, as far as primary and secondary scattering are concerned. 


INTRODUCTION 


1. Ina previous paper,' here referred to as ‘‘Paper I,’’ with the same title as this, exact 
formulae are given for the primary and secondary scattered sunlight, of any wave 
length, A, emitted and received in any direction, at any point in a plane-stratified at- 
mosphere of uniform composition, extending to infinity in all horizontal directions. No 
account was taken of the diffraction of radiation or its polarization by scattering. The 
object of this paper is to express the effect of polarization on these formulae and to give 
an estimate of the degree of polarization of the scattered radiation, taking into account 
the optical anisotropy of the molecules of air. The results given here can be applied to 
the light scattered by planetary atmospheres. 

The problem of the scattering of light in a plane-stratified atmosphere, considering the 
resulting polarization, was treated long ago by Tichanowsky? and more recently by 
Chandrasekhar,’ on different bases. In Tichanowsky’s work the laws of scattering of 
light by anisotropic gas molecules are formulated and then applied to the earth’s at- 
mosphere, on the supposition that it is stratified in parallel planes. An expression is also 
given for the degree of polarization of sky radiation, as far as primary and secondary 
scattering are concerned. In Tichanowsky’s work, no account was taken of the attenua- 
tion of radiation by absorption and scattering. His results may thus be assumed to apply 
to radiations which are weakly attenuated. 

Chandrasekhar, on the other hand, considers, first, atmospheres of infinite optical 
thickness. Atmospheres of finite optical thickness are next dealt with, and the results 
obtained are now in a form suitable for numerical evaluation. These results show, how- 
ever, that an exact solution of the problem is rather tedious and elaborate. We therefore 
give here an approximate solution, following a method developed in an earlier paper,' the 
approximation being such that the terms neglected can be identified physically. Exten- 
sive tables for the functions involved are now available,‘ so that the results given here 
might be put to the test of observation. 


SCATTERING OF LIGHT BY ANISOTROPIC GAS MOLECULES 


2. We shall now state, in brief terms, the results of the theory of scattering of light 
by a number of anisotropic gas molecules, all intrinsically alike and oriented at random. 
Consider an element of volume, dz, of such a gas, and let a parallel beam of plane- 
1 Phil. Mag., Ser. 7, 28, 99, 1939. 2 Phys. Zs., 28, 252, and 680, 1927. 
3 Ap. J., 104, 110, 1946; also 105, 441, 1947, and 106, 152, 1947. 
4 Phil. Mag., Ser. 7, 38, 515, 1947; also Phil. Mag., in press. 
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polarized monochromatic radiation be incident on it, the dimensions of dv being taken 
large compared to the wave length of the incident light. Owing to the random motions 
of the molecules in dz, their contribution to the intensity of the light scattered by that 
element is simply additive. It can be shown that the light-intensity, at a distance r from 
dv, of the vibration scattered at an angle y with the incident vibration is 


r—?I'(r,p) dv, 
where 
3 9 
ig (O, y) <5 16x (1+3d) op ' d+ 2 (1 ia d) cos? yp} Ls (1) 
I being the intensity of the incident light; o the mass coefficient of scattering of the gas 
for the particular radiation; d the depolarization factor (sometimes called the “‘coeffi- 
cient of molecular anisotropy”); and p the density of the gas in dv. 
The relation between J’(r, y) and J’(0, y) is 


Pite#) =1'(0,¥)exp}— (eta) f pdr, (2) 
0 


where a is the mass coefficient of absorption. 

When the light falling on dv is unpolarized, the light scattered in the direction of the 
unit vector k, making an angle 6 with the incident light, may be regarded as due to two 
plane-polarized components of the incident light, with their electric intensities in the 
directions of the unit vectors n and e, which, together with the unit vector s (in the 
direction of the incident light), form a right-handed orthogonal triad n, e, and s, such that 
e is in the plane sk. The scattered light is then obtained as the combination of two 
plane-polarized components with their electric intensities along the unit vectors nand ¢, 
where t = k X n. Now, in natural light, the corresponding electric intensities along n 
and e have the same mean amplitude, but their phase angles vary irregularly ; hence their 
phase difference takes all values at random in any interval of time, which, though short, 
is long, compared with the periodic time of the light. On this account the contributions 
of these two components to the electric intensities (along n or t) of the scattered light 
have no systematic phase relation to one another; hence their contributions to the light- 
intensities of the scattered light are simply additive. At a distance r from dv, the two 
component light-intensities of the scattered light, with their electric intensities along 
nand t, will be denoted by 


r~?T, (r) dv, r-?7,(r) dv, 
respectively, where, by means of equation (1), 


3 
0) =————_— (3) 
In| 167 (143d) een, 


I, (0) opi{d+ (1—d)cos* Bj 1, (4) 


3 

~ 16r(1+3d) 
/ being the intensity of the incident natural light. 

The relation between /,(r) and /,(0), where g stands for x or ¢, is similar to equa- 
tion (2). 

The total intensity is, therefore, 

r*}In(r) +1,(7r) de or r~?T,,.(r)dv, 

where 
3 


- ; -os2 oat yh ) 
16x (1+3d) api 1+cos? 8B+d sin? By J. (5 


Int (0) — 
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It is worth noting that the two electric intensities of the scattered light have no sys- 
tematic phase relation to each other, since each arises from a single component of the 
incident natural vibration. 


APPLICATION TO THE EARTH’S ATMOSPHERE 


3. We shall now apply the laws of scattering, given in the previous article, to the 
earth’s atmosphere, taken as uniformly mixed and resting on a plane earth. 


NOTATIONS 


4. As in Paper I, the height of any point in the atmosphere will be specified in terms 
of the fraction m (or m), of the total mass of the atmosphere that lies above (or below) 
that point. Clearly, m+ m = 1; m = 1,m = 0,at the ground; also m = 0,m = 1, at 
the top of the atmosphere. 

The absorption and scattering coefficients of the air, per unit mass, for light of wave 
length A, will be denoted by a(A) and o(A), respectively, or, more briefly, by a and o. 


We shall also write 
a=aM , =oM , c=a+t+s, 


where M is the total mass of air in a vertical column of unit cross-sectional area (1 sq. 
cm.) extending from the ground to the top of the atmosphere. 

As in Paper I, the zenith angle of the sun will be denoted by z. Relative to the vertical 
and the vertical half-plane through the sun, any other direction may be specified by its 
polar angles (6, 9). Light traveling in the direction of the unit vector k and that travel- 
ing in the opposite direction, —k, will be denoted by the same polar angles (0, ¢), so 
that sec @ > 1. Whenit is necessary to distinguish between upgoing and downgoing light, 
a letter u or d will be attached to our symbols. 

The symbols ¢ sec 2, ¢ sec 0, and ¢ sec 6’ occur often in our formulae, and it is con- 
venient to write 

Z= CSc 8, @=csec 0, 6’ =c sec 0’. 
THE EMISSION AND RECEPTION OF PRIMARY SCATTERED SUNLIGHT 


5.1. As in Paper I, we shall denote by E,(z, m, k) the intensity of the primary 
scattered light emitted per unit mass of air at level m, per unit solid angle in the direc- 
tion k. By equation (5) of this paper, we have 

3 
167(1+3d) 
where y is the angle between R and the direction of the incident solar beam, and /(z, i) 
is the intensity of the solar beam at level m. As shown in Paper I, $ 10, 


I(2, m) =Iwe—2™, 


E,(2, m,k) = of{1+cos?y+d sin? y}1(2, m), 





where 7. is the intensity of the direct sunlight (of wave length \) outside the atmos- 
phere. 
Thus 


E,(2, m,k) = olo{1+cos?~+d sin? py} e~ 2”, 


3 
167 (1+ 3d) 
The directional distribution of E; is represented by the primary emission surface, 


r = EF), where r is the radius in the direction (6, ¢); this is a surface of revolution about 
the direction of the incident sunlight, and its polar equation relative to that direction 1s 


r= K(1+cos?¥+d sin? p) 
=K{1+d(1—d)cos?y}. 
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The mean value of r is K{1 + d+ (1 — d)/3}, and the percentage root-mean-square 
departure of r from its mean is 

22.4 a 
1+3d 
per cent of the mean. This decreases as d increases, being 22.4 per cent of the mean 
when d = 0 and zero for d = 1. Thus the emission of primary scattered light is much 
more isotropic in the case of anisotropic molecules and less isotropic in the case of 
spherically symmetrical molecules. This is very interesting to note and may be utilized 
in the measurement of the anisotropy of the gas molecules. 

5.2. The primary scattered light emitted from any point at level m, in any direc- 
tion Rk making an angle y with the direction s of the incident solar beam, is partially 
polarized and has two plane-polarized components with their electric vibrations along 
nand ¢, such that n is perpendicular to k and s, and t = k X n (cf. § 2). Denoting the 


“light-intensities of these two components by £}, and Ey,, respectively, we have, by equa- 


tions (3) and (4), 
3 


L(t @.0 «a... eh, a 
E,,(2, m, k) iés(i +44) ° é 
and 

3 


16x(1+3d) ° 





Ey,(2, mi, k) = To{d+ (1—d)cos*y} e—2™, (7) 


This light arrives at any level m as primary received light, with two electric components 
along the vectors n and ¢. For upgoing light, the two component light-intensities will be 
denoted by Rw, and Rm,, where 

3s 


Rityy ( mM, Z, k) = 16rc(1+3d) T.OFu ; 
35 


» SR: ae ea (1— ost WF 
Riy,(m, 2, k) rere we) ToO{d+ (1—d)cos’y}Fu, 


and 
ezm — e~ Om P ; f p I wa 
Fu = —____——_- «4 (cf. Paper I, $6). 
Zi0 ] ) 
Similarly, the two component light-intensities in the downgoing light are 
3s 
l6mc(1+3d) 
35 
16mc(1+34d) 


Rdy,(m, 2,k) = 12OFd , 


Rd,,(m, 2, k) = To0{d+ (1—d)cos?y}Fd, 


where, from § 6 of Paper I, we obtain 
et Om —. e Zm 


amas << ci 


THE EMISSION AND RECEPTION OF SECONDARY SCATTERED SUNLIGHT 


6.1. The air at any level receives primary scattered light from all directions, and all 
such light is scattered in all directions, giving rise to secondary emission. The light 
emitted by secondary scattering, per unit mass of air at level m, in directions lying within 
the cone k, dk, will be denoted, as in Paper I, by E2(m, 2, k) dk; its components, with 
electric vibrations along the vectors n and ¢ of § 5.2, will be denoted by E2,dk and E2dk, 
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respectively. We shall now calculate the contributions made to E2, and Ex by the pri- 
mary scattered light coming from directions lying within the cone k’, dk’. As indicated 
in § 5.2, the primary scattered light received at any level from the direction k’ has two 
plane- -polarized components (denoted there by Rin’, Ru’, with a u or d added), with 
their vibrations along the vectors n’ and 1’, respectively, such that n’ is perpendic ular 
to k’ and s, and t/ = k’ X n’. For the reasons expressed in § 2, the contributions of 
R;,’ and Ry’ to E2, or Ex: are simply additive. 

The contribution made to Ex, by Rin’dk’ is obtained by means of equation ( (1): if xnn’ 
is the angle between the two vectors n and n’, the required contribution is equal to 


36 


16x (143d) 


Similarly, the contribution made to E2, by Ru’dk’ is equal to 


[d+ 2 (1 — d) cos? xnn'] Rin'dk’ 





36 
a [dd +2 (1 — d) cos? Xn p') Rip dR’ 
ere ree ye + ( Xnt’] l¢ ’ 
where, as before, xn’ is the angle between the two vectors n and t’. Thus the contribu- 
tion made to £2, by the primary scattered light received from all directions within the 
cone k’, dk’ is equal to 





36 
(1 — ve ’ 
16a (1 +44) |{d+2(1 d) cos? Xnn') Rin’ + [d +2 (1 — d) cos? xn,'| Ry} dR’. 
Integrating over all directions k’, we get 
36a ’ 
ton Gy By ’ ) = . { —da)c s° nn’ wet by By ’ ry 
Es, (c, 2, m,k EEE PA [d-+2(1—d) cos? xnn’] Rin’ (€} 2, m, k 


+[d+2(1—d) cos? xn] Rie (ce, 2, m, Rk’) | dk’ 

_ 36 ' a oe ae ent oe 
= 16m (1 a! [d+2 (1 d)cos Xnn' | [Retin (k )+Rd,,, (Rk )] 
+ [d+ 2 (1—d) cos? xny'] [Ray,' (R’) Rdi,' + (R'))$ dk’ , 


where the integration in the last line extends over a hemisphere and in the preceding 
line over a sphere, except at the ground and the top of the atmosphere, where the inte- 
gration extends over a hemisphere. 

Similarly, 


Ex,(c, 2, m, k) = Se +f id +2 (1 = d)cos? xin’ [Risin (2!) + Rain’ (R’)] 


16r(1 + 3d) 
+ [d+ 2(1 — d)cos? x44") [Rui (R’) + Rady (R’)] | dk’ , 


where xin’ and xz’ are the angles between ¢ and n’ and t and ¢’, respectively, and the in- 


tegration extends over a hemisphere. 
Substituting for Ruin’, Rdin’, Ru’, and Rd,’ from § 5.2 and remembering that 


m 1 ms 
Fd = ¥ e~ Zm' e~ O(m—m' dm’ | Fu = J e— Em’ e— O(m'—m) dm’ , 


0 m 


so that 
1 
Fd+Fu =f e~ Zm' e— O(m'-m) dn’ | 
0 
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we get 


: a —_ Ose 2a a /2 “ 7) : 
Eo,(c, 3, m,k) = (16r) (1 +34)? Ia f I j |d+2(1 — d) cos? xnn 





. ws Se 
+ [d+2(1 — d) cos? xn] [d+ (1 —d)cos?y’] } e~ Zm’— O(m~m’) . 
X sec 0’ sin 6’dm'dé'dg’ 
and 
ies Ise nt ee - 
YW tg By ’ => a co ad 1-— y 3 n’ 
Ey, (« m, k) (1or)?(1 +a)?! - fi Z }d+2( d) cos? x, 
(9) 


+ [d+2(1 —d)cos? x'][d + (1 — d) cos? y’] } e~ 2m’— O(m=m’) 
Xsec 0’ sin 6’dm'dé'dg’ 

To evaluate the integrals in equations (8) and (9), we have to express the angles y’, 
Xnn’y Xnt’y Xtn’y Xee’ in terms of 6 and ¢’. For this purpose we introduce a local system 
of rectangular axes YHY, such that the X-axis is in the direction of the sun and the 

g 
XH-plane is parallel to the vertical plane through the sun’s rays. Relative to the X-axis 
and the XH-plane, the vector & has polar angles (y, £), which are connected to the polar 
angles (8, ¢) by the relations 
cos¥Y =cos cos 6+sin z sin Ocos¢g, 
sin Y cos  =sin z cos @—cos z sin Ocos¢g, 


sin y sin =sin @sing. 


The angles Xnn’) Xnt’y Xin’, and Xz’ are then given by 
COS Xnn’ = cos (£ — &’), 
COS Xnz’ = cosy’ sin(é — &’), 
COS Xm’ =cosy sin(’— é), 
coc xX.’ =sinW siny’+cosy cos’ cos(£’ — &). 
In this way the angles Xnn'y Xnt'y Xtn’s and xz’ can be expressed in terms of 6’ and ¢’. 


| Neglecting the terms in d? in equations (8) and (9) and integrating with respect to 
y’, we get 


Ise ee gt 
Vo Z, ’ fo) 3 35 2 3. w s4 . 
Eo, (Cc, 3, m,R) = 56n2(1 +44)? I ‘* JS |B, +B, cos? 6’ +B, cos! 0 





+ d(B,+B; cos? 6’ +B, cost 6’) } e~ 2’ 9(m=m') sec 0’ sin O’dm'dé’ , 


: 9s 
Ex(¢, mk) = 755 TE? Inf Fr (C1 +C: cos? 6’ +C; cost 6’ 


+ d(Cy+C; cos? 0’ +C, cos! 0’) | e~ 2™'— O8(m-m") sec 0’ sin 6’dm'd 6’ 
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where 

B, = 4 — § cos? (5 —Q?) — § sin? (7 — 3Q?)Q?, 

Bz = 3S* cos? § — 3 (2 — 70?+ 5Q*) sin? — , 

B; = 4 (502— 1) cos? € +3 (4 — 3502S?) sin? E , 

By= — S?+ (3 —Q?) cos? & + (50? — 3Q*) sin? & , 

B; = 30? — 1+ (60?— 4)cos? €+ (8 —360?+ 300") sin? é , 
B, = — 2B; ; 


C, = { (4—3402+ 130*) cos? E+ 3 (3 +02) sin® &} cos? y 
+ (}+0?— 130+) sin? y — 30S* cos y sin y cos — , 


Co= | (— 64+ 210? — 150*) cos? & + 3S? sin? &} cos? y + (1 — 1207+ 150°) sin? p 
+2S50(9 — 150") cosy sin cos — , 


C3 = { (2 — 1730°S?) cos? — — § (1 — 50?) sin? &} cos? y 
+3(—3-+4300?— 350*) sin? y — 5SQ0 (3 — 707) cos p siny cos — , 


2 t 


Cy= | (— 4+ 50? — 30) cos? € — (1+?) sin? &} cos? y +3 —Q?+ (1+ 3Q") sin? 
Ss Ss t c 
+ SO (2 — 60?) cosy sin cos —, 


C; = { (8 —360?+ 300%) cos? — + (60? — 4) sin? £}cos? ¥ +30? — 1 
+ 6(30? — 504) sin? y + 12SQ0(— 2+ 507) cosy siny cos — , 
Ce= — 2C;; 
and 
O=cos 2, S=sin z. 
The above value of £2, agrees with that given by Tichanowsky,’ while /», disagrees.* 
The further integration with respect to 6’ and m’ leads to the following result: 


Oso 


256m (1 + 4d)? To Bil ( Cy By m ) + BoLs ( 6.858) 


Eon (c, 3, m,Rk) = 


~ 


, wT, 


+B.L; ( Cy By m ) +d(B, Daioths Zy m ) +B;L3(c, zy m ) + BeL; | C, 


Oso 


my 2 én —_ es De | the : ° 7 i a Z P A yy) 
Hu (¢, 3, MR) = FEE +43)? To(Cili(¢, 3, m) +Crxbs(c, 3, m) 


+C3L;(c, 2, m) +d[CyL,(c, 2, m) +C,L3(c, 3, m) +Col;(c, 2, m)]}}, 
where 


1 = 
Bak €y: te) =f e~2™ FE j,(cm~cm') dm 


E jn (t) =f en tty nd y , 
1 


6 Tichanowsky, in his paper (Phys. Zs., 28, 684, 1927), considers the special case corresponding to 


t=0. 


6A. Hammad, Phys. Zs., 39, 168, 1938. 


and 
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The functions LZ, are evaluated and discussed in $17 of Paper I; they are tabu- 
lated’ and replaced® by simple approximate expressions in later papers. 

6.2. The secondary scattered light emitted from any point at level m’ and traveling 
in the direction k arrives at any point at level m, after loss by absorption and scattering, 
as secondary received light. The two component light-intensities of this light, with 
electric vibrations along the vectors n and t of § 5, will be denoted by Ruz, and Ruy or 
Rd», and Rdy:, corresponding to upgoing or downgoing light. It can be easily seen that 


9 s* 1a A 
36x(14+3d)? sec 6} B Lu, ( Cy, 2, Mm, 6) + Bolu; (c,; Z, Mm, 6) 


+B;Lu;(c, 2, m, 0) +d(BylLu,+B;Lu;+BLu;) },; 


Rtt2y ( Cy 3, M, k) “7 


9 s?] s) 


Rtto,(c, 2, m, Rk) = 156m(14 1d)? sec 0} C Lu, +Colu,+C3Lus 
és ( $a)° 
oe d (CyLuy +C;Luyz +C,Lus;) } ; 
and 
Q ~2 ‘ : 
Rdz,(c, 3, m,k) = 156 4 -. 7? sec 0} B,Ld,(c, 3, m, 0) +Bold;(c, 2, m, @) 
290607 + 5a)“ 
+B;Ld;(c, 2, m, 0) +d(B,Ld,+B;,Ld;+B,Ld;) }, 
‘ 9 52° Ta ae ; ; 
R do, ( Cy, 3, Mm, k) o 2565 1 + 1)? sec 0 )C Ld, +C ol ds +¢ 3L d; 
x d (C,Ld, +C;Ld,;+C,l d;) } ’ 
where 


Lu,(¢c, 3,m,@) =e om ff eo" L.(¢, 3, we am, 
“0 


Ld,(c, 3, m, 0) = e-0m ff c°"'L, (¢c, 3, m) dm’. 
0 
These integrals are evaluated in terms of known functions in § 18 of Paper I; they are 
replaced by simple approximate expressions in Paper IV. 


THE DEGREE OF POLARIZATION OF THE SCATTERED SOLAR RADIATION 


7. Weshall now give an expression for the degree of polarization of the scattered radia- 
tion received at any level m from any direction k, taking account of the optical anisotropy 
of the molecules of air. If R,(c, z, m, k) and R;(c, z, m, k) are the two component light- 
intensities, with vibrations along the unit vectors n and t, respectively, of the scattered 
light received from the direction k (n, t, and k form a right-handed orthogonal triad, such 
that n is perpendicular to the sun’s rays), the degree of polarization P(c, 2, m, k) of such 
light is given by 
Ri, — Ry 


Ile o — i 
P(c, 2, m, k) =RER, 


the letter « or d may be added to the symbols to denote the upgoing or the downgoing 

light, respectively. When P = 1, polarization is complete, while P = 0 gives the neutral 
5 ‘ ’ ? g 

points. 


7 Phil. Mag., Ser. 7, 38, 515, 1947; this paper will be referred to as ‘‘Paper III.” 


8 Phil. Mag. (in press); this paper will be referred to as ‘‘Paper IV.” 
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Clearly, each of the components R,, and R; is composed of parts due to the different 

orders of scattering. Thus 

awe \ (Rin — Rit) +}- (Ron — Roz) > 

P(c, 2, m,k) =——— . 

(Rin t+Rir) + (Re +R) +.--- 

We shall denote by P:, P2,..., the values of P corresponding to the first bracket, the 

first two brackets, and .. . , of the above expression of P. These correspond to a series 

of approximations to P in which further orders of scattering, primary, secondary, ..., 
are taken into account. Thus 





) ae _Rn—Ru 
P,i(c, 2, m, k) *“- 


_ (1-d)sin? y 
~ 1+ cos? y+ d sin? y’ 


This is independent of the wave length and the constitution of the atmosphere. It is 
clear that, according to this formula, the direction of maximum polarization is perpen- 
dicular to the solar beam and the neutral points lie along that direction. This is con- 
trary to the results of observation. We therefore have to take secondary and higher orders 
of scattering into account. Thus, if secondary scattering is taken into consideration, 
we get 


from §5. 





(Rin — Rit) + (Ron —Rx) 

(Rin +R) + (Ron + R2,) : 

Substituting for Rin, Riz, Ren, and Ry from §§ 5 and 6, we can specify the dependence 
of P on the wave length and the constitution of the atmosphere. 


P.(c, 2, m,k) = 


CONCLUSION 


8. The preceding analysis completes the formal solution of the problem of the scat- 
tering of light in a plane-stratified atmosphere of uniform composition, as far as primary 
and secondary scattering are concerned, taking account of the polarization of radiation 
by scattering and allowing for the optical anisotropy of the molecules. In order that the 
solution may be of use in connection with actual observations of the scattered radiation, 
it must be supplemented with numerical results, and the nature of these results must be 
stated in general terms. In a forthcoming paper we shall give numerical results showing 
the dependence of the degree of polarization of sky radiation, as viewed from the ground, 
on wave length, on the sun’s zenith distance, on the direction of observation, and on the 
constitution of the atmosphere. Numerical results concerning the directional distribu- 
tion of the light returned to free space and its degree of polarization will also be given 
in a later paper. 





